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ABSTRACT

Large software systems are, inevitably, multi-lingual. This arises for complex
socio-historical reasons, as large systems persist for years or decades, while
the people working on them and the languages, libraries, and tools available
to them change. Looking to these systems, I identify the interoperability
challenge: that it is more difficult for programmers to reason about multi-
lingual systems than about single-language programs. A corollary is that
many of the key theorems about languages are proven in the absence of
interoperability, reality notwithstanding.

In this dissertation, I identify realizability models as a key tool for ad-
dressing the interoperability challenge. Realizability models, which use
target-level behavior to inhabit source types, allow the behavior of disparate
source languages to be brought together. In doing so, we can recover the
type of formal language-based reasoning critical to proving universal prop-
erties upon which programmers rely. In this dissertation, the property on
which we focus is type soundness, which we explore through a variety of case
studies and via two different interoperability mechanisms. The first mech-
anism, which models how typical foreign-function interfaces work, allows
foreign values to be imported at existing types. Realizability models are
used to demonstrate the soundness of the conversions that happen at the
boundaries. The second mechanism, which better models how programmers
wish interoperation worked, allows foreign code to be imported at novel
types, thus allowing new behavior to be brought in. Even as the source-level
mechanism is quite different between these two approaches, the underlying
realizability models are similar, underscoring the central thesis: that such
realizability models are an effective way of reasoning about cross-language
interoperation.
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Part I

PRELIMINARIES



THE CHALLENGE OF LANGUAGE
INTEROPERABILITY

1.1 LANDSCAPE OF INTEROPERABILITY

Ever since the first compilers, programmers have been inventing languages,
and the number in widespread use keeps increasing. At the same time,
legacy code is remarkably persistent, so it’s not clear that any language,
once it reaches a certain threshold, will ever stop being used: indeed there
are still huge deployments of COBOL (Teplitzky, 2019; Powner, 2016)
and Fortran still underlies many numeric computations (of Tennessee et al.,
2021), both languages created in the 1950s. Even without more robust study,
this should not be terribly surprising: constructing software is remarkably
difficult, especially software that inherits complex requirements from the
world around it. Once such software is working, or mostly working, the
idea of starting over again in a new language, and attempting to not only
extract all of the behavior from the first system, but correctly implement it
in the new one, is daunting, if not wholly inadvisable.

And yet, new languages do offer real benefits: better runtime systems,
better type systems, more expressive language features, and often, lessons
learned from earlier languages and complex problem domains. High-profile
cases prove the rule: e.g., consider Erlang, a language designed for reliability,
used not only to build an Ericsson AXD301 telephone switch that reached
an alleged 99.9999999% uptime (Armstrong, 2003), but at WhatsApp to
scale to hundreds of millions of users with only a few dozen staff (Metz,
2015).

While initially at odds, the stubborn persistence of existing languages
and the promise of new ones can be reconciled through mechanisms that
support language interoperability. Indeed, the notion of a foreign function
interface (FFI) to integrate code written in a different language dates back
at least to the 1980s where Common Lisp implementations supported doing
this in various ways (Sexton, 1987). Using this sort of mechanism, new
components of old systems can be implemented in newer languages, either
for some specific linguistic benefit or as a path towards gradual migration.
Even in entirely new systems, individual components can be implemented
in different languages that suit the task best. While some languages aim
for true generality, many newer languages, e.g., the Rust Programming
Language, have gained popularity by targeting a more specific domain: for
Rust, making low-level programming safer. While certainly it would be
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1.1 LANDSCAPE OF INTEROPERABILITY

possible to implement everything in a language like Rust, a more likely
engineering outcome is a system like Facebook’s, where a high-level language
is used to write the majority of business logic driven user-facing code, and
backend code is implemented in a variety of lower-level, higher performance
languages.

It is worth exploring how, exactly, such multi-language systems can be
treated, and in doing so, focus on the type of interoperability that is the
subject of this dissertation. It’s important to understand the current state
of affairs in order to understand where research (rather than engineering)
can yield benefits.

Broadly speaking, there are two ways of connecting languages together.
One is via serialization-based interfaces, and the other is via direct-memory-
access. The former is the way that, e.g., Apache Thrift (Foundation,
2022), originally developed and still used at Facebook, works. Similar to
any number of other RPC (remote procedure call) libraries, Thrift uses a
generic data and function interface definition language (IDL) to generate
serialization and deserialization code in a variety of languages. Then, to
interoperate, a programmer invokes the generated code (and networking
code, as Thrift is designed for networked services). On the receiving end,
generated library code deserializes and invokes the corresponding native
functions, doing the reverse for return values. There are benefits to this
approach. Not only is it relatively easy to add a new language that can
interact with all existing languages, but the fact that separate services can
be moved to different physical machines can also be useful on its own.

But, this approach also comes with serious costs. Primarily, there is
significant overhead in making calls: even in the case of purely local invo-
cations, we still must context switch between processes, use some sort of
socket, and serialize and deserialize. This means that it only makes sense to
use this at coarse-grain boundaries. Thrift uses the language of “services”,
and that makes sense as a domain, but there are many other uses for in-
teroperability: in particular, consider using a high-level dynamic language,
and implementing a high-performance data structure in a lower-level static
language. Doing this in an RPC framework would make no sense, as any
benefit in speed of operations would be more than offset by the performance
lost by the framework overhead.

While the RPC frameworks are in some sense the most advanced form of
serialization-based interoperability, we also see this form of interoperability
in more primitive ways with systems that use a database, files, or network
access to interact with different parts that are implemented in different lan-
guages. While better engineering can always improve the RPC frameworks,
whether that means more tightly integrating them, improving performance,
or increasing expressivity, we have not identified theoretical deficiencies in
the serialization-based approach.
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THE CHALLENGE OF LANGUAGE INTEROPERABILITY

The alternative is to directly make calls, involving no serialization and
potentially no overhead. This is how foreign-function interfaces (FFI)
generally work, and is the technique that underlies core libraries, data
structures, runtimes, and more. To understand the scope of this technique,
consider that while a program has some notion of a closed world with its
own values and functions, when it actually runs, the execution environment
is not closed: there in no OCaml machine that runs OCaml expressions, but
rather, the OCaml compiler translates OCaml to either bytecode to be run
by an interpreter or machine code. In either case, a machine code program
runs, and since it is a machine code program, there is no reason why it has
to run only code that originated in the OCaml language. Indeed, it likely
will run code not written in OCaml when using certain libraries or parts
of the runtime. More specifically, our compiled program can jump directly
into machine code that was compiled from other languages, or implemented
directly in assembly, or to an interpreter for another language that runs its
own bytecode. This can happen with very little overhead, no more than is
necessary for function calls within a language, where the stack and registers
need to be properly managed to satisfy calling conventions.

For this reason, many high-level dynamic languages implement core data
structures in low-level languages and jump between them transparently.
Runtimes are also rarely written in the language that they support, and thus
involve a degree of switching between languages. There is also incredible
flexibility to this approach: because it involves a single program in a single
memory space, pointers to both data and functions can freely flow across
boundaries, to be accessed or invoked by the foreign language as needed.

1.2 THE INTEROPERABILITY CHALLENGE

With the power to directly access memory and transfer control comes a
significant cost: if foreign values and code freely flow in, theorems proved
assuming an isolated core language are likely to be meaningless. This leads us
to identify the interoperability challenge: reasoning about multi-language
programs should be no more difficult than reasoning about single-language
programs. Concretely, what we mean is that if a theorem holds about an
idealized version of the language that exists in isolation, some analog of
that theorem should hold about the language as it exists when interacting
with other languages. Or, to put it differently, if I have a program entirely
implemented in language L, the challenge says that local reasoning that I do
about a part of that program should not change even if I replace part of the
rest of the program with an implementation written in a different language.
As an example, consider that a term in my program had a particular static
type, like a reference: linking with foreign code should not invalidate this
fact. Clearly, this is not currently the case: not only do FFIs allow types
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to be violated, but they can cause memory-safe languages to segfault, pure
languages to no longer respect key equivalences, and a myriad of other
problems. We identify this challenge both as a useful prompt for future
work on interoperability, which is sorely lacking, and also as a framing for
the thesis of this dissertation.

1.3 THESIS

Modeling source types in terms of target-level behavior is an
effective way of reasoning about cross-language interoperation.

This dissertation will show that so-called realizability models, which model
source types using target behavior, are a useful tool for addressing the
interoperability challenge. While the challenge is intentionally broad, the
dissertation is necessarily narrow: in it we focus on type soundness. Despite
the fact that plenty of reasoning that programmers do is often relational or
related solely to static semantics, type soundness is a central theorem that
is often proved, or at least aspired to, by typed languages. Thus, addressing
soundness is both a useful goal on its own, and a good exercise of the thesis.
By showing that our realizability models are up to the task of accounting
for various forms of type soundness, we give evidence towards their more
general utility in addressing the broader challenge.

Type soundness, around which our central results revolve, says that a
program that satisfies a syntactic check behaves in a semantically meaningful
way, which generally means that it will only have well defined errors. If
arbitrary target values or code can be introduced, this theorem will never
hold, as our target will generally have many more behaviors and values than
our source language, and can thus create corruption or behavior that is not
explainable in terms of the source language.

Typically, if a language is proven sound at all, the proof will almost
certainly exclude interoperability (generally supported via an FFI). Unfortu-
nately, this means that the soundness theorem is only a crude approximation
of reality, as nearly all programs have FFT calls somewhere in their stack.
The interoperability challenge demands that we correct this situation, and
this dissertation does, in two different ways. First, however, we address one
key point of related work.

1.4 AN EXISTING APPROACH

Despite the obvious importance of the interoperability challenge, it is not
terribly surprising that FFIs have been typically excluded from soundness
proofs. After all, the prevailing technique for proving type soundness (due to
Wright and Felleisen (1994)) involves a syntactic progress and preservation
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proof to show that types are preserved by reduction. This involves showing
that a program continues to satisfy the source type system as it runs, but
a program that invokes foreign code will involve running code that could
not be well-typed in that type system. If this approach were to be followed,
syntactic type soundness must account for the foreign code, too. This
is precisely what Matthews and Findler (2007) set out to support with
multi-language semantics, which is defined over a joint syntax that embeds
the syntax of the two languages, say core language L and foreign language
F. Interoperation between these languages is mediated by a boundary,
" LFFer, which enables foreign code ef : 7F to be used in an L context that
expects code of type 71, (while the boundary term FF L™ e; enables the
converse).

This multi-language framework has inspired a significant amount of work
on interoperability: between simple and dependently typed languages (Os-
era et al., 2012), between languages with unrestricted and substructural
types (Tov and Pucella, 2010; Scherer et al., 2018), between a high-level
functional language and assembly (Patterson et al., 2017), and between
source and target languages of compilers (Ahmed and Blume, 2011; Perconti
and Ahmed, 2014; New et al., 2016).

Unfortunately, while Matthews-Findler-style boundaries give an elegant,
abstract model for interoperability, they are not the right tool for building
soundness proofs that account for FFIs. There are two flaws, corrected by
Parts 11 and III of this dissertation.

1.5 CONTRIBUTIONS

VALUE INTEROPERABILITY In Part II of the dissertation, we present
an approach for proving soundness of idealized FFIs as they exist: where
foreign values and code are imported at existing types of the language.
This approach addresses the first major deficiency in the multi-language
approach, which is that the semantics is disconnected from the actual code
that runs. It also serves to demonstrate for the first time the power of
realizability models in addressing questions of interoperability. We describe
in more detail what we mean by a disconnect from the actual code that
runs, and why it is a problem with the multi-language approach to proving
type soundness.

e Novel Semantics The biggest problem with multi-language seman-
tics is that when one defines a multi-language, one defines an entirely
new language, with its own dynamic and static semantics. For simple
languages, the operational behavior of the embedded languages can be
preserved, and we can prove that reductions in the original language
correspond to reductions in the multi-language, but even the introduc-
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tion of state complicates this, as pure reductions must now thread a
heap. More significantly, as we show in a case study in Chapter 6, if
one language is garbage collected and the other has manual memory
management, assuming we want to allow non-trivial interoperation, we
have to make garbage collection explicit. It becomes important what
happens when there are references between the two heaps (if allowed),
which are questions that, by definition, do not arise in the semantics of
the original source languages. These decisions can all be answered in
the multi-language semantics, but making the modeling decisions there
brings in a significant risk: that what is done in the multi-language
does not correspond to what happens in the actual program, as we do
not use this multi-language semantics to run programs.

e Existing Compilers While we could ensure that our multi-language is
sensible by proving correctness of the compiler from our multi-language
to a target that actually runs, this target code does not necessarily
correspond to code that would be emitted by already existing compilers
for the languages in question. Further, this approach is in some ways
backwards: since the existing compilers are already our source of truth,
better to use them to start.

e (Un)desirable Conversions The final problem with the disconnect
between multi-languages and the target is that since the multi-language
defines conversions via meta-functions, it’s not always obvious if those
can be realized in performant code, especially because the conversions
that will actually happen will be over target-level representations
of values. The source-level metafunctions that the multi-language
uses for conversions may obscure benificial implementations or hide
necessary inefficiencies, producing results that may not be useful. As
a simple example, indexing a sequence may be fast if the sequence is
represented as an array, but slow if represented as a linked list, and
both operations will look identical in a metafunction.

While multi-language boundaries are a good source-language abstraction,
as they can account for both inline code and import/export-style linking,
we can address all the above issues by building realizability models derived
from how the source languages are compiled and the glue code that is
inserted at the boundaries. To account for that glue code, we add a static
“convertibility” judgment 7 ~ 7o that is realized at runtime by target-
level code that converts from target representations of 7 to 7o, and the
converse. The soundness of that glue code, which mediates between data
representations and calling conventions, is proved using the realizability
models, since target representations of 7; are exactly what our models give us.
While multi-langugage boundaries have similar type-directed conversions,

15



16

THE CHALLENGE OF LANGUAGE INTEROPERABILITY

they are at the source, and thus do not account for this code, which is
of critical importance for the soundness of the FFI. Once we have our
realizability models, proving type soundness is a matter of following the
standard semantic type soundness playbook: show that a statically well-
typed source program, once compiled, satisfies the realizability model at the
corresponding semantic type.

BEHAVIOR INTEROPERABILITY  While the above, which covers Part 11
of the dissertation, does a good job of bringing the multi-language approach
closer to the target, and thus onto a more useful footing, there is a more
fundamental challenge to type soundness and interoperability inherent to
the multi-language approach. The problem is, even if we can account for
the conversions between a core language L and a foreign language F, the
soundness of our types means that if we want to use novel behavior from
language F, we need to write code in F. That is because we can only convert
to language L values that behave as L types. Concretely, consider if L was a
pure language, and the goal of using the FFI was to use stateful behavior
in F to implement a mutable reference library. This is a realistic situation,
as often FFIs are used to bring new behavior into otherwise less expressive
languages. The issue is that no type in L admits such behavior, and so our
L programmer would have to do all of the programming that involved state
in F and only incorporate extensionally pure code into L. It isn’t realistic
to expect an L programmer to know all the foreign languages Fq,...,F, in
which their library code is written, and thus in practice what we actually
observe is that foreign code is imported at types that do not accurately
capture their behavior, often threatening soundness. For example, the
OCaml FFI allows C code to be used at OCaml types, despite the fact
that having correct headers is no guarantee that the function behaves as an
OCaml function should: not violating memory safety, value representations,
etc.

Indeed, the most serious limitation of a multi-language semantics is that L
programmers cannot benefit from the extra expressive power of F unless they
write embedded F programs themselves. More typically, libraries expose new
primitives that allow the programmer to continue to program in (nearly) their
language. For example, the programmer might import alloc,read, write
functions to add heap access but otherwise continue programming in their
language. Mirroring this, our goal is to allow L programmers to leverage this
power while continuing to program in L. The framework in Part III, called
“linking types”, shows how to address this issue by building an extension
within L that can capture such novel behavior, and again use realizibility
models to prove the entire system sound. Proving soundness, in this case,
involves showing that the novel behavior is safely encapsulated within the
extension. Important to note is that while the surface level behavior is much
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more expressive than in Part II, the underlying realizability models are very
similar. Thus, Part III of the dissertation is both an interoperability design
contribution on its own and strong evidence for the thesis: that realizability
models are a generally useful tool when confronting the interoperability
challenge.
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BACKGROUND: REALIZABILITY & SEMANTIC
SOUNDNESS

In this chapter, we give background on type soundness and logical
relations before presenting a tutorial on realizability models. The
model in the tutorial, while simple, shows how we build these
sorts of models and use them to prove type soundness.

TYPE SOUNDNESS  Milner (1978) was the first to propose a theorem for
type soundness. The theorem states that if programs possess a syntactic
property, satisfying an algorithmic type-checker, they therefore possess a
semantic property of being well typed. Being well typed means that they
cannot get into an erroneous state, which has led to the pithy slogan “well-
typed programs don’t go wrong”. Since the mid 1990s, people commonly
prove type soundness using a method created by Wright and Felleisen
(1994), in which syntactically well-typed programs are shown to remain
well-typed as they evaluate. Concretely, this technique uses a pair of lemmas
called “progress” (a well-typed term can take a step of evaluation) and
“preservation” (a well-typed term that takes a step remains well-typed);
inductively, these mean a well-typed program will never get into a non-
well-typed (i.e., erroneous) state. What are these “erroneous states”? In
Milner’s case, it was wrong, which was the element used in the semantic
equations for compositions of expressions that had no meaning. One of the
equations, for example, that covered function application, is the following
(written using slightly more familiar, if verbose, notation than in (Milner,
1978)):

J—, if V1 = 1
4, ifvg = L
Eller e2)]n = wrong, if vo =wrong, ifwv €F

vy V2, otherwise

wrong, otherwise
where v € E[e1]n and ve € Efea]n

where F is all functions, L denotes divergence, and 7 is the (unused)
environment. We can see that an application goes wrong if the first term is
not a function or if the second term goes wrong.

For Wright-Felleisen, going wrong is an absence of an operational step
that the program can take when the program is not in a valid terminal

18



BACKGROUND: REALIZABILITY & SEMANTIC SOUNDNESS

state: the program has gotten stuck. Showing a concise example is more
troublesome, since it is the absence that determines stuckness, but a typical
setup might include cases for stepping in either the function position or
argument position, and then a single rule like the following:

(Ax.e) v — e[z — v]

Which means that, like Milner, the term will get stuck (go wrong) if the
term in the function position does not turn out to be (i.e., evaluate to)
a function. While they look quite different, these are two different ways
of approaching the same idea, though Milner’s slogan certainly won the
rhetorical battle.

It is important to note, of course, that “not going wrong” does not mean
that programs cannot have errors! The errors simply must be interpreted by
the semantics of the language. For example, most languages allow arbitrary

integers to be divided, and diving by zero may be an unrecoverable error.

In that case, in Milner’s formulation the program n/0 would be given the
meaning dividebyzero or something else to indicate the unrecoverable
error, rather than wrong. In the Wright-Felleisen formulation, n/0 would
step to a sentinal error value which would be a valid terminal configuration
for a program.

More subtly, any meaningful properties that you wish to capture in a
type soundness theorem should be distinguished by a program going right
or wrong: if violation of the invariant that the type is supposed to enforce
does not result in wrongness/stuckness, the type soundness theorem may
not be providing a meaningful guarantee that the invariant is enforced, as
all that it says is that a well-typed program does not have a conflict with
the operational semantics. As an example of how this can get us in trouble,
if we design a type system for pointers that is intended to prevent memory
aliasing but we have an operation “clone” that copies a pointer, a proof
that such a system is sound does not guarantee anything about the aliasing
property, as soundness only ensures programs do not get stuck. Instead,
a separate theorem needs to be stated that says that there are no aliases
in memory after each program step. An alternative approach, which we

follow in this dissertation, is to prove soundness by defining a logical relation.

Here, the property of interest (whether soundness, or soundness plus other
properties, like lack of aliasing) is built in, and after showing the language
satisfies the logical relation, the property of interest follows “for free” as a
corollary.

LOGICAL RELATIONS While Wright-Felleisen prove soundness over the
structure of reduction, we take a different approach. We use logical relations
to prove a semantic soundness theorem. Logical relations are a technique
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that most attribute as a generalization of a proof by Tait (1967), and thus
has been sometimes called Tait’s Method'. Tait was originally concerned
with proving that there was no infinite reduction of a well-typed term in
(essentially) the simply typed lambda calculus (i.e., they were terminating).

Naive induction over the typing derivation or syntax does not work: once
the argument ¢’ is substituted into the body of an abstraction Az.e, a novel
term e[z — €] results that did not exist before, and thus is not covered by the
induction hypothesis. The essence of Tait’s Method, and all subsequent work
on logical relations, is to build stronger inductive (type-indexed) relations
R, that include the property of interest (in this dissertation, type soundness)
and then show that the original term e : 7 belongs to the relation at the
corresponding type 7. Since the relation was built to include the property
of interest, the desired result now follows as a corollary.

In Tait’s case, the relation R, was built out of terminating terms: in
particular, while the relation at base type is just made up of the base values,
the relation at function type 71 — 7o only admits function values that, when
values in the relation at 7 are substituted in, result in terms in the relation
(so, terminating) at 9. This resolves the issue above, as now rather than
being a novel term not covered by the induction hypothesis, e[z — €] is
by definition in the relation, and thus terminating. More involved is how
to prove that well-typed simply typed lambda calculus terms are in this
relation in the first place, but that is the subject of the next section.

Beyond the foundational characteristics inherited from Tait, there have
been several important developments. First, (Girard, 1971; Girard et al.,
1989) showed how to extend the technique to account for polymorphism.
Next, there were various efforts to incorporate recursion (Pitts, 1998, 2000),
mutable references with various restrictions (Pitts and Stark, 1993, 1998;
Stark, 1994; Benton and Leperchey, 2005), then recursive types (Birkedal
and Harper, 1997; Crary and Harper, 2007), but these models were either
limited or cumbersome.

Later, Appel and McAllester (2001) developed the technique of step-
indexing to avoid circularity in the presence of recursive types. This was
extended to languages with dynamically allocated mutable references by
Ahmed (2004), work we rely upon in this dissertation.

While all of the above involve giving interpretation of types of a language
using terms (even if untyped) from the same language, we build upon an
idea championed by Benton and collaborators called “low-level semantics for
high-level types” (or “realistic realizability”) (Benton, 2006). They created
realizability models where the types came from high-level languages but the

The actual name “logical relations” seems to have come from either G. Plotkin de-
scribing Tait’s work, or possibly describing M. Gordon describing Tait’s work. c.f., dis-
cussion https://cstheory.stackexchange.com/questions/7179/what-is-the-origin-of-logical-
relations retrieved 2022/1/20
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terms that inhabited the relation were low-level terms, and exercised this
to prove type soundness of two standalone languages. Specifically, Benton
and Zarfaty (2007) proved an imperative While language sound and Benton
and Tabareau (2009) proved type soundness for a simply typed functional
language, both times interpreting source types as relations on terms of
an idealized Assembly and allowing for compiled code to be linked with
a verified memory allocation module implemented in Assembly (Benton,
2006).

REALIZABILITY MODEL TUTORIAL

In this section, we build a realizability model, in the style of Benton’s
realistic realizability, for a simply typed function language, SimpleFunLang,
and use it to prove type soundness. Our target for the tutorial is high-level:
the untyped lambda calculus, which we call Lambda. We do not give a
source operational semantics for SimpleFunLang: its operational semantics
is defined by compilation. Our compiler is straightforward, but despite
this, our target is much more expressive than our source: in particular, all
programs in our source terminate (it is a simply typed lambda calculus),
whereas the untyped lambda calculus can encode general recursion (and,
more straightforwardly, the term €2, (Az.zz)(Az.zx), runs forever). This
section should serve as (1) a tutorial on logical relations / refresher to those
familiar with them, (2) a preview of our common syntactic conventions,
and (3) a demonstration of the realizability technique, all in a small, self-
contained manner.

SimpleFunLang has a single base type (B) with two inhabitants (b; and
by) and an operation (bop) that only succeeds on one of them (as an identity),
variables (x), functions (fun(x : 7){e}), and application (e(e)).

SimpleFunlLang
Type 7 n= B|7T—>T
Expression e = by |ba|bep | x| fun(x:7){e}|e(e)
Value v = by | by | fun(x:7){e}
I'Fe:B x:7el
I'b;:B I'-by:B I'Fbep(e) : B I'Fx:7
Ix:The:7 Fke:7— 1 Fke:7
Tk fun(x:7){e}:7— 7 Tke(e):7

Lambda has boolean base values, if, functions, and application, but no
types, and defines reduction using evaluation contexts E to lift the primitive
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reduction step (—). It also has a expression, fail, that causes execution
to terminate. Note that this is defined not as a primitive step — but an
ordinary step —, as it needs to discard the context E.

Lambda
Expression e n= true | false |if eee|lx|Ax:T.e]| e e] fail
Value v = true | false | Az : T.e
Evaluation context £ == []|if Cee|Cel|(Az.e)C
if true e; ez — ey if false e; es — eg (Az.e) v — [z — v]e
e—¢
Elfail] — fail Ele] — E[€]

We compile SimpleFunLang to Lambda with ~~, and given a SimpleFunLang
term e write the compiled Lambda term as e™.

e~ et

b1 ~»  true

bo ~  false

bop ~ Az.af ¢ oo fail
fun(x:7){e} ~ Az.et

e(e’) ~ et e/t

The soundness theorem we wish to prove is the following:

Theorem 2.0.1 (Soundness, intended). If -+ e : 7, and et = ¢’ then one

of:
,
o ¢ is a value.
o ¢ is fail.

o ¢/ — ¢ for some €.
Indeed, it is
actually quite rare This is a little different from a soundness theorem that is defined solely

for languages, in terms of a source operational semantics as it says that the compiled term
aside from those
with verified

compilers, to have

does not get stuck, but matches the common scenario of languages whose
operational semantics is defined by translation to another language.

independent formal We prove this by first building a realizability model for our language that
specifications of  respects our compiler (-)*. The model has two parts: a value relation, with
tZ;Z:jt(;:;Zel defines for each type 7 a set V[r] of Lambda values that behave as that
semantics. type. Second, we define an expression relation £[7] that defines the sets of

Lambda terms that behave as type 7.



BACKGROUND: REALIZABILITY & SEMANTIC SOUNDNESS

V[B] = {true, false}
Vi — ] = {Az.e|VveV[n]. [z v]ee [rn]}
El] = {e|3e.eSe A (¢ =fauil vV e cV[r])}

The first case of the value relation is straightforward: since b; and b,
are the two SimpleFunLang values that have the type B, the only Lambda
terms that make sense in the set V[B] are the terms they compile to, true
and false. Our only other Lambda values are functions, which don’t seem
like they behave as B so V[B] is the set of exactly those two values.

A NOTE ON PRECISION If “seem like” and “make sense” appear terribly
imprecise, this is a consequence of the flexibility of logical relations: since
the sets can contain anything that we want, we will only find out when we
try to use the relation to prove things if we put in the right elements. Thus,
our initial design may indeed be based on (mathematical) intuition, and
only when we get stuck in a proof may we come back with more concrete
reason as to why a certain element either must be in or cannot be in one of
the sets.

More interesting is V[r1 — 72]. This set contains Lambda functions, Az.e,
but restricted in the following way: we only admit functions into the set
if, given a value v in V[r1] (the argument), substituting it for the body
results in an expression in E[73]. Thus, these are well typed according to
the model, rather than a syntactic judgment.

The expression relation, while critical to the whole system, is perhaps
unsurprising: £[7] is made up of Lambda terms that run to either fail or a
value in V[7]. Note that while Lambda is non-terminating, our relation is
only made up of terminating programs, which is both what we want, and
not ultimately going to cause problems because any SimpleFunLang term
that typechecked would terminate after compilation to Lambda. Thus, we
need not concern ourselves with, or include, terms that do not terminate.

To use this relation, we first need to account for the fact that our typing
rules are over open terms I' F e : 7, whereas our relation is built out of
closed terms (i.e., no analog to I'). While our type soundness theorem is
stated over closed terms, if we try to prove that closed well-typed terms are
in our relation, we will get stuck on the function case, as the body has a
free variable (the argument).

Instead, we first define the notion of a closing substitution, which interprets
an environment I' as a set of substitions that map the variables in I' to
values that are in V[7] at the right type. Note that this relies upon a
variable x being interpreted in the model, and therefore compiling, to z; in
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a setting where the target had different binding structure than the source,
this definition may be more complex.

G[] = {3
Glx: 7. T] = {(z+>v,9) |ve VI A v eI
With that in mind, we can define a shorthand notation that says that
given a substitution that behaves as prescribed by types in I', the Lambda
term e behaves as prescribed by 7:

I'Ee:72VyeG[l]. v(e) € &[7]

Note, importantly, that this is defined with a Lambda term e, not a
compiled SimpleFunLang term e'. This allows the statements we make to
be slightly more general, as they will work over arbitrary elements in the
relation, rather than just those in the image of the compiler.

Now we complete the proof in a two-step manner. (1) We show that any
well-typed term e : 7, when compiled to a Lambda term e, is in the model
at £[7], and (2) show that any term in the model is type-sound. (2) is
easy, since we built the notion of type soundness into the definition of E[7].
We prove (1) by induction over the structure of the typing judgment, by
proving a “compatibility” lemma for each typing rule in SimpleFunLang.
“Compatibility” lemmas, given below, show that the model (logical relation)
is compatible with the static type system.

Lemma 2.0.2 (Compatibility by). I' F true : B

Proof. Unfolding the definition, we need to show that for any v € G[I']. y(true) €

E[B]. Clearly, v(true) = true, so if we unfold the definition of £[B], we can
see we need to show:
3e’. true > ¢’ A (¢/ = fail v € € V[B])

Since true is already a value, it won’t step, which means we can take
¢ = true, and thus need to show (true = fail V true € V[B]). Clearly, the
true # fail, but the other disjunct is (since V[B] = {true, false}), so we are
done. O

Lemma 2.0.3 (Compatibility by). I' F false : B
Proof. ~(false) = false € E[B], with ¢’ = false. O

The typing rules with premises are more interesting, as those premises
turn into hypotheses. First, bo, and variables.

Lemma 2.0.4 (Compatibility bop). IfT'F e : B then ' E (Az.if = z fail) e :
B
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Proof. v((Az.if © x fail) e) = (Az.if © x fail) y(e). To show that is in
E[B], we appeal to the hypothesis, which says y(e) = ¢/, where ¢/ = fail or
e € V[B].
If ¢/ = fail, then by inspection of the operational semantics, the entire
term will step to fail in one more step.
If ¢’ € V[B], we can similarly compose the context at each point with an
outer context (Az.if = z fail) [-], which means we know that (\z.if = z fail) v(e) =
(Az.if z x fail) €', where €’ € {true, false}. Consider the two cases.

1. If €' = true, then (\z.if = x fail) ¢’ — if true true fail — true, and
we are done since true € V|[B].

2. If ' = false, then (Az.if z z fail) ¢ — if false true fail — fail, but
this also finishes the proof, as that is a valid result for £[B].

O

Lemma 2.0.5 (Compatibility x). Ifx:7 €T then'Fxz:7

Proof. Since x : 7 € I', we know that v(z) = v for some v € V[7]. We thus
take ¢/ = v and are done. O

The last two compatibility lemmas, for function definitions and function
application, are the most interesting.

Lemma 2.0.6 (Compatibility fun). If Dx : 7 E e : 7/ then T' F Az.e :
T—7

Proof. Our obligation is to show that y(Az.e) € E[r — 7']. Since z is a
bound variable, we can consider it disjoint from the domain of ~, and thus
push the substitution into the body of the function. Thus, Az.y(e) does
not step, and since it is not fail, we need to show that it is in V[r — 7'].
That means we must consider arbitrary v from V[7] and show that [z —
v]y(e) € E[7'].

To show this, we will appeal to our premise. In particular, we instantiate
it with v/ = ~,2 — v, which is thus in G[I',x : 7]. This means that
7' (e) € E[7'], which is exactly equivalent to what we needed to show. [

Lemma 2.0.7 (Compatibility e(e’)). IfTE e; : 7 — 7" and T'F eg : 7 then
IF'Ee;eg: 7

Proof. We have to show that y(e; e2) = v(er) v(e2) € E[7']. We consider
our first premise, instantiated with ~. It tells us that v(ey) B e, where
e = fail or €, € V[r — 7']. Consider the two cases:

1. In the first case, we can lift the reductions into the context E v(ez)
to show that the overall term will similarly step to fail, and thus we
are done.
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2. In the latter case, we next turn to our second hypothesis, again
instantiating it with 5. This means that y(es) = e}, where ¢}, = fail
or e, € V[r]. Again, we proceed by case analysis.

a) In the former case, we can stitch together both reductions, lifting
v(es) = € into the context E v(ez) to get that v(es) v(ez) —
¢’ v(e2) and then lifting the second with the context e, E, noting
that ¢ is a value to get that the overall term runs to fail.

b) If vj is in V[7], we can perform the same context lifting to thus
get that y(es) y(e2) = €} v}
Now, from the definition of V[ — 7'], we know that e} = Az.e
for some e, and thus e} v, — [z — vj]e. Further, from the
definition of V[ — 7']|, we know that this term is in E[7'], since
vy € V[r]. What that means is that there exists e’ such that
[z +— vh]e = ¢/, where ¢/ = fail or ¢’ € V[r']. Since that ¢’ is
the result of the reduction of our original term, this completes
the proof.

O

Now that we have completed the compatibility lemmas, we can prove
the main theorem of the logical relation, usually called the Fundamental
Property. This connects the static semantics to our semantic model.

Theorem 2.0.8 (Fundamental Property). If 'k e: 7 then TE et : 7.

Proof. We prove this by induction over the structure of the typing derivation.
Thus, we have one case per typing rule. Each follow from the corresponding
compatibility lemma, but we spell out some of the details for completeness.

I' by : B— In this case, we have no inductive hypothesis, and thus have
to show that I' F by ™ : B, but this is exactly what we proved with our
compatibility lemma.

I' by : B— Same as B..

I'bep(e) : B— Our inductive hypothesis tells us that I' F e™ : B, and
we need to show that I' F bep(e)t : B. But expanding the compiled
term, we can see that this is exactly the compatibility lemma statement,
instantiated with e™.

I'Fx:7— As with the first two cases, this has no inductive hypotheses,
but follows exactly from the compatibility lemma.

I'F fun(x:7){e} : 71 — 75 — As with by, our inductive hypothesis gives
us exactly what we need to instantiate the fun compatibility lemma,
which then yields the result.
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[+ e(e’): 7/ — Here, we need to show that ' F e(e/)t : 7/, given T F et :
7 — 7 and T E T : 7. We can expand the obligation to I F et &' : 7/
after which everything follows from the corresponding compatibility
lemma, instantiated with e™ and e'T.

O

As a corollary of the Fundamental Property, we can now prove our goal,
type soundness:

Corollary 2.0.9 (Type Soundness). If - e : 7 and et 5 € then one of:

e ¢ is a value.
o ¢ is fail.
o ¢/ — ¢’ for some e”.

Proof. We first apply the Fundamental Property (Theorem 2.0.8), which
tells us that - £ e™ : 7. This means that there exists an e; such that
es = fail or e € V[7]. Consider ¢’. If ¢’ = ef, then we are done, since every
element in V[7] is a value. If €’ is not a value, then since e; cannot take a
step and Lambda is deterministic (unproved, but straightforward), e’ must
exist within the reduction et = es. This means there exists some e” such
that ¢/ — €”, and so we are done. O

Now, we note an interesting thing. While type soundness was our original
goal, the Fundamental Property was our central result, and indeed, it is a
stronger result than Corollary 2.0.9. In particular, we can prove as a second
corollary that all well-typed terms, after compilation, terminate:

Corollary 2.0.10 (Termination). If - e : 7 then 3¢’. et 5 ¢/ .

Proof. Since neither fail nor elements in V[7] can step, this is a straight-
forward consequence of the Fundamental Property (Theorem 2.0.8), which
tells us that e™ € £[7] and thus that there exists such an e’. O

This is not a trivial result, since our Lambda language clearly includes
divergent terms, but our realizability model only includes a subset that is
terminating. Further, while we could have avoided this and structured our
E[r] to allow divergence by stating Ve'. e = ¢/ -» = (e’ = fail V ¢’ €
V[7]), our models may often be stronger than what is necessary to prove
“lack of stuckness”.

Termination is not the only way our result is stronger: we have also
proved what is sometimes called “strong soundness”, which means that not
only does our term either run to fail or a value, but that value has the
correct type! This is sometimes somewhat subtle to state, as runtime values
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may not be able to be type checked, existing only at runtime (so we may
not be able to write ¢’ is a value and - ¢’ : 7, as there may be no static
judgment for the value €’), but we what we have proved is essentially a
semantic analog to this.

Indeed, the notion that the proof method we use is giving us more than
simple “lack of stuckness” is not exclusively a property of semantic soundness:
the same is true of proofs via Wright-Felleisen progress and preservation,
as not only do they clearly need to enrich the language with a notion of
typechecking runtime values (as they ensure that at every step, the term is
well-typed), but this enriched type system may include more detail than
was possible in the statics. While these two approaches to proving type
soundness (the “syntactic” and “semantic”) may be typically presented as
completely at odds, the reality is that in many cases, what is done in one
can be adapted to the other. While some results, like termination, may not
readily be adapted to a syntactic approach, others can.

However, a place where the semantic approach really shines, and the
reason why we rely so heavily on it, is the notion of realizability. As we
will see in later sections, we use our models to ascribe different semantic
types to the same target code, which then allows us to reason about how
the code that behaves like a type 7 can be converted or wrapped to behave
like a different type 7/. Also, we can show that target code that did not
originate in our source language nonetheless satisfies our semantic types,
which is useful for reasoning about the behavior of low-level library code,
for instance. This comes along with other flexibility in realizability models:
to at once be able to ignore target features (like divergence of Lambda) that
we do not need or cannot account for but also to ascribe rich statics onto
untyped or weakly typed target languages.



Part II

MOVING VALUES ACROSS LANGUAGE
BOUNDARIES



A RECIPE FOR SOUND LANGUAGE
INTEROPERABILITY

In this chapter, we present a recipe for proving soundness of
languages that exchange values over an FFI, and in particular,
give foreign values accurate types using the existing local type
system. This chapter demonstrates the framework by extending
the simple language used in the tutorial in Chapter 2. By seeing
the full framework in the small, the reader should be prepared
for the more substantive case studies in Chapters 4, 5, and 6.

Language interoperability is about including code written in another
language in a given program. This may be to extend a legacy system, to
use a particular featureful or well-tested library, or simply because different
portions of a program benefit from different linguistic abstractions. Even
in a system that includes many languages, each individual boundary is
between a pair of languages, and the interaction generally involves first
converting core values into representations suitable to the foreign language,
executing the foreign code on those values, and then converting the result.
To facilitate this, there may be additional code that manages details relating
to differences in calling conventions: placing values in particular places on a
call stack, manipulating registers, etc. This orchestrated control transfer
can, of course, be more interleaved, as what is passed back when control
returns may be a higher-order value (a function, function pointer, closure,
etc) that can later be invoked itself. But, in all the cases that we consider
in this section, and indeed, in what we observe in the design of existing
foreign-function interfaces, what crosses the language boundaries are values.
Accounting for the soundness of this transaction is the subject of this part
of the dissertation.

In Chapters 4, 5, and 6, we will explore in detail particular pairs of
languages and show how to prove type soundness in the presence of inter-
operability between them. In this chapter, we present the general recipe
for our approach. The source languages we will use are SimpleFunLangP
and . We will write SimpleFunLangP types and terms in
in turquoise and types and terms in , though will
often include subscripts P and 0 to aid legibility in the absence of colors.
SimpleFunLangP and each extend the example source lan-
guage from Chapter 2 with a different base type, P and () respectively. These
base types each have a single inhabitant (p and g respectively), and are
thus semantically equivalent to a unit type. While thus not particularly
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interesting on their own, they will allow us to demonstrate the various parts
of the framework in full clarity. In the subsequent chapters of this part of the
dissertation we will show more realistic challenging cases of interoperability,
but with that complexity comes a wealth of details. These details, while
necessary to account for type soundness, partly obscure the framework.

THE FRAMEWORK

The inputs to the framework are two source languages, SimpleFunLangP
and , a target language Lambda, and compilers e™ = e
and et = e. This section serves both as a roadmap of what is to come
and a reference to refer back to. The first two steps, defining boundary
syntax and what types ought to be convertible (§3.0.1 and §3.0.2), must
be performed by the designer of the interoperability system, whereas the
last three, building realizability models and using them to prove soundness
of conversions and the interoperating source languages (§3.0.3, §3.0.4, and
§3.0.5), should be performed by the verifier of the system.

A NOTE ON VERIFICATION  While clearly, we are advocates for proving
theorems, we would be remiss to ignore that most languages are never proven
type sound, and thus advocating extended versions of type soundness is,
perhaps, a fools errand. We note that despite Milner’s theorem rarely
being proved outside of academia, the notion of type soundness has been
an incredibly useful one in rendering languages more reliable. Indeed, most
languages aspire to type soundness, even if a formal proof is never attempted.
In the same way, we hope that our work can serve both as a theoretical
tool that can be used for true proofs, in the rare cases they are achievable,
but also as a useful guide for language designers and implementers to make
their systems more reliable. Towards this end, we have made an effort to
make a delineation between what portions of our work constitute elements
of actual languages, compilers, or runtime systems (that are carried out
by the designer), and what portions are the theoretical scaffolding used
to prove the former to be correct (carried out by the verifier). Much of
the work of the designer that pertains to this part of the dissertation is
likely already happening: indeed, most of the novelty is in the proof of
soundness, rather than the interoperability. In Part III, the situation is
a bit different, as we are addressing cases where traditional FFI’s cannot
express the interoperability that we desire, and thus there is novel work for
both the designer and the verifier.



32

As in (Matthews
and Findler, 2007).

A RECIPE FOR SOUND LANGUAGE INTEROPERABILITY

SimpleFunLangP
Type 7 2= P|B|T7—T
Expression e = p|bi|ba|bep|x|fun(x:7){e}]|e(e)
Value v 2= p|by|ba| fun(x: 7){e}
Type n= QB
Expression n= q|bi|Dby] | x |
Value = q|bi| Dby
Lambda
Expression e n= true | false |if eee|lx|Ax:T.e]| e e] fail
Value v = true | false | Az : T.e
Evaluation context £ == []|if Eee|Ee|(Axz.e)E

Our static semantics are essentially identical to that of SimpleFunLang in
the tutorial presented in Chapter 2; the only additions are the terms p and
, which have types P and (] respectively. Our compilers are also similar;
the only notable difference is that we compile p and g to true. Our static
semantics will ensure that we do not mix this term with a term of type B or
, so this is a perfectly acceptable compilation choice, and one of the only
base values that we have in Lambda, which is unchanged from Chapter 2.

P ~s true ~ true

by ~  true ~  true

bo ~  false ~  false

bop ~ Axaaf xox fail ~  Ax.af x oz fail
fun(x: 7){e} ~ Az.et ~ o Am.eT

e<e/) ~ et e/+ ~ + i+

3.0.1 Boundary syntaz

To include code from another language, the designer requires some way
of invoking such code. While there are various ways of doing this in real
toolchains, here she adopts a general approach based on the notion of
language boundaries.

If a program written in the language SimpleFunLangP is to include code
from the language , the SimpleFunLangP designer should
add a boundary form (c),,. This allows a term e : 77 to be used in an

P
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SimpleFunLangP context at type 7p, for some 7p and 7. This boundary
strategy is very general. It clearly allows inline code, as used by libraries
that support inline C, because the term e can be an arbitrary snippet of
code. But, it also captures the more common scenario where bindings are
declared as imports and then used accordingly. This is because our terms
are open, and thus a term can have a binding

free, declared in the global environment. Then the use of the imported
term would be (£, ., for appropriate types 7» and 5. In order to support
this pattern, we generally typecheck terms of both languages under an
environment that includes bindings from both languages. If we were only
interested in inline (closed) code, we could avoid this, but we think this
more realistically matches the import/export scenario. This means our
typing judgments, while largely inheriting from those for SimpleFunLang
in Chapter 2, will change in shape, as shown below in the rules for the two
base types we have added.

;THp:P IS

While we show the additions to syntax for the boundary rules, we will
show the additions to the static semantics in the next section, because we
need an additional step before we can write down the typing rules.

SimpleFunLangP Expression e = ...| (¢,
Expression ¢ == ... | (e

Note that while in our examples, we equip both languages with boundaries,
the framework does not require this.

3.0.2  Convertibility rules

To know whether a term (e)),, is well-typed, the designer needs to know
if a term e : 73 can be converted to an SimpleFunLangP
type 7p. In the case that e has a function type, we typically will expect to
convert to a corresponding function type, converting the arguments and
the return values. This isn’t of course, a requirement: functions could be
converted to objects, or other structures that capture the same meaning.

But there is no way to know, a priori, what types can be converted, and
thus the framework requires that the designer specify this explicitly. In
particular, she must provide judgments of the form 7 ~ 7; to indicate
that these two types are interconvertible, allowing for the possibility of
dynamic conversion errors. Since our notion of linking depends upon
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both language SimpleFunLangP and being compiled to a
common target Lambda, this conversion needs to be witnessed by Lambda
code that performs the conversion. C,,,., denotes the code that performs a
target-level conversion from 7 to 75. For example, if Lambda had numbers
instead of booleans and we had a source convertibility relation bool ~ ,
where the former compiles to the numbers 0 and 1, then the conversion
Choo1sint 18 a no-op (since compiled booleans are already Lambda language
numbers), but C', b1 must do something different. It could raise a
dynamic conversion error if given an int other than 0 or 1, or it could
collapse all other numbers into one of those, or something else. The particular
choice depends on the languages in question, and what the designer of the
interoperability system thinks makes sense: the framework only requires
that the decision made preserves type soundness.

In the case of SimpleFunLangP and , we convert between
P and 0, and we convert between functions that, in turn, contain convertible

types.

CpHyc?—)P:PN

Cn»—> ,C Tyos T1 Y CTQ»—> ,C Ty s T2

CTlﬁ'Tl’—) 70 =TT - T1 — Tg ~

These are symmetric rules, so the order that we write the judgment does
not have any particular significance. Further, we will sometimes leave out
the code block identifiers in the convertibility judgments and simply write
P ~ (], but note that the judgments must always be witnessed by that target
code, as the compiler needs to insert it when compiling boundary terms.

With these rules, we can now write the typing rules for boundary terms:

T~ [T e ~T s The:T
sTH(e)r: 7 ;T F (e

For our example, since we compile both p and g to the same Lambda
value true, the conversions between them are no-ops. Our higher order
conversions perform the typical higher-order contract operation (a la (Findler
and Felleisen, 2002)): converting arguments before invoking the function
on the converted value, and then converting the result at the end. The
careful reader might note that since no conversion is a non-identity, this
function conversion introduces a pointless eta expansion. We include it here
nonetheless: both to not be overly clever, but more importantly, because in
larger case studies, this same pattern on functions will reappear, without
the ability to simplify.
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Crisil(e) = e
Cosr(e) = e
Crris (e) = Az. Cpy (e Cr s ()
C o on(e) = Ar. Cor (e Cryr ()

Using these, we can now extend our compilers to account for boundary
terms. Our compilers have always operated over well-typed terms, but here,
we rely on that explicitly, as the types direct the conversions that we insert.

T (e), ~ Crsr(et) where ;T Fe:7and 7~

ik (e), ~ Chsy(et) where;THe:7and 7~ 7

T

At this point, we have described all of the implementation work that
the language or FFI designer will have to do: add some boundary syntax,
declare conversions, implement the conversions in target code, and update
the compiler to insert that conversion code when compiling boundaries.
Clearly, implementing those conversions needs to be done with some care,
and with an idea of what the types mean and how they are realized in the
target language. While we describe this as a linear process, the process of
verification may result in changes to the conversions as the verifier realizes
that what the designer decided wasn’t quite right.

3.0.3 Realizability models for both languages

In order to prove type soundness, and in particular, account for the bound-
aries and convertibility rules from §3.0.1 and §3.0.2, the verifier needs to
build a logical relation for both languages. This relation is atypical in two
ways. First, it is a realizability model, which means that while it is indexed
by source types, it is inhabited by target terms. That is, the verifier must
first define an interpretation of values for each source type 7, written V[7],
as the set of Lambda language values v that behave as 7. That is, V[B]
is not the set of SimpleFunLangP language values of type B (i.e., b; and
by), but rather, the Lambda values that behave as that SimpleFunLangP
type (i.e., true and false). The compiler has to satisfy this relation, sending
values of type B to V[B], but the latter may include more values. There is
also an expression relation, written £[7], that is the set of Lambda language
terms that evaluate to values in V[7] (or diverge, or run to a well-defined
error).
The second novel aspect is that the relation is indexed with the types
of both of our source languages; in this example, SimpleFunLangP and
. Since they compile to the same target, this is sensible:
the inhabitants of V[P] and V[J] (for example) are both Lambda values.
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By bringing the types of both languages into a common setting, the verifier
gains powerful reasoning principles; for example, we can ask if V[P] = V[(].

Since the only difference between the languages in this section and
SimpleFunLang from Chapter 2 are the additional base types, the logi-
cal relations look almost the same. Note that since the expression relation
is the same for both languages, we do not include two cases for it, writing 7
for either 7 or

V[P] = {true}

V[B] = {true, false}

Vi — ] = {Az.e|VveV[n]. [z~ v]ee &[]}

V[a] = {true}

V[E] = {true, false}

V[ I = {Az.e|Yve V][] [z—v]eec &[]}

Elr] = {e|3e.eSe A (¢ =fail vV e cV[])}

Looking at this, we can clearly see that, as expected, V[P] = V[U].

3.0.4  Soundness of conversions

Using the realizability models defined in §3.0.3, the verifier can prove that the
convertibility rules defined in §3.0.2 are sound. In particular, if 7 ~ 7, then
she should show that the conversions C.,.,,, and C. .., actually translate
expressions between the types correctly:

Ve € E[p]. Crosr(e) € E[1q] A Ve € &[] Crosr(e) € E[77]

Since the model defines type interpretations, this ensures that the conver-
sions do exactly what is expected.

We have two convertibility rules, and thus two proofs to do, though each
involves both directions. For P ~ (), we need to show that for any e € E[P],
Criso(e) € E[0], and the converse. Since Chro(e) = e, this amounts to
showing that e € E[P] <= e € £[0]. This follows from the fact that V[P]
— V[al.

The function case is a little more interesting; we consider one direction,
from SimpleFunLangP to ; the other is identical. What we
need to show is that if e € E[71 — 72] then C,, ., (e) e & I,
where 71 ~ 71 and 75 ~ 75. Expanding the conversion, we see the term under
consideration is A\z. C,, . (e C, ., (z)). Since this is already a value, it
does not step, which means that to satisfy £[ ], it suffices to show that
it is in V[ ]. Syntactically, it clearly is a Lambda function, so we need
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to show that given an arbitrary v from V[ ], [z — v]C... (e C. s (7)) €
E[-]. Simplifying slightly, using the fact that the only variables introduced
by conversions are bound, we have the term C.,.,. (e C. . (v)). From
our inductive hypothesis, we know that this will be in £[>], as needed, if
e C.sr, (v) is in E[72]. Now, we know that e € E[r1 — 72], which means
that either it runs to fail, in which case the entire term will have failed and
we are done, or it runs to some value ¢’ in V[, — 75]. Now, we know that
if applied to a value in V[7+], this will result in a term in E[72], and thus we
will be done. So it suffices to show that C. . (v) runs to a value in V[71].
This also follows from our inductive hypothesis, since we know v € V[]
and the conversion will result in a term in £[71]. This means that it either
runs to fail (in which case the entire term does, and we are done) or it runs
to a value in V[1], exactly as needed.

3.0.5 Soundness of entire languages

Proving the conversions sound (§3.0.4) is the central goal, of course, but
the verifier also needs to ensure that the model defined in §3.0.3 is actually
faithful to the languages. She does this by following the standard approach
for proving semantic type soundness outlined in Chapter 2. First, for each
typing rule in both source languages, she proves that a corresponding lemma
holds in terms of the model. In order to do that, we first need to define
closing substitutions and an open logical relation:

gl = {}
Glx:7,T] = {(z—wv,y)|veV[r] N vegG[I]}
Gl<: 71 = {@—= v,y [veV[] A yedl]}

TEe:72Yy €G],y €G[r]. v(7(e)) € E[7]
LT Ee:r2Yyegr],y e Gl ~(v(e)) € €[]

Then, she proves the following lemmas. Here, we elide all proofs except
the boundary cases, as those are the only ones that differ materially from
what was presented in Chapter 2.

Lemma 3.0.1 (Compatibility p). I';T" F true : P
Lemma 3.0.2 (Compatibility o). I'; I E true :
Lemma 3.0.3 (Compatibility by). I';T F true : B
Lemma 3.0.4 (Compatibility b:). T'; T E true :
Lemma 3.0.5 (Compatibility bs). ;T F false : B

Lemma 3.0.6 (Compatibility b.). I'; T E false :
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Lemma 3.0.7 (Compatibility boy). If ;T F e : B then ;T F (Ax.if 2 o fail) e :

B

Lemma 3.0.8 (Compatibility b,,). IfI;T F e: B thenT; T E (Az.if = x fail) e :

Lemma 3.0.9 (Compatibility x). If x:7 € then ;T F 7
Lemma 3.0.10 (Compatibility x). If x: 7 €I then ;T F z :

Lemma 3.0.11 (Compatibility fun). If 5T, x: 7 F e: 7' then ;T F Azx.e:
T— 7

Lemma 3.0.12 (Compatibility ). If ;0 %7 Ee: 7 thenT;T F Ax.e:

Lemma 3.0.13 (Compatibility e(e')). If ;T E ey :7 — 7 and ;T FEeg @ 7
then ;T Ee; ep: 7/

Lemma 3.0.14 (Compatibility ). IfT;T Eeyg: and T;T E ey :
then T; T E e; eg :

Lemma 3.0.15 (Compatibility (e).). If 7 ~ 7 and ;1 E e : 7 then
s TEC . (e): 7

Proof. This follows directly from the proof in 3.0.4.
O

Lemma 3.0.16 (Compatibility (e),). If 7 ~ 7 and ;T E e : 7 then
Il EC S (e):

Proof. This follows directly from the proof in 3.0.4.
O

Then, by induction over a typing derivation, she can show that any term
that is statically well-typed belongs to the model: the Fundamental Property.
Belonging to the model, in turn, can be used to show type soundness as a
corollary, since the expression relation captures exactly what we mean by
type soundness.

Theorem 3.0.17 (Fundamental Property). If ;T e : 7 then ;T Eet @7,
and if T;T e 7 then T; T E et :

Proof. By induction over the typing derivations, using the compatibility
lemmas. O

Corollary 3.0.18 (Type Soundness for SimpleFunLangP). If ;- F e : 7
and et 55 ¢ then one of:

o ¢ is a value.
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o ¢ is fail.
o ¢/ — ¢ for some €.

Proof. By application of the Fundamental Property and definition of the
logical relation. O

Corollary 3.0.19 (Type Soundness for ). If 5
and et 5 ¢’ then one of:

e ¢’ is a value.
o ¢ is fail.
o ¢/ — ¢ for some e”.

Proof. By application of the Fundamental Property and definition of the
logical relation. O
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The notion that
lambdas only
substitute follows
Call-by-push-value
(Levy, 2001).

CASE STUDY: MUTABLE REFERENCES

Results from this section (Chapters 4,5,6) appeared in (Patterson
et al., 2022), which was joint work with Noble Mushtak, Andrew
Wagner, and Amal Ahmed.

Aliased mutable data is challenging to deal with no matter the context,
but aliasing across languages is especially difficult because giving a pointer
to a foreign language can allow for unknown data to be written to its address.
Specifically, if the pointer has a particular type in the host language, then
only certain data should be written to it, but the foreign language may
not respect or even know about that restriction. One existing approach to
this problem is to create proxies, where data is guarded or converted before
being read or written (Dimoulas et al., 2012; Strickland et al., 2012; Mates
et al., 2019). While sound, this comes with significant runtime overhead.
Here, our framework suggests a different safe possibility.

LANGUAGES In this case study, we explore this problem using two
simply-typed functional source languages with dynamically allocated mu-
table references, RefHL and (for “higher-level” and “lower-level”).
RefHL has boolean, sum, and product types, whereas has arrays
( : [7]). Their syntax is given in Figure 4.1 and their static
semantics in Figure 4.2.

RefHL and are compiled (Figure 4.4—mnote that we write et to
indicate €/, where e ~ €’) into an untyped stack-based language called
StacklLang (inspired by (Kleffner, 2017)), whose syntax and small-step oper-
ational semantics — a relation on configurations (H ¢S ¢ P) comprised of a
heap, stack, and program — are given in Figure 4.3; here we describe a few
highlights. First, we note that StackLang values include not only numbers,
thunks, and locations, but arrays of values, a simplification we made for
the sake of presentation. We could have put all large values on the heap,
but that would have necessitated pointer offsetting, more indirection when
encoding values, and generally, cluttered up the presentation.

Second, notice the interplay between thunk and lam: thunks are suspended
computations, whereas lam is an instruction (not a value) responsible solely
for substitution. We can see how these features are combined, or used sepa-
rately, in our compilers (Figure 4.4). Finally, note that for any instruction
where the precondition on the stack is not met, the configuration steps to a
program with fail TYPE (a dynamic type error).
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RefHL Typer == unit|bool |7+ 7|7 X 7|7 —7|ref T
Expr.e u= ()]|true|false|x|inl e|inre] (e e)
|fst e|snde|ifeee|Ax:Te|ee

| match e x{e} y{e} |ref e|le|e:=¢] (e),

Type 7 = | [7] | \
Expr. = | % | | | | |

| | ref e le | | (e

Figure 4.1: Syntax for RefHL and

CONVERTIBILITY In our source languages, we may syntactically embed
a term from one language into the other using the boundary forms (e,
and (e)),.. The typing rules for boundary terms require that the boundary
types be convertible, written 7, ~ 7. Those typing rules are:

;The:n Ty~ T e Th ~

T F (e : ;D (e)r,

Note that the convertibility judgment is a declarative, extensible judgment
that describes closed types in one language that are interconvertible with
closed types in the other, allowing for the possibility of well-defined runtime
errors. By separating this judgment from the rest of the type system,
the language designer can allow additional conversions to be added later,
whether by implementers or even end-users. The second thing to note is that
this presentation allows for open terms to be converted, so we must maintain
a type environment for both languages during typechecking (both I" and 1),
as we have to carry information from the site of binding—possibly through
conversion boundaries—to the site of variable use. A simpler system, which
we have explored, would only allow closed terms to be converted. In that
case, the typing rules still use the 7, ~ judgment but do not thread
foreign environments (using only I for RefHL and only I' for ).

Figure 4.5 contains the convertibility rules we have defined for this case
study. Each come with target-language instruction sequences that perform
the conversions, written C,, .. (some are no-ops). An instruction sequence
C.,—+., while ordinary target code, when appended to a program in the
model at type 7;, should result in a program in the model at type 7. An
implementer can write these conversions based on understanding of the
sets of target terms that inhabit each source type, before defining a proper
semantic model (or possibly, without defining one, if formal soundness is
not required). They would do this based on inspection of the compiler and
the target.

From Figure 4.4, we see that bool and both compile to target integers,
and importantly, that if compiles to if0, which means the compiler interprets
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T F () s unit

x:17el
IiThEx:7

;T F true : bool I';T'+ false : bool

IiT'Re:m F 7 IiT'hRe:m F 7
IsT'Hinl e + 7o 5T Finr e:m + 7

I';T Fe:bool iThey s iThey: T
I'I'Fifeejey: T

iThe:m + 1 i,z :mbeg: Ty :mbey:m
I';T'Fmatch e x{e;} y{ea} : 7

i,z bFe:n iThRe:m — 1 TR 7y

T AxTieim — 7 IiTFee : 7
IiT'hey:my IiThey:m iThRe:my X7y iThRe:m X7y
T F (eq,e0) : 11 X 7o IsI'Hfste:my I''T'Hsnde:m
IiThRe: T IsTHe:ref 1 IsTheyiref 7 iThey: T
I'T' ey :=ep:unit

;T Href e:ref 1 iTHle:r

IiT'kFe: T T ~T
;T F(e)r 7

x:7el

I'TFeq:int T Fes:int
IiTEx:7

T Enc:int I'TFep +es:int
IiThey: T I'T'ke,: T T Feyq: [7] I;TFesy:int
;T F ey ... en: [T] T Heqle] : 7
ITyx:mbFe:ms I'The: T — m ITke' :m
I'T - AxiTi.e: g — T I'Thkee :m
I'TFe:int I'Thkey: T I'Theg: T

I'THif0eey ex: T

IsT'ke:ref T T heq:ref I'T'kex: T

IiT'ke:r
I;THle:r I'T Fep := ez : unit

T hHref e:ref T

IiTFe:T T~T
;T F (e)-

Figure 4.2: Static semantics for RefHL and ReflLL.
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Program P w= -|i,P Valuev == n|thunkP|¢]][v,.. ]
Instruction i == push v | add | less? | if0 P P | lam x.P | call
| idx | len | alloc | read | write | fail c
Error Code ¢ = TyPE|IDx | CoNV
Heap H w= {liv, ...} Stack S == v,...,v]|Failc
(HsSgpush v,P)—=(HsS,vgP) (S # Fail ¢)
(H s Fail ¢ g push v, P)—(H s Fail c§fail TYPE)
(H$S,na,ny5add, P)—(H3S, (n1 +np) ¢ P)

(HsSgadd,P)—(H ¢Ssfail TYPE) (S# S5, na,ny)
<H S,np,ny §less?, P >—><H $S,0 P> (n1 < ng)
(H$S,na,ny gless?, Py—(Hs§S,15P) (n1 > ny)

(HgSgless?, P)—(Hs§Ss faul TYPE) (S#S5,ny,ny)
(H355.05i0 Py Py, P)—+(H355P,.P)
< ;S7n9|f0P1 P27 >*><H35;P27P> (n;éO)
(H¢S¢if0 Py Py, P)—(H ¢S ¢ fail TYPE) (S#5,n)
<H $S,velam x.Pq, P2>—><H $Ss [X — V“D]_7 P2>
<H359Iame1,P2>—><H;S fail TYPE) (S#S',v)
<H H S,thunk P13 9 caII P2>—><H H Ss 9 Pl, P2>
(HsSgcall,Py)—(H ¢S s fail TYPE) (S # S/, thunk Pq)
(H$S, Vo, ..., Vny|,n1 5idx,P)—=(H ¢S, vy, ¢ P) (n1 € [0,n2])
(HsS, [Voy - -, Vn,],n1 §idx, P)—=(H ¢S ¢ fail IDX) (n1 ¢ [0,n3])
(HsS gidx, P>—><H$S;fa|| TYPE) (S#S’,[vo,...,vm] 1)
(HsS,[vo,...,va]5len,P)—=(H3S,(n+1)5P)
(HsSslen,P)—(H ¢S ¢ fail TYPE) (S#S5,[voy---,Vn))
(HsS,vsalloc,P)=(HW {£ — v}3S,05P)
(Hs-galloc,P)—(H - ¢ fail TYPE)
(Hy{l—v}s Sﬁgread P>—><HU{K»—>V} S,vgP)
(HsSgread, P)—(H ¢S ¢ fail TYPE) (S#95,¢)
(Hy {£— _}5S,¢,vswrite, P>*><HU{£I—>V} SsP)
(H§S g write, P)—(H S ¢ fail TYPE> (S#S5,4,v)
(HeS¢fail ¢,P)—(H3s Fa|I cs-)

Figure 4.3: Syntax and operational semantics for StackLang



DROP £ lam x.()

0

true
false

X

inl e
inr e

if eeq ey

match e x{e;} y{es}

(e1,e2)
fst e
snd e
AX : T.e
€41 €9
ref e
le

ey 1= ey

(e~

n
X
[e1y...5€n]
e [82]

if0 e e; e5
AX : T.e

€1 €2

e + ez
ref e

le
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SWAP £ lam x.(lam y.push x, push y)

A

DUP £ lam x.(push x, push x)

push 0

push 0

push 1

push x

et lam x.(push [0, x])
e™,lam x.(push [1,x])
et if0 e, T eyt

¢

if0 (lam x.e; ™) (lam y.e,™)

Ay
~+ e™ push 0,idx
~s et push 1,idx
~> push (thunk lam x.e™)
~ ey T e, SWAP, call
~ et alloc
~ eT, read
~ e;T et write, push 0
et Ol

push n

push x

e T en T lam x,. ... lam xg.(push [xq,. ..

et est idx

et if0 et ext

push (thunk lam x.e™)
et es™ SWAP, call
et e, add

e, alloc

et read

et e write, push 0
e+?CL++T

Figure 4.4: Compilers for RefHL and Refl.L.

e™, DUP, push 1, idx, SWAP, push 0, idx,

e; T, es™, lam xo.lam x;.(push [x1, x2])

+%n))
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false as any non-zero integer. Hence, conversions between bool and
are identities.

We convert pairs to two-element arrays, assuming both elements of the
pair can be converted to the same type. Since pairs are represented by
StackLang arrays, the conversion code projects out and converts each element
before wrapping both back up in an array. If we provided a specialized
conversion where the element types were already equivalent (say, bool and

), this code could be a no-op, since the structure of a pair and a two
element array is equivalent in the target. To convert the other direction, we

first have to ensure that the array only has two elements, failing otherwise.

Otherwise, the conversion is analogous.

For sums, we use the tags 0 and 1, and as for if, we use if0 to branch in
the compilation of match. Therefore, we can choose if the inl and inr tags
should be represented by 0 and 1, or by 0 and any other integer n. Given
that tags could be added later, we choose the former, thus converting a sum
to an array of integers is mostly a matter of converting the payload. In the
other direction, we have to handle the case that the array is too short, and
error.

The final case, between ref bool and , is the reason for this case
study. Intuitively, if you exchange pointers, any value of the new type can
now be written at that address, and thus must have been compatible with
the old type (as aliases could still exist). Thus, we require that bool and

are somehow “identical” in the target, so conversions are unnecessary.

SEMANTIC MODEL Declaring that a type bool is “identical” to or
that 7 is convertible to 7 and providing the conversion code is not sufficient
for soundness. In order to show that these conversions are sound, and
indeed to understand which conversions are even possible, we define a model
for source types that is inhabited by target terms. Since both languages
compile to the same target, the range of their relations will be the same
(i.e., composed of terms and values from StackLang), and thus we will be
able to easily and directly compare the inhabitants of two types, one from
each language.

Our model, which is a standard step-indexed unary logical relation for
a language with mutable state (essentially following Ahmed (2004)), is
presented in Figure 4.6.

We give value interpretations for each source type 7, written V[7] as
sets of target values v paired with worlds W that inhabit that type. A
world W is comprised of a step index k and a heap typing ¥, which maps
locations to type interpretations in Typ. As is standard, T'yp is the set of
valid type interpretations, which must be closed under world extension. A
future world W’ extends W, written W’ J W, if W’ has a potentially lower
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Cboolr—)in‘m Cin‘ﬂ—)bool :bool ~ int

Cref bool—ref int, Cr()f int—sref bool - ref bool ~ ref int

CT1!—>T7 CT'—)Tl FTe T Csz—H'y CT>—>72 FTo T

CT1 X To 7] C[T]HTleQ Ty X Ty~ [T}

C7'1>—)i11t7 Cint»—>7'1 LTy int CTgb—>i11t7 Cint»—)rg L To v int

Cbool»—)int
Ci11t|—>bool
Cref bool—ref int
Cr()f int—ref bool

C7'1 X Tor>[7]
C[T]»—>T1 X To

C’rl 47— [int]

C[int]l—>7'1+7'2

CT1+72|—>[111L}7 C[int]»—>71+72 S [illt]

(> 1> 1> 1> >

[I> [I>

1>

DUP, push 0, idx, C. ,SWAP, push 1, idx, C. .,
lam xp.lam x;.push [x1, x2]
DUP, len, push 2, SWAP, less?, if0 fail Conv,
DUP, push 0, idx, C,, ,SWAP, push 1, idx, C, .,
lam xz.lam x;.push [x1, Xo]
DUP, push 1, idx, SWAP, push 0, idx, DUP,
if0 (SWAP, C, . int) (SWAP, Coyint),
lam x,.lam x;.push [x¢, X, ]
DUP, len, push 2, SWAP, less?, if0 fail CoNv,
DUP, push 1, idx, SWAP, push 0,idx, DUP,
if0 (SWAP, Ciisr,)
(DUP, push —1, add, ifo (SWAP, C;.i.y,) fail CoNV),
lam x,.lam x;.push [x¢, %, ]

Figure 4.5: Conversions for RefHL and ReflLL.
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AtomVal, = {(W,v) | W € World,, }
World, = {(k,¥) |k <n AV C HeapTy,}
HeapTy, = {{— Typ,, ...}

Typ, = {R € 24tmValn | (W v) € R.
YW WE W' = (W',v) € R}

V[unit] ={(W,0)}
V[bool] ={(W,n)}
V[r x ] ={(W,[vi,va]) | (W,v1) € V[ A(W,v2) € V[r]}
VI + 7] ={(W,[0v]) [ (W,v) e V[n]}
U{(W,[Lv])) [ (W,v) e V[r]}
V[ — 7] = {(W,thun kIame)|Vv W' aw. (W’',v) e V][]
= (W', [x—Vv]P) € &[]}
V[ret 7] ={(W,0) | W.¥() = [V[7]|w.x}
V[int] ={(W,n)}
V[~ ={(W,[v1,....va]) [ (W,vi) € V[]}
V[ ]]:{(Wthunklame)|Vv W' aw. (W' ,v)eV[r]
= (W', [x—V|P) € £[2]}
VI | ={( ) | W) = [V[r]]w}
[ :{(W,P) | VH: W, S # Fail L H',S",j < W.k.

(H3SsP) L (H' 38 3-) = S’ = Fail cAc e {Conv, DX}
\/Hv,W’ZIW(S’—Sv/\H’ W' A (W'v) e V[r]))}

[T Fe:rl =YWy (W) € G ]]A ) € G[IT
= (W, close(vyr, close(yr, e1))) € £[7]

(W

)

[0 Fe:r ] =YWy (W) € GINTA (W ) € GIT]
= (W7CIOSQ(’YIWCIOS€(’Y ) ))) [[

Figure 4.6: Logical relation for RefHL and
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step budget 7 < W.k and all locations in W.¥ still have the same types (to
approximation j).

Intuitively, (W,v) € V[r] says that the target value v belongs to (or
behaves like a value of) type 7 in world W. For example, V[unit] is
inhabited by 0 in any world. A more interesting case is V[bool], which
is the set of all target integers, not just 0 and 1, though we could choose
to define our model that way (provided we compiled bools to 0 or 1). An
array V[|7]] is inhabited by an array of target values v; in world W if each
vi is in V[7] with W.

Functions follow the standard pattern for logical relations, appropriately
adjusted for our stack-based target language: V[ — 73] is inhabited by
values thunk lam x.P in world W if, for any future world W’ and argument v
in V[71] at that world, the result of substituting the argument into the body
([x—v]P) is in the expression relation at the result type £[7]. Reference
types V[ref 7] are inhabited by a location ¢ in world W if the current
world’s heap typing W.¥ maps ¢ to the value relation V[7] approximated to
the step index in the world W.k. (The j-approximation of a type, written
| V[7]];, restricts V[7] to inhabitants with worlds in World;.)

Our expression relation £[7] defines when a program P in world W
behaves as a computation of type 7. It says that for any heap H that
satisfies the current world W, written H : W, and any non-Fail stack S, if
the machine (H $S §P) terminates in j steps (where j is less than our step
budget W.k), then either it ran to a non-type error or there exists some
value v and some future world W' such that the resulting stack S’ is the
original stack with v on top, the resulting heap H’ satisfies the future world
W' and W’ and v are in V[7].

At the bottom of Fig. 4.6, we show a syntactic shorthand, [I';T'F e : 7],
for showing that well-typed source programs, when compiled and closed off
with well-typed substitutions v that map variables to target values, are in
the expression relation. Note G[I'] contains closing substitutions « in world
W that assign every z : 7 € I to a v such that (W,v) € V[7].

With our logical relation in hand, we can now state formal properties
about our convertibility judgments.

Lemma 4.0.1 (Convertibility Soundness).
If 7 ~ 7, then Y(W,P) € E[7].(W,(P,C.»,)) € E[7] N YV(W,P) €
Elr]. (W, (P,Crsr)) €€[7].-

Proof. We sketch the ref bool ~ case; for the full proofs, which
are mostly mechanical unfoldings of the definitions, see Appendix A. For
ref bool ~ , what we need to show is that given any expression in
E[ref bool], if we apply the conversion (which does nothing), the result
will be in &] J. That requires we show V[ref bool] = V| B



CASE STUDY: MUTABLE REFERENCES

The value relation at a reference type says that if you look up the location
¢ in the heap typing of the world (W.¥), you will get the value interpretation
of the type. That means a ref bool must be a location ¢ that, in the model,
points to the value interpretation of bool (i.e., V[bool]). In our model,
this must be true for all future worlds, which makes sense for ML-style
references. Thus, for this proof to go through, V[bool] must be the same
as V[int], which it is. O

Once we have proved Lemma 4.0.1, we can prove semantic type soundness
in the standard two-step way for our entire system. First, for each source
typing rule, we state and prove a compatibility lemma that is a semantic
analog to that rule. We provide all of the lemma statements here; the proofs,
which are quite mechanical, are provided in Appendix A.

Lemma 4.0.2 (Compat ()). [I;1F () :unit]

Proof. See A.0.7. O
Lemma 4.0.3 (Compat B). be B = [I';I'F b : bool]

Proof. See A.0.8. O

Lemma 4.0.4 (Compat x). [I;1,x:7Fx:7]

Proof. See A.0.9. O
Lemma 4.0.5 (Compat inl e). [I51 F e : ] = [I50 F inle :
T1 + 7'2]]

Proof. See A.0.10. O
Lemma 4.0.6 (Compat inr e). [I51 F e : ] = [I50 F inre :
T1 + TQ]]

Proof. See A.0.11. O

Lemma 4.0.7 (Compat if). [I;1'F e :bool] A[IGT Fey : 7 AT -
er: 7] = [T Fif eeq en: 7]

Proof. See A.0.12. O
Lemma 4.0.8 (Compat match).

[T e+ )AL T, g be 7] A[ D,y i o b ey 7]
= [I';T Fmatch e x{e1} y{ea} : 71 + 73]

Proof. See A.0.13. O
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Lemma 4.0.9 (Compat (e, e5)). [I50 Fei:n]A[ T Fes: ] =
[T;T F (e1, e2) : 71 X 73]

Proof. See A.0.14. O

Lemma 4.0.10 (Compat fst e). [I5'Fe:7 x ] = [I51F fst e:

7'1]]
Proof. See A.0.15. O

Lemma 4.0.11 (Compat snd e). [I5'Fe: 7 x 5] = [I51'F snd e:

7'2]]
Proof. See A.0.16. O

Lemma 4.0.12 (Compat A\x:7.e). [[5x: 7 Fe:n] = [I51F
AX i Ty.e 1 Ty — To

Proof. See A.0.17. O

Lemma 4.0.13 (Compat e; e5). [I;T'F e 7 = n]A[ T Fer: ] =
[[ ;Fl—e1 92372]]

Proof. See A.0.18. O
Lemma 4.0.14 (Compat ref e). [I5I'Fe: 7] = [I;'F ref e:ref 7]
Proof. See A.0.19. O
Lemma 4.0.15 (Compat le). [I5'Fe:ref 7] = [I51Fle: 7]

Proof. See A.0.20. O

Lemma 4.0.16 (Compat e; = e5). [I50F e :ref 7] AT F ey
7] = [I5T'Fe; = ey:unit]

Proof. See A.0.21. O

Lemma 4.0.17 (Compat (¢).). [[5 T Fe:7]AT ~7 = [I5TF (&), : 7]

Proof. See A.0.22. O
Lemma 4.0.18 (Compat n). [I';1'F n:int]

Proof. See A.0.23. O
Lemma 4.0.19 (Compat x). [I; 1, x: 7 Fx: 7]

Proof. See A.0.24. O
Lemma 4.0.20 (Compat e [sD ke 7] AL AL T

| = [I5TF 7]
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Proof. See A.0.25. O
Lemma 4.0.21 (Compat )e [T Fer: [T]JAD T Fes:int] =
[T F 0 7]
Proof. See A.0.26. O
Lemma 4.0.22 (Compat if0). [I5 T Fe:int] AT Fep s r] AT F
[ =[50k 27
Proof. See A.0.27. O
Lemma 4.0.23 (Compat ). 15 Fe:n] = I3 F
: I

Proof. See A.0.28. O
Lemma 4.0.24 (Compat ). [0 F : IA[;T F

| = [I5TF 272
Proof. See A.0.29. O
Lemma 4.0.25 (Compat )e [I; 0 Feq s int]A[L; T es @ int] =
[0 F : int]
Proof. See A.0.30. O
Lemma 4.0.26 (Compat ) [sTFe:7] = [I51TF
Proof. See A.0.31. O
Lemma 4.0.27 (Compat !e). [I';1Fe: | = [Is0Fle: 7]
Proof. See A.0.32. O
Lemma 4.0.28 (Compat ) [0 F : A5 F

[ = 57k Hint]
Proof. See A.0.33. O
Lemma 4.0.29 (Compat (e),). [[5T'Fe:7]AT~7 = [I51'F (e

I
Proof. See A.0.34. O

Once we have all compatibility lemmas we can prove the following theo-
rems:

Theorem 4.0.30 (Fundamental Property).
If sk e:r then [0 Fe:r] andif 15T Fe:7 then [T Fe: 7],
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Proof. By induction on the typing derivations, using the compatibility
lemmas. O

Theorem 4.0.31 (Type Safety for ). If ;- Fe:7 then for any
H: W, if (Hs-5e™) 5 (H'3S'sP'), then either (H'§S'$P') — (H”3S"sP"),
or P = and either S' = Fail ¢ for some c € {CoNv,IDX} or S’ =v.

Proof. Suppose (Hs-ge®) 5 (H §S'gP’) for some natural number n. Then,
either (H'§S" ¢P') — (H”$S”¢P”) or (H'¢S'¢P’) is irreducible. If (H'$S'¢P’)
is irreducible, then P’ = - by Lemma A.0.1.

Next, by the Fundamental Property, since e typechecks under empty
environments, ((n+1,0),e*) € E[7].. Thus, since n < n+1 and (Hs-3e) >
(H"3S’5-), we find that either S’ = Fail ¢ for some c € OKERR or §' = -, v,
as was to be proven. O

Theorem 4.0.32 (Type Safety for RefHL). If ;- b e : 7 then for any
H: W, if (Hg-5e) 5 (H S s P’), then either (H'3S'$P') — (H"§S" s P"),
or P' = - and either S" = Fail ¢ for some c € {CoNv,IDX} or S’ =v.

Proof. This proof is identical to that of . O

DISCUSSION In addition to directly passing across pointers, there are
two alternative conversion strategies, both of which our framework would
accommodate: first, we could create a new location and copy and convert
the data. This would allow the more flexible convertibility which does not
require references to “identical” types, but would not allow aliasing, which
may be desirable. Second, rather than converting ref 7 and , we could
instead convert (unit — 7) x (7 — unit) and

(assuming we had pairs)—i.e., read/write proxies to the reference (similar
to that used in (Dimoulas et al., 2012)). This allows aliasing, i.e., both
languages reading / writing to the same location, and is sound for arbitrary
convertibility relations, but it comes at a significant runtime cost, as we
introduce overhead at each read / write.

The choice to use the encoding described in this case study, or either
of these options, is not, of course, exclusive—we could provide different
options for different types in the same system, depending on the performance
characteristics we need.
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In our second case study, we consider an affine language, , interacting
with an unrestricted one, MiniML. Since is affine rather than linear,
its substructural features can be enforced dynamically. In particular, we
adopt the classic technique, described in (Tov and Pucella, 2010), where
affine resources are protected behind thunks with stateful flags that indicate
failure on a second force.

This case study includes two variants: first, we develop a simple one,
where our affine language is compiled to target code that enforces,
at runtime, that affine variables are used at most once. This allows for
unrestricted and affine code to be safely mixed, as the type invariant of the
affine language will be enforced at runtime. However, this calling convention
comes at a runtime cost: even code that will never interact with MiniML
is still subject to the overhead of checking variable use, checks that statically
we know will always succeed. This motivates the second variant, where
we distinguish between affine function types (dynamic) that may interact
with MiniML code and those (static) ones that will not. Only the dynamic
affine variables need be protected at runtime, as only they will possibly be

interacting with code that is not subject to the affine static type discipline.

LANGUAGES Both MiniML and are compiled to the same untyped
Scheme-like functional target LCVM. As described above, we have two
variants of , dynamic and static (which we will label and

where needed for clarity), where the latter is an extension of the former.

We present the syntax of all three languages in Figure 5.1. Our target
LCVM is an untyped lambda calculus with functions, pattern matching,
mutable references, and a standard operational semantics defined via steps

(H,e) — (H',€') over heap and expression pairs, presented in Figure 5.2.

The operational semantics of our source languages are defined solely via
compilation to LCVM.

For the static semantics of MiniML and , as in the previous case
study, we will support open terms across language boundaries, and thus
need to carry environments for both languages. In this case study, we can
protect affine resources that cross boundaries. That means that our affine
environments {2 need to be split, even within MiniML, to respect the affine
invariant. We present the static semantics of MiniML in Figure 5.5, and the
static semantics for in Figures 5.3 ( ) and 5.4 ( ).

93
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Affi
Type 7
Expr. e

Value v
Mode «

Affigy
Type 7
Mode «

MiniML
Type 7
Expr. e

LCVM
Expr e

Evaluation Context K

Values v
Err Code ¢

unit | bool |int | 7o 7| 7 |7&T | TR T
() | true | false | n | x | a, | Aag : T.e
lee|(e)-] v|let!x =eine’| (e,e)
|e.1]|e.2]| (e e) |let (ag,a,) =eine
()] Aag:7e| v | {ee)| (v,Vv)

’

| T T

unit |int |7 X 7|74+ 7|7 = 7| Vo | a|ref T
()]lnlx|(e,e)|fst e|snde|inl e|inre

| match e x{e} y{e} | \x: e | e e | Aa.e | e[T]
|refe|le|e:=e] (),

(OIn|l]|x]|(ee)|fste]|sndelinle]|inre

| if e {e} {e} | match e x{e} y{e} |letx=eine

| >x{e} |ee|refel|le|e:=e|failc

[1](K,e) | (v,K) |inl K|inr K| match K x{e} y{e}
|if K{e} {e}|letx=Kine|Ke]|vK]|ref K
|[IK|K:=e|v:=K

O1n] 0] (wv)] Mxe

TYPE | CONV

Figure 5.1: Syntax for Affi (dynamic and static), MiniML and LCVM.
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v # (v1,v2)
(H,fst (v,v")) — (H,v) (H, fst v) — (H, fail TYPE)
v # (v1,v2)
(H,snd (V/,v)) — (H,v) (H,snd v) — (H, fail TYPE)
n#0
(H,if 0 {e1} {ex}) = (H,e1) (H,if n {e1} {e2}) = (H,e2)

ve&Z
(H,if v {e1} {e2}) — (H, fail TYPE)

(H, match inl v x{e1} y{e2}) = (H, [x—v]er)

(H, match inr v x{e1} y{ez2}) — (H,[y—>v]e2)

v & {inr V' inl v}

(H, match v x{e;} y{e>}) — (H, fail TYPE) (H,let x =v in e) = (H, [x—V]e)
v # Ax{e}
(H, \>x{ep} v) — (H, [x—~V]ep) (H,v V') — (H, fail TYPE)
fresh ¢ Hi¢ = v v £/
(H, ref v) — (H[f—v], £) (H, 1) = (H, V) (H, vy — (H, fail TYPE)
v#L
(H, ¢ :=v) — (H[t—V], () (H,v :=V') — (H, fail TYPE)
<H’e> — <Hlve/> K # H
(H,K[e]) — (H',K[']) (H, K[fail c]) — (H, fail c)

Figure 5.2: Dynamic semantics for LCVM.
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a:7ef) x:T7el

AT QFa: T AT QFx: T A;T;T5Q2 8 () 2 unit

AT T Q2 Fncint A;T; T Q F true : bool A;T; T Q | false : bool

AT T Qa =1 Fe: 7
AT QR Xa: e — T2

Q=0 uQy AT Qi Fep i1 — 7o AT T Q0 ket

AT Qe eg: 1o

AT Fve T
AT Flve i

Q=0 U0, AT T Fe I AT;Tx = 1];22 F €’ 7/

A;T;T;QFlet 'x = e in €

AT QFer iy AT QR e 1o AT T Qe T &ms

AT T QU F (eq,e2) : & AT T QFed

AT Qe i &Ts
AT QFe2:

Q=010 AT ey iy AT Qo Feg i

AT T QF (er,e2) i 71 @ T2

Q=0 W0,

AT Fe:m @ T AT Qoa i= 1p,a" := 1] Fe’ 7/

A;TT;QFlet (a,a’) =eine’ : 7/

AT Qe T T ~T
AT F (e) - o1

Figure 5.3: Static semantics for for Affi (dynamic).
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a,:TeN ae: T EN x:TeTl
AT QFa T AT QFag i T AT QR x 7
A;T;T;92F () @ unit A;T;T;QFncint AT T Q F true : bool

AT T Qa i= T Fe: T n0ge(f2)
A;T;T; Q | false : bool A;T;T;Q F)a, tmp.e: 110 T

A;T;T;Qae := 1] Fe:m
A;T;T;Q FXag : T1.€: 71— T

Q=0 ¥Qy AT Q ey im0 7o AT Qo Fes i
AT T Qe ex: 1o

Q=0 ¥Qy AT Hep im0 s AT Qo e
AT T QR e ex: 1o

AT Fve T
AT F v

Q=0 U0y AT T Fe: I AT T[x :=7];Q0 e 1 7/
A;T;T;QFlet 'x = e in e

ATT;QFer i AT QFeg: 1o AT QR e T &7
AT T Q F (eq,e2) : 1 &m0 AT T;QFed

AT QFe: 1 &ms
AT T;QFe2:

Q=0 ¥ Qs AT ey i AT Q0 et
AT T QR (er,e2) : 71 ® T2

Q=040
AT Fe:m @ 2 AT T Qsla i= 1,8 i= 1] e 7/
A;T;T;Q R let (ag,a,) =eine’ @7/

AT Qe T T ~T
ATk ()0 7

Figure 5.4: Static semantics for for Affi (static).
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AFT x:7€el

QAT E () s unit QAT HZ: int QAT Ex:T
QAT ety Qo AT Fey:mp QA TFe: Ty X7
Q1 W Qo AT E (eq,e2) i 71 X T QA THfste:ny
QA TFe: Ty X1y AlF T QA TRe:
Q1 A;T'Fsnd e: 7y QA T'Finle:m + 7

AFT1 QAT Re:
QA 'Finre: 7 + 7

QA THe:T+ 1
Qo; T A T[x iy ey 7 Qo T ATy i o) Feg: T
Q1 W Qs T AT Fmatch e x{e;} y{ea} : 7

QA T[x ) Fe:m
QA TEAx:me:m — T

QA TkFe: 7T =7 Qo sATHE o 7 QA T e T
QWO AT e o 7 QAT F Aace : Vaur
QA RT QAT Fe:Var QA T'Fe: T
Q50T R elr'] : 7[7'/a] QAT Fref e:ref 7

QA T'Fe:ref 7 QAT ey iref 1 Qo AT ey T
QAT Hle: T QW Qo AT F ey := ey @ unit

QA T'Fe: T T ~T
QAT (e)r i 7

Figure 5.5: Static semantics for for MiniML.
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exists in order to avoid unnecessary dynamic enforcement of at-
most-once variable use. To facilitate that, it has two kinds of affine function
types: and e . This creates a distinction between functions (and
thus bindings) that may be passed across the boundary (our “dynamic”
affine arrows , written with a hollow circle and bind dynamic affine
variables a ), and ones that will only ever be used within (our “static”
affine arrows —e , written with a solid circle and bind static affine variables

).

We can see in both Figure 5.3 and Figure 5.4 how ’s affine-variable
environment () is maintained: variables are introduced by lambda and
tensor-destructuring let, and environments are split across subterms, but
all bindings are not required to be used, as we can see, in the variable rule.
Since affine resources can exist within unrestricted MiniML terms, our affine
environments {2 need to be split, even in MiniML typing rules, shown in
Figure 5.5.

Our compilers, presented in Figures 5.6 and 5.7, are primarily interesting
in the cases that address affine bindings; otherwise, they do standard type
erasure for polymorphic types, etc. We use a compiler macro, once(-), which
expands to a nullary function closing over a freshly-allocated reference—
called a flag—initialized to 1. When called, this function fails if the flag
is 0. Otherwise, it sets the flag to 0 and returns the macro’s argument.
Throughout this chapter, we will use the constants UNUSED and USED for 1
and 0. We use once(-) when introducing affine bindings, and then we compile
uses of affine variable to expressions that force the thunk. Unrestricted
variables % and variables from MiniML are unaffected by this strategy. And,
of course, static bindings in do not introduce the runtime check, since
it is unnecessary.

CONVERTIBILITY We define convertibility relations and conversions
for and MiniML in Figure 5.8. Note that since the additions to

to make involve unconvertible types, the two variants share these
definitions. In the figure we define base type conversions between and
unit, and int, tensors and pairs, and between — and —<. The last
is most interesting and challenging. Our compiler is designed to support
affine code being mixed directly with unrestricted code. Intuitively, an affine
function should be able to behave as an unrestricted one, but the other
direction is harder to accomplish, and higher-order functions mean both
must be addressed at once. In order to account for this, we convert

not to 71 — 75 (not even for some convertible argument/return types), but
rather to (unit — 71) — 75. That is, to a MiniML function that expects its
argument to be a thunk containing a 7, rather than a 7 directly. Provided
that the thunk fails if invoked more than once, we can ensure, dynamically,
that a MiniML function with that type behaves as an function of a
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9 ~ ()

7 ~ 7L

x ~ X

Ax:T.e ~ Ax et}
€1 €9 ~ eIL e;
(elfGQ) 7 (eir7e;)
fst e ~s fst et

snd e ~ snd et
inl e ~ inl et

inr e ~s inre’t

match e ~+ match et
©eit ylead  x{el} yie}

Aae ~ Al{eT}
elr] - et ()

ref e ~s  ref et

le ~ o let

e1 1= ey ~ el i=ef
(e)r v Crsr(e™)

Figure 5.6: Compiler for MiniML.

related type. These invariants are ensured by appropriate wrapping and use
of the compiler macro once(-).

EXAMPLES. Using our conversions, we investigate several small examples,
presented (with their compilations) in Figure 5.9. Program P1 converts a
MiniML function that projects the first element of a pair of integers to

and applies it to , producing successfully. By contrast,
P17 tries to use the pair twice (sites of errors are highlighted ), which once
converted to , is a violation of the type invariant, and thus this produces
a runtime error, which we can see in the compiled code will occur at the
second invocation of x (), which contains the contents of a once(-).

Program P2 defines an affine function (and immediately applies it) that
binds a variable a in , then uses it (inside a closure) in MiniML, returning
a pair made up of that variable and a value from MiniML. This works fine,
evaluating to . Program P2! attempts to do an analogous
thing, but uses the variable twice, which is a violation of the affine type and
thus results in a runtime failure. We can see that in the invocations of a (),
which contain once(0).

Note that we do not allow a dynamic function to close over static
resources, as it may be duplicated if passed to MiniML, and thus the static
resources would be unprotected. However, we do allow a dynamic function
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true

false

X

a

Aa: T.e

€1 €2
(e1,e2)

e.l

e.2

<917 e2>

let (a1,a2) = ey
in es

A
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—~
~—

X = O >

a ()

Aa.{e"‘}

ei" (let x = e;" in once(x))

(ef,ed)

(fst et) ()

(snd et) ()

A-fefha{edd)

let Xfresh = Cii_, Xhesh = fst Xfresh s
Xg‘esh = Snd Xfresh, a1 = Once(xéresh)’
az = once(Xf.yp,) in e;"
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le et

let 'x = e ~ et x = ei’_ in e;_
in es

quT ~ CT»—)T(eJr)

0 ~ ()

true ~ 0

false ~ 1

X ~ X

a ~ a ()

Qe 7 Qe

Aa, : T.e ~  da.{et}

Aag : T.€ ~ dag.{et}

(e1 : T1-0 T2) ez ~ ;T (let x =esT in once(x))

(e1:71-0 72) e ~ et e,

v ~ vt

let 'x = e in €’ ~ letx=etine™
(e, €’) ~ (A{eth A e Y

e.l ~  (fst eT) ()

e.2 ~ (snd e™) ()

(e,€’) ~  (eT] e’+)

let (a,, a") =eine ~  let Xgesh = €7 in let ag = fSt Xgresn in let a) = snd Xgresh in et

(e: 7))+ ~ Cror(e™)

once(e) £ let reesh = ref UNUSED in A_{if !rfesh {fail CONV} {rfesh := USED;e}}

where USED = 0 and UNUSED = 1

Figure 5.7: Compilers for Affi (static and dynamic).
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Cunitn—>1111it’ Cllnit>—)11nit funit ~ unit

CintO—)b()()lﬂ Cb()()h—)int :int ~ bool

CTl>—)T1aCT1i—>7'1 LT~ Ty OT2|—>7—27C7—2’—)T2 T2~ Ty

C’r1®'r2»—)7‘1 X TQ?CT]_ X To—11 Q72 1T QT ~ T X T

C-r] HTl,CTln—n-] CTL Ty CTQ!—)T27CT2'—)T2 T~ T

i —ore—(unit — 74) — TQ’C(unit — Ty) = Torry—omy - 1L T2 (unit —7) = 7

[¢)

Cunit>—>L111it (e) £ Cintl—ﬂ)ool( ) £ Ounit»—)'llnit (e) £ € Oboolb—>int (e) £if e01

let x=-ein (C,, ~7 (fst x), Crisry (snd X))
let x=-ein (Cry—r, (fst x), Crpsr (snd X))
let x = e in AxX¢pnk.let Xeony = CTl’_”'l (Xthnk ())
in let Xace = once(Xeonv) iN Crpisry (X Xace)

Wnit — 71) = Torrr—ors (e) = let x = e in AxX¢hnk-let Xace = once(C, sy (Xehnk ()))

C‘I'1®7'2'—>7—1 X Tg (e)
CT1 X Tor—71X7T2 (e

(> 1> >

CrlwrgH(unit —Ty) = Ty (e)

>

<
in CTQ»—>7-2 (X Xacc)

Figure 5.8: Convertibility for MiniML and Affi.

Pl =((Ax: (unit — int x int).fst (x ())))bool®bool<bool (true, false)

P1t = ((Ax: (unit — int x int).(fst (x ()),snd (X () ))))bool@bool wbool@bool
(true, false)

P2 = (Xa: bool.((Ay : int.((a)int,¥)) O)bool®bool) true

P2t = (Aa : bool.((\y : int.((a)int, ( 8 Dint)) O)bool®bool) true

compile*(P1) =
(Mg (Ax{fst (x ())})
once(let x> = (xi. () in (if (fst x?) 0 1,if (snd x?) 0 1))
(once((0,1)))
compile*(P1t) =

(Mo (let X3 = (e {(fst (x ()),snd(x () )})
(once(let x> = (x& , () in (if (fst x2) 0 1,if (snd x?) 0 1)))
in (fst x3,snd x3))
(once((0,1)))
compile*(P2) =
(Aa.(let x> = ((\y.(if (a ()) 0 1,y)) 0) in (fst x?,snd x?)))
(let x* = 0 in once(x}!))
compile*(P2f) =
(Aa.(let x> = ((\y.(if (a ()) 0 1,if (a () ) 01)) 0)in (fst x>, snd x?)))
(let x! = 0 in once(x!))

Note: compile*(-) performs basic simplifications after compiling.

Figure 5.9: Examples of interoperability for MiniML and Affi, with compilations.
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Atom,, & {(W,e1,e) | W € World,} AtomVal, = {(W,vi,v2) € Atom,,}
AtomVal = |, AtomVal,

World, = {(k,¥,0)|k<nAY C HeapTy, N dom(¥)#dom(O)}
HeapTy, = {(l1,0s)— Typ,,...}
Typn £ [Re2AtomVal | (W vy, vp) € RYW'. WE W = (W',vi,v2) € R}
Typ £ {Re2AtomVal | yE | R|), € Typr}
e 2 {(f1,03) — {USED, UNUSED}, ...} where USED = 0 and UNUSED = 1
weCw e W' k< W.kA V(fl,gg) € dOIn(W\I’)I_W\I’(El,gg)J W'k = W/.q}(gl,fg)
A V(él,fg) S dOm(W@)(fl,KQ) S dom( W’@)
ANW.O(4y,42) = USED = W'.O({1,{3) = USED)
H17H2 W £ (V(él,fg) — Re W.U. (‘>W7H1(€1),H2(£2)) GR)

A (V(gl,gg) —be W@Hl(gl) = H2(€2) = b)

Figure 5.10: Supporting definitions for logical relation for MiniML and

to accept a static closure as argument. This is safe because the dynamic
guards will ensure that the static closure is called at most once. Once called,
any static resources in its body will be used safely because the static closure
typechecked.

SEMANTIC MODEL FOR (DYNAMIC)  Each variant has a separate
model, as what we need to track in our semantics varies significantly. We
present the simpler case of first. To reason about this system, we

create a step indexed binary logical relation, shown in Figures 5.10 and 5.11.
Although there is some overlap with the previous case study and prior work,
the treatment of affine resources is novel. In our worlds W, we keep the step
index, a standard heap typing ¥, and a novel affine flag store ©. Following
prior work, ¥ maintains a simple bijection between locations of the two
programs (this doesn’t support sophisticated reasoning about equivalence in
the presence of “local state” (Ahmed et al., 2009) but suffices for soundness),
whereas © maintains a bijection on flags (locations) that track whether
affine variables have been used. The latter is a subset of the heap, disjoint
from ¥, and restricted by the model to only contain either 0 or 1, which
for convenience we write using the constants USED and UNUSED. Our world
extension relation, W C W', shows that flags cannot be removed from O,
and once a flag is marked as USED, it cannot be marked UNUSED. With
this setup, our expression relation £[7], is quite ordinary, as the described
structure is entirely about characterizing the heaps that programs will run
in, not about how they will run. Note that £[7], allows for the possibility
of e; raising a conversion error (fail CONV) at runtime.

Most cases of the value relation are standard, though of the realizability
flavor. Unlike the previous case study, this is a binary relation, which
means that it is composed of triples of worlds W and pairs of values or
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V[unit], = {(W,0,0)}
V[int], = {(W,n,n)|neZ}
V[[Tl X TQHP = {(Wv (V13,V23), (Vlbvv?b)) | (Wavlaﬂvlb) € V[[Tlﬂp

/\(W,Vza,V2b) S V[[TQ]]p}

Virn+m], = {(W,inlvy,inlvo) | (W,vi,v2) € V[1i],}
U {(W,inr vq,inr vp) | (W,vi,v2) € V][], }

Vin—=mn], = {(W,x{ei}, x{e2}) |V vo W.WLC W

A (W' vi,v2) € V][],

(W/, [m|—>v1]e1, [.’E’—)Vz]ez) < g[[Tg]]p}

V[[ref Tﬂp = {(W,€1,£2) | W.\I/(El,fg) = I_V[[T]]pJ W.k}
V[va.r], = {(W, e, \.ex) |[VRETyp, W. W W

= (W' e1,e) € SIIT]]p[aHR]}
Viel, = pla)
Vit = {(7,0,0)}
V[[l)oolﬂp = {(W,0,0)}U{(W,nl,ng) |n1 750/\7),2 750}
V[int]. = {(W,nn)|neZ}
V[r — 1] = {(W,Xae,Xae) |V vy W ey L.
W W AW, vi,va) € V][]
A1, l2) ¢ dom(W'.¥) Udom(W’.0)
= ((W'.k, W. U, W.0 W ({4,{3) — UNUSED),
[a—guard(vy, £1)]e1, [a—guard(va, £2)]e2) € E[=].}
V[ir]. = {(W,vi,v2) | (W,vi1,v2) € V[7].}
Vi @ 7] = {(W,(via,v2a), (Vib, Vab)) | (W, V1a,vip) € V[71].
/\(W,Vga,V2b) S V[[Tz]]}
V[ &7s]. = {(W,(\{ewa}, \{e2}), A {ew}, A\{eaw}))
| (W,ela,elb) € 5[[7'1]]. A\ (W,EQa,GQb) S g[[Tgﬂ}
guard(e, £) = \_{if !¢ {fail CONV} {/:= USED;e}}
Elr], = {(W,e1,e2) | freevars(er) = freevars(ex) = 0 A
VHi, Ho: W, €], HY, j < W.k. (Hi,er) 5 (Hj,e}) »
— e} = fail CONV V (voHL W' (Ha,en) = (Hh, vo)
AW T W AHLHY : WA (W el ve) € V[],)}
oL, = (W) | W € World)
g, @ T]]P = {(W,vsz—=(vi,v2)) | (W,v1,v2) € V[[T]]P N(W,v) € gﬂrﬂp}
O[T, ), = A(Womiam(uva)) [ (Wovive) € V[l A (W,7) € GITT}
Gl a:7], = {(W,y;a—=(guard(vi, 1), guard(va,€s))) |

(1,03) € W.ON(W,vi,v2) € V[7], A(W,7) € G[],
Ay ¢ FL(v1) U FL(cod(y%)) A ly & FL(v2) U FL(cod(7?))}

VRS [L= (vi,va) €9 PE= v L= (vi,va) €9}
DIl = {3} D[A,a] = A{pla R]| ReTypnpeDIA]}
DA TEe; ey : 7T=VWYpyr v 70
p € DIAIA (W,vr) € G[T], A(W,yr) € GIT]. A (W, va) € G
= (W, close; (yr, close; (yr, close; (Yo, e1 7)),
closea (7, closea (7, closes (v, e21)))) € E[7],
AT REe; <es: m=VWNVpr - Y0
p € DA A (W) € G[L], A (W, 3r) € GIL. A (W, y0) € G,
= (W, close; (qr, close (yr, close; (v, e17))),
closea (yr, closes (yr, closes (Yo, €21)))) € E[7],

Figure 5.11: Logical Relation for MiniML and Affi.
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terms. Note the step indexing stratification, with World, built out of
heap typings for smaller step index, and HeapTy, composed of relations
on world, value, value triples for world at the given index. As is standard,
Typ, is made up of relations that are closed under world extension. The
value relations themselves mostly follow the same pattern as the previous
case study, though MiniML has polymorphism, which we interpret in the
standard way using relational substitutions: Va.7 is inhabited by thunks
which are in the relation extended with an arbitrary relation R, and « is
exactly that relation.

The only true novelty in the relation is the affine arrow — case. A pair of
functions Aa.e; and Aa.ep are related if, given a pair of arguments v; and vo
related at a future world W', we get related results in W’ extended with a
new entry in the flag store W’.0O for some fresh locations £1, £5. Importantly,
what we substitute into the body is not v1 and v,, but rather wrapped forms,
guard(vy, ¢1) and guard(vy, £2), each of which closes over the fresh location
in the flag store and thus ensures that the argument is not used more than
once. This makes sense, since in the target, our calling convention is that
affine variables should be thunks, and will be forced upon use.

With the logical relation in hand, we prove semantic soundness in the
standard way, first establishing convertibility soundness and compatibility
lemmas for all of our typing rules. We provide the lemma statements here;
the proofs, which are quite mechanical, are provided in Appendix B.

Theorem 5.0.1 (Convertibility Soundness).
If 7 ~ 7 then ¥V (W,e1,e) € E[7]. = (W,Crs-(e1),Crsr(e2)) € E[7].
V (W,er,e0) € E[7]. = (W,Crr(e1), Crisr(e2)) € E[7].

Proof. See B.1.13. O
Lemma 5.0.2 (Compat unit).

;AT E() 2() :unit
Proof. See B.1.14. O
Lemma 5.0.3 (Compat int).

A THZ <L Z: int
Proof. See B.1.15. Ul
Lemma 5.0.4 (Compat x).

AFTAx:Tel = IO A T EFx<x:7T

Proof. See B.1.16. O
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Lemma 5.0.5 (Compat x).

T A0, TFey e i Al Qo AsT'Fey <ey i 7o
— ]__‘1;91 G Qz,A,F" (el,eg) j (ei,eg) 1 T4 X To

Proof. See B.1.17. O

Lemma 5.0.6 (Compat fst).
DA TFe<e:m X1 = IO A T'Hfste<fste: 7y

Proof. See B.1.18. O

Lemma 5.0.7 (Compat snd).
A TRFe<e:mp xmp = 5O A;T'Hsnd e <snde:my

Proof. See B.1.19. O

Lemma 5.0.8 (Compat inl).
AFAT; A THFe<e:ry = I;0;A;THinle<inle:7 + 7

Proof. See B.1.20. O

Lemma 5.0.9 (Compat inr).
AR AT QA TFe=Se:n = IO A;'Finre<inre: 7 + 7

Proof. See B.1.21. I

Lemma 5.0.10 (Compat match).

I'i;Q0A;TFe<e:m+ 7
Al2; Qo AT x| Feg <ep: 7
A2 Qo AsTy i mo]Fex <ex: 7
= T'1;Q1 W Q9 A;T Fmatch e x{es} y{ea} <match e x{e1} y{ea}: 7

Proof. See B.1.22. I

Lemma 5.0.11 (Compat —).
LA lx:mFe<ermn = I A T Ax:me X Ax:iT.e: 7y > 7o

Proof. See B.1.23. O
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Lemma 5.0.12 (Compat app).

T QA TFey Sey iy 521 Al Qo AT ey ey iy —
F]V;er L‘UQQ;A;Fl_el €9 j €1 €9 1 To

Proof. See B.1.24. O
Lemma 5.0.13 (Compat V).

A al'Fe<e:7 = IO A T H Aae X Aae : Va.r
Proof. See B.1.25. O
Lemma 5.0.14 (Compat [7/a]).

AFTAT; QA THFe Re:Var = T QAT Fel[r] e[| : 7] /a]
Proof. See B.1.26. OJ
Lemma 5.0.15 (Compat ref).

A TRFe<xe:T = IO A;'Fref e <ref e:ref 7
Proof. See B.1.27. O
Lemma 5.0.16 (Compat !).

A TRFe=<eiref 7 = IO AT Hle<le: 7
Proof. See B.1.28. OJ
Lemma 5.0.17 (Compat :=).

;90 A;TFHey <eg:iref 1A Qo AT Fey e 7
= [';0 WO A;T'Hey i= ey < ey := ey :unit

Proof. See B.1.29. O
Lemma 5.0.18 (Compat (€|, ).
AT QFe et AT~ = Ty A0 TE(e) S (e)rc7AiT~T
Proof. See B.1.30. O
Lemma 5.0.19 (Compat unit).

AT QF () () 2 unit

Proof. See B.1.31. O
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Lemma 5.0.20 (Compat true).
A; T T Q F true < true : bool
Proof. See B.1.32. O
Lemma 5.0.21 (Compat false).
A;T; T Q F false < false : bool
Proof. See B.1.33. ]
Lemma 5.0.22 (Compat int).
AT QFn <ncint
Proof. See B.1.34. O
Lemma 5.0.23 (Compat a).
a:7e)l = A ;QFa<a:T
Proof. See B.1.35. O
Lemma 5.0.24 (Compat x).
x:T7Tell = A0 Fx < x:7
Proof. See B.1.36. ]
Lemma 5.0.25 (Compat —).
AT Qa:mmbFe<e:mm = AL Fla:mexXda:1.e: 75 —o Ty
Proof. See B.1.37. O
Lemma 5.0.26 (Compat app).

AT TiQi ke et o AAy Iy Q2 ke ety
— Al;Fl;I‘;Ql Lﬂle—el €2 j €1 €2 ! T2

Proof. See B.1.38. O
Lemma 5.0.27 (Compat !).
AT Fv vt = AL FIv v Ir

Proof. See B.1.39. O
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Lemma 5.0.28 (Compat let!).

AT T Qi ey et ITAA T T, x: 7390 Fex <eqg: 7/
= A;IT;Q W Qsklet Ix =e;iney <let Ix =e; iney: 7’

Proof. See B.1.40. O
Lemma 5.0.29 (Compat &).

AT QFe; e AA LT QFex <eg: Ty
= A;T;T;QF (e1,e2) < (er,e2) : m&Ts

Proof. See B.1.41. O
Lemma 5.0.30 (Compat .1).

AT T:QFeRe:m&m = AT, QFedl <el:m
Proof. See B.1.42. 0
Lemma 5.0.31 (Compat .2).

AT TiQFe Re:m&m = AT QFe2 Xe2: 1y
Proof. See B.1.43. O
Lemma 5.0.32 (Compat ©).

AT e e - AA T T, Qo ey <eg:my
= AT Q1 W Qo F (e1,e2) X (e1,e2) : 71 @ T2

Proof. See B.1.44. O
Lemma 5.0.33 (Compat let).

AT:T;Q e e 1 @meAALT;Qs,a: 1,8 t7ohesy <ex: T
= A;T;T;Q WU Qe ket (a,a’) =e1 inex < let (a,a’) =ej inez: T

Proof. See B.1.45. O
Lemma 5.0.34 (Compat (e, ).

A TFe<e:TAT~T = AT Q0 (e)r X (e)r i 7
Proof. See B.1.46. O

Theorem 5.0.35 (Fundamental Property).
If A TFe:7then IO AsTFe<e:7andif A0 QFe: T
then A; T 1O Fe <e: 7.
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Proof. By induction on typing derivation, relying on the compatibility
lemmas, which exist for every typing rule in both source languages. O

Theorem 5.0.36 (Type Safety for MiniML).

For any MiniML term e where -;-;-;- = e: 7 and for any heap H, if
(H,et) 5 (H',€), then either ¢ = fail CONv, € is a value, or there exist
H"” e" such that (H',e') — (H" &").

Proof. This follows as a consequence of the fundamental property and the
definition of the logical relation, as follows: if (H,et) = (H’ ¢'), then
consider a trivial world W with k£ > n, an empty heap typing and empty
affine store. Then, since the term is closed, the fundamental property says
that (W,e™,e™) € £[r].. This means that it runs to a stuck state, which is
either at n or greater than n. If it’s greater than n, then we have a further
step that can be taken. If it gets stuck at n, then we know that is either

fail Conv or a value. O

Theorem 5.0.37 (Type Safety for )

For any term e where -;+; ;- = and for any heap H, if (H,e) 5
(H',€'), then we know from the logical relation that either ¢’ = fail Conv, €
is a value, or there exist H”,e” such that (H';e’)y — (H" €").

Proof. This proof is identical to that of MiniML. O
SEMANTIC MODEL FOR (staTic) For our variant with purely
static affine functions, , we have to do significantly more in our model.

In particular, we have to show that both the dynamic and static affine
bindings within are used at most once. For a dynamic binding, this, as
in the dynamic variant, is tracked in target code by the dynamic reference
flag created by the macro thunk. For a static binding, we use a similar
strategy of tracking use via a flag, but rather than a target-level dynamic
runtime flag, we create a phantom flag that exists only within our model.

Specifically, we define an augmented target operational semantics that
exists solely for the model, and any program that runs without getting stuck
under the augmented semantics has a trivial erasure to a program that
runs under the standard semantics. This means we are using the model to
identify a subset of target programs (the erasures of well-behaved augmented
programs) that behave sensibly and do not violate source type constraints
(i.e., do not use static variables more than once), even if there is nothing in
the target programs that actually witnesses those constraints (i.e., dynamic
checks or static types).

We build the model as follows. First, we extend our machine configurations
to keep track of phantom flags f — i.e., in addition to a heap H and term
e, we have a phantom flag set ®. Second, the augmented semantics uses
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one additional term, protect, which consumes one of the aforementioned
phantom flags when it reduces:

Expressions e ::= ... protect(e, f)

(DW{f}, H,protect(e, f)) --+ (P,H,e)

And finally, we modify the two rules that introduce bindings such that
whenever a binding in the syntactic category e is introduced, we create a
new phantom flag (where “f fresh” means f is disjoint from all the flags
generated thus far during this execution):

f fresh

(D,H,let ag = v in e)--+(P W {f}, H, [ag—>protect(v, f)]e)
f fresh
(D, H, Nag.e v)--+(P W {f}, H, [ag—protect(v, f)]e)

Note that we write --» for a step in this augmented semantics, to distinguish
it from the true operational step —. While phantom flags in the augmented
operational semantics play a similar role in protecting static affine resources
as dynamic reference flags in the dynamic case, the critical difference is that
in the augmented semantics, a protect(-)ed resource for which there is no
phantom flag will get stuck, and thus be excluded from the logical relation
by construction. This is very different from the dynamic case, where we
want — and, in fact, need — to include terms that can fail in order to mix

MiniML and without imposing an affine type system on MiniML itself.

What this means for the model is that dynamic reference flags are a shared
resource that can be accessed from many parts of the program and therefore
tracked in the world, while phantom flags are an unique resource which our
type system ensures is owned/used by at most one part of the program,
which is what allows us to prove that the augmented semantics will not get
stuck.

The definitions are shown in Figures 5.12 and 5.13, where much of the
strutures is similar to the previous variant.

Our expression relation, £[7],, is made up of tuples of worlds W and
phantom flag stores / term pairs (®;,e;), where each flag store represents
the phantom variables owned by the expression. Our worlds W keep the
step index, a standard heap typing ¥ (as in Chapter 4), but also an affine
flag store ©, which maps dynamic flags ¢ to either a marker that indicates
a dynamic affine variable has been used (0, written USED), or the phantom
flags @ that it closes over if it has not been used (a set that can be empty,
of course). These dynamic flags ¢ are a subset of the heap, disjoint from
U (which tracks the rest of the heap, i.e., all the normal/non-dynamic-flag
references).
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The expression relation then says that, given a heap that satisfies the
world and arbitrary “rest” of phantom flag store ®, (disjoint from that
closed over by the world and the owned portion), the term e will either:
(i) run longer than the step index accounts for, (ii) fail CoONV (error while
converting a value), or (iii) terminate at some value €', where the flag store
® has been modified to ®; & @4, the heap has changed to H’, and the new
world W’ is an extension of W. World extension (Cg,) is defined over
worlds that do not contain phantom flags from ®,., since phantom flags are
a local resource and the world contains what is global. It allows the step
index to decrease, the heap typing to gain (but not overwrite or remove)
entries, and the affine store to mark (but not unmark) dynamic bindings as
USED.

At that future world, we know that the resulting value, along with their
® ¢, will be in the value relation V[7],. The phantom flag store ®, is
“garbage” that is no longer needed, and the “rest” is unchanged. Note that,
while running, some phantom flags may have moved into the world, which
has changed, but the world cannot have absorbed what was in the “rest”.

Our value relation cases are now mostly standard, so we will focus only on
the interesting ones: and . V[ J. is defined to take an arbitrary
argument from V[7]., which may own static phantom flags in ®, and add
a new location ¢ that will be used in the thunk that prevents multiple uses,
but also store the phantom flags in the affine store. The idea is that a
function can be applied to an expression that closes over static
phantom flags, like —the latter will have
phantom flags for both b, and c¢,. The body is then run with the argument
substituted with a guarded expression.

Now, consider what happens when the variable is used: the guard(-)
wrapper will update the location to USED, which means that in the world,
the phantom flags that were put at that location are no longer there —
i.e., they are no longer returned by flags( W’), which returns all phantom
flags closed over by dynamic flags. That means, for the reduction to be
well-formed, the phantom flags have to move somewhere else—either back
to being owned by the term (in ®¢) or in the discarded “garbage” ®,. Once
the phantom flag set has been moved back out of the world, the flags can
again be used by protect(-) expressions.

The static function, V[ J., has a similar flavor, but it may itself
own static phantom flags. That means that the phantom flag set for the
argument must be disjoint, and when we run the body, we combine the set
along with a fresh phantom flags f for the argument, which are then put
inside the protect(-) expressions.

With the logical relation in hand, we take the same approach as before to
prove type soundness. Our lemma statements are analogous to the previous
section, as the significant details are in the model, not in the static type



CASE STUDY: AFFINE FUNCTIONS

Atom,, = {( ,(P1,e1), (Pa,e2)) | W € World, AN®1,P5: W}
Oy, Dy : W 2 Vi€ {1,2}.0,#ags( W, 1)
AtomValn = {( ,(<I>1,v1), ((I)Q,VQ)) S Atomn}
AtomVal = J,, AtomVal,,
World,, = {(k,¥,0) | k <n AV C HeapTy,; A dom(¥)#dom(O)
A (V(ly, ) = (D1, o), (€1, £5) — (7, D3) € ©.
(b1, l2) # (61,05) = 21NPy =Ny =0)}}
© = {(¢1,¢3) = USED} U {({1,03) — (D1, Do)}
e ={f}  fags(W,i) =Up, 1) (@1,02)c w.0 Pi
Typ, = {R € 24tomValn | Y(W (®y,vy), (P2, v2)) € R. VW',
w E<I>17‘I>2 W = (le ((I)lavl)a ((1)27\/2)) S R}

Typ = {R € 24"V | Vk.| R\ € Typr}
UnrTyp = {R € Typ | Y(W,(P1,v1), (P2,V2)) € R. &1 = 5 = 0}

Hl,Hz W 2 (V(l1,b) —~ R€ W.WU. (>W,Hy(¢),Ha(fa)) € R)
A (V(€1,05) — USED € W.O.Vi € {1,2}. H;(¢;) = USED)
A (V(ly,05) — (P1,Dy) € W.O.Vi € {1,2}. H;(¢;) = UNUSED)

guard(e, £) £ A_{if I¢ {fail Conv} {/:= USED;e}}

Figure 5.12: MiniML & Logical Relation Supporting Definitions (static).

system, so we defer both the lemma statements and proofs to Appendix B.

With the compatibility lemmas in place, as before we prove Type Safety in
the standard two-step way as follows:

Theorem 5.0.38 (Fundamental Property).
If T, AT'Fe:7then I AT e <e:7andif AT QR
then A; 110

Proof. By induction on typing derivation, relying on the compatibility
lemmas, which exist for every typing rule in both source languages. O

Theorem 5.0.39 (Type Safety for MiniML).
For any MiniML term e where «;+;+;- F e: 7 and for any heap H, if

(H,e™) 5 (H', ), then either ¢ = fail CoNV, € is a value, or there exist
H” e" such that (H' &) — (H” &").

Proof. Suppose (H,et) % (H',¢/) for some natural number n. Either
(H', e’y = (H"”,€"), in which case we are done, or (H’,¢’) is irreducible.

Consider a trivial world W that has an arbitrary k& > 2n, an empty
heap typing and an empty affine store. Then, since the term is closed, by
the Fundamental Property, (W, (0,e%), (0,e™)) € £[7].. Now by Lemma
B.2.20, we know that for any ®,1, @, (P, W fags(W,1),Hy,eq™) N
(@], H),€]) - where j < 2n and if €] is a value, then Z(e}) = ¢'.
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V[umit], = {(W,(©,0),(,0))}
V[int], = {(W,(®,n),(@,n))|neZ}
VIr x72]p, = {(W, (0, (v1a,v2a)), (0, (vib, vab)))
| (Wv (@,VIa); (@,Vlb)) € V[[Tlﬂp
/\(W7 ((2)7\/23)7 (®7V2b)> € V[[TQHP}
Virn+m7], = {(W,(0,inl vi),(®,inl v5))
[ (W, (0,v1), (0, v2)) € V1], }
U {(W,(0,inr v1),(0,inr v2)) | (W, (0,v1), (D,v2)) € V[7],}
VI = ], = {(W, (0, x{e})) [ W W'
Wy WA (W, (0,v) € V[,
= (W', (0, [z—v]e)) € E[n],}
Vlref 7], = {(W,(0,4),(0,02)) | W.U(ly,62) = [V[7]o) wk}
VIVar], = {(W,(0, ) e1), (@, \er)) | VR € UnrTyp, W'.
w ) W' = (le (@,el), (@,62)) € gHTﬂp[aHR]}
Vlel, = pla)
V[[ ]]P = {(W,(@,O),((Z),O )}
U {(W’ (07 nl)’ ((Da n2)) | ni 7’é 0 A ng 7é O}
V[int]. = {(W,(@,n),(®,n)) | n € Z}
VI [. = {(W,(0,Ax{e})) | V& v W'
W g WA(W(P,v)) € V][]
= (W.k, WU, W.0Wl— D),
(0, [r—guard(v, £)]e)) € E[=].}
VI [. = {(W,(®,Xae.{e})) |
VO fiv W.WiCe WA (W (D)) € V][]
ANPND =0A f¢Dwd'ulags(W')
= (W', (2w W {f}, [ae—protect(v, f)]e))
€ &[]}
V[[ ]] = {(W’ ((07\/1)7 (@,Vz)) | (W’ (07\/1)7 (®’V2)) € V[[ H}
V[[ H = {(Wa ((1)1 & (I)/la (V137V23))a (@2 W (I)/23 (Vlb)v2b)))
| (W, (®1,v1a), (P2,v1b)) € V[71].
/\(W7 ((I)/17V2a)7 ((I)I27V2b)) € V[[ H}
VI [. = {(W, (@1, (AAewa}, A-{e2a})),
(@5, (\{ero} A{eas])))

(W, (®1,e1a), (P2,e1p)) € E[71].
ANW, (@1, e21), (P2, e2p)) € E[72].}

Elrl, ={(W,(®,e)) | freevars(e) =0 A
VO, H:W, ¢, H, j < W.k. &40 NG, Wd: WA

(D, Wilags(W) W P, H,e) AN (D' H, ey »
= ¢ =fail ConvV (30, &, W'.
' =0, Wilags(W )W drw D,
ANWEe, WAH:W A(W,(2,€)) € V[r],)}

(k,¥,0) Cg (j,0,0") £ (j,¥,0") € World; A
J<kA O#flags(k,¥,0) N P#fags(j, ¥/, 0)
A VL e dom(W). | W(0)|; =¥ () A
V¢ € dom(0).(¢) € dom(O")A
(©(f) = USED = ©’({) = USED)
AN (B) =P = ©O'({) = (USED V ®))

Figure 5.13: MiniML & Value and Expression Relation (static).
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Then, by applying (W, (0,e™), (0,e™)) € E[7]., we find that either &} =
fail CONV or there exist ®”,H}, v, such that () & flags(W,2), Hj, &) ——»
(®”,HY,vo) and €] and vp are in the value relation with some world and
sets of static flags. Ergo, since expressions in the value relation are values,
e} is a value. Finally, since €] being a value implies ¢’ = Z(e]), we find that

e’ is a value. O
Theorem 5.0.40 (Type Safety for ). For any term e where
R and for any heap H, if (H,et) 5 (H',¢'), then we know from

the logical relation that either ¢ = fail CoNv, € is a value, or there exist
H"” e" such that (H' &) — (H” &").

Proof. This proof is identical to that of MiniML. O

Note that to prove our type safety theorems, Theorems 5.0.39 and 5.0.40
we used Lemma B.2.20 which states that, if (H,e) = (H’,¢’) -, then for
any @, (P, H,e) N (@), H),€e]) -. This lemma is necessary because the
given assumption of the type safety theorem is that the configuration (H,e)
steps under the normal operational semantics, but to apply the expression
relation, we need that a corresponding configuration steps to an irreducible
configuration under the phantom operational semantics.

Although our phantom flag realizability model was largely motivated by
efficiency concerns with the dynamic enforcement of affinity, more broadly,
it demonstrates how one can build complex static reasoning into the model
even if such reasoning is absent from the target. Indeed, the actual target
language, which source programs are compiled to and run in, has not changed;
the augmentations exist only in the model. In this way, the preservation
of source invariants is subtle: it is not that the types actually exist in the
target (via runtime invariants or actual target types), but rather that the
operational behavior of the target is exactly what the type interpretations
characterize.
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Our final case study for value interoperability considers how MiniML, whose
references are garbage collected, can interoperate with core L?, a language
with safe strong updates despite memory aliasing, supported via linear
capabilities (Morrisett et al., 2005; Ahmed et al., 2007). This case study
primarily highlights how different memory management strategies can in-
teroperate safely, in particular, that manually managed linear references
can be converted to garbage-collected references without copying. This is of
particular interest as more low-level code is written in Rust, a language with
an ownership discipline on memory that similarly could allow safe transfer
of memory to garbage-collected languages.

We also use this case study to explore how polymorphism/generics in
one language can be used, via a form of interoperability, from the other.
This is interesting because significant effort has gone into adding generics
to languages that did not originally support them, in order to more easily

build certain re-usable libraries.!

While we are not claiming that inter-
operability could entirely replace built-in polymorphism, sound support
for cross-language type instantiation and polymorphic libraries presents a
possible alternative, especially for smaller, perhaps more special-purpose,

languages. This would allow us to write something like:

map((Ax : int.x + 1)D<int>%<int)@[la 2, 3])11st (int)

where the blue language supports polymorphism, and has a generic map
function, while the pink language does not. Of course, since convertibility
is still driving this, in addition to using a concrete intlist, [1,2, 3], as
above, the language without polymorphism could convert entirely different
(non-list) concrete representations into similar polymorphic ones — i.e.,
implementing a sort of polymorphic interface at the boundary. For example,
rather than an intlist (or a stringlist), in the example above, one could
start with an intarray or intbtree, or any number of other traversable
data structures that could be converted to 1list int (or any list «).

LANGUAGES We present the syntax of L? and MiniML, augmented with
forms for interoperability, in Figure 6.1. Their static semantics are in

e.g., Java 1.5/5, C# 2.0 (Kennedy and Syme, 2001) and more recently, in the Go
programming language
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L3
Type T x= unit |bool |7TQT|T —T|!T
| ptr¢ |cap T | V¢.7 | 3C.T
Value v = Ax:Te|()|B|(v,v)]|!v]Al.e|T¢, v
MiniML
Expr. e = vi]x|(e,e)|ee|let () = einelifeee
|let (x, x) = eine|let!x = eine|duple
| drop e | new e | free e | swap e e e | e [(]
|7¢, eT|let 7¢, x7 = eine| (e, | (e),
DUPLICABLE = {unit,bool, ptr¢,!7}
Type T = «a|unit |7 — 7 |Vo.r | ref 7| (T)
Expressione := x|()|Ax:7e|Aae|eel|er]|refe]|le|e:=¢] (€],

Figure 6.1: Syntax for L® and MiniML.

Figures 6.2 and 6.3 respectively. L® has linear capability types cap ¢ T
(capability for abstract location ¢ storing data of type 7), unrestricted
pointer types ptr ¢ to support aliasing, and location abstraction (A(.e :
V¢.r and "¢, v : 3¢.7). The key design idea behind L? is that the
pointer can be separated from the capability and passed around in the
program separately. At runtime, the capabilities will be erased, but the
static discipline only allows pointers to be used with their capabilities (tied
together with the type variables (), and requires capabilities to be used
linearly. This enables safe in-place updates and low-level manual memory
management while still supporting some flexibility in terms of pointer
manipulation.

We highlight the key instructions here. new allocates memory and returns

an existential package containing a capability and pointer (I(.cap { 7 ® ptr ().

swap takes a matching capability (cap ¢ 1) and pointer ptr ¢ and a value
(of a possibly different type 72) and replaces what is stored, returning the
capability and old value cap ¢ 75 & 71. Note that since capabilities record
the type of what is in the heap and are unique, strong updates are safe. Fi-
nally, free takes a package of a capability and pointer (3¢.cap ( 7 ® ptr ()
and frees the memory, consuming both in the process and returning what
was stored there—any lingering pointers are harmless, as the necessary
capability is now gone.

We compile both L? and MiniML to an extension of the Scheme-like target
LCVM that we used in the previous case study (see Figure 6.6 for L® and
Figure 6.7 for MiniML). The syntax of LCVM is shown in Figure 6.4, and
it adds manual memory allocation to the version used in the previous case
study. Its operational semantics is given in Figure 6.5. Whereas previously,
we only had alloc, we now have free (which will error on a garbage-collected

7
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AT AT, x:T He:Ty
Ay Ax:ThEX:T A DA TEAX i et T — T2

AT AT Fep i1 —o 7o AT AT Fex:my
AT AT W Fep eg: T A;T;A;0F () - unit

A;T; AT Feq : unit AT AT Fes: T
AT ATy Wl Hlet () =eriner T A;T;A;0F B : bool

A;T; AT F ey : bool AT AT e : T AT AT Fes: T
A,I‘,A,I‘lLﬂle—if €1 ez ez ! T

AT AT Fer iy AT A;ToFes: 1o
A,F,A,I‘l L'!'J]_-‘2'_ (el, ez)ZTl ®T2

AT AT Fey i1 QT2 AT AT, X i Ty,Xo i To b eg: T
AT ATy Wl Flet (x1, Xx2) =epinex: T

AT A TRV T AT AT ey iy AT AT, x:T1 Feg:mo
AT, AT R v e AT AT Wl blet Ix —eq ineg: 7o

AT AT RHe: I AT AT Re: I
AT AT Hduple:!'n ® I A;T; A;T F drop e : unit

AT AT Re: T
A;T; A;THnew e: 3¢.caplT ® !ptr

A;T;A;TRe:dC.caplT™ ® !ptr(
A;T; AT F free e : 3AC.T

AT AT ey :caplmy AT AT Fes: ptr AT A;Ts-es: 73

AT AT W Wg-swapep eseg:cap(ms ® 7T

AT;A T Fe: 1 AT AT He: VE.T ¢eA
A;T; AT FALe:VCE.T AT AT Re [¢']:[C— )T

AT;ATRe: [t ('eA
AT, AT R, e 3T

AT AT Fey: 3T AT;A T, x: T Feg 7y FLV(m2) C A
AT ATy Flet ¢, x7 = e ineg

AT AT Re: T T ~T
AT 0T F (e)r: T

Figure 6.2: Static semantics for L3.
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x:17€el AT A D x:mberm
A AT Ex: T AT AT () - unit AT AT EAx ey — 7T

A AT ey i — 7 A A; ey :my A A T Fe: T
AT AT ey egimy AT AT H Aae s Vaur

AT AT e Var AT AT e T
AT AT e [r] i [a— T AT AT Href e:ref 7

AT A THeiref 7 A; A T'Heyiref 7 AT AT Reg o 7
A AT Hle: 7 AT AT F ey i=e5:unit

AT, A TRe: T TT
AT AT (e)r o 7

Figure 6.3: Static semantics for MiniML.

location), an instruction (gcmov) to convert a manually managed location
to garbage collected, and an instruction (callgc) to explicitly invoke the
garbage collector. The last allows the compiler to decide where the GC can
intercede (before allocation, in compiled code), and in doing so simplifies
our model slightly. The memory management itself is captured in our heap
definition, which allows the same location names to be used as either GC’d
(%) or manually managed (%), and re-used after garbage collection or
manual free. Dereference (le) and assignment (e := e) work on both types
of reference (failing, of course, if it is manually managed and has been
freed). This strategy of explicitly invoking the garbage collector and using a
single pool of locations retains significant challenging aspects about garbage
collectors while remaining simple enough to expose the interesting aspects
of interoperation.

A few more detailed notes on the operational semantics of the target, given
in Figure 6.5. Consider the third to last evaluation rule: Let H : M Heap
denote that H contains only mappings of the form ¢ = v and let H : GC' Heap
denote that H contains only mappings of the form ¢ v

Next, let FL(e) and FL(K[]) be the set of locations that appear free in
e and K, respectively. Then, we say that a location £ is directly reachable
from a location ¢ in the heap H if ¢’ € dom(H) and ¢ € FL(H(¢')). We say
that £ is reachable from ¢ in H if one can construct a sequence of locations
by =10 41,0y, ... 1L, = where {; is directly reachable from ¢;_1 in H for all
1 <i <n. (Note that, for any location ¢ and heap H, ¢ is reachable from ¢
in H because we can construct the singleton sequence ¢y = ¢.)
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Expressions e = (1]Z]|l]|x]|(ee)|fste|snde]|inle]|inrel]ife{e} {e}
| match e x{e} y{e} |let x=eine| Ax{e} |ee|ref e
| alloc e | free e | callgc | gcmov e | le | e :=e | fail ¢

Values v w= () Z|0](v,v) ] Mx.e

Error Code ¢ := TyPE| Conv | PTR

Heap H = 08y, | 658y,

Evaluation Context K == []](K,e) | (v,K) |inl K|inr K| match K x{e} y{e}

|if K{e} {e}|letx=Kine|Ke]|vK]|ref K|alloc K
| free K| gemov K| IK | K:=e|v:=K

Figure 6.4: Syntax for LCVM.

Finally, let reachablelocs(H, L) be the set of all locations in dom(H)
reachable from L in H. (Note that L C reachablelocs(H, L) by the previous
parenthetical obversation.)

Using the above definitions, we can define a step on whole programs
that performs garbage collection. This step is indexed by a set of locations
L denoting the locations that must be preserved and can not be garbage
collected. The step shrinks the heap non-deterministically, ensuring that
garbage-collectable locations which are reachable from either the program or
L are not removed from the heap. Finally, we also allow whole programs to
take steps according to = and to lift fail ¢ errors out of evaluation contexts.

Returning to our source languages, as in the previous case study, we have
boundary terms, (e), and (e|),, for converting a term and using it in the
other language. Now, we also add new types (7), pronounced “foreign type”,
and allow conversions from 7 to (7) for opaquely embedding? types for use
in polymorphic functions.

If a language supports polymorphism, then its type abstractions should
be agnostic to the types that instantiate them, allowing them to range
over not only host types, but indeed any foreign types as well. Doing so
should not violate parametricity. However, the non-polymorphic language
may need to make restrictions on how this power can be used, so as to
not allow the polymorphic language to violate its invariants. To make
this challenge material, our non-polymorphic language in this case study
has linear resources (heap capabilities) that cannot, if we are to maintain
soundness, be duplicated. This means, in particular, that whatever interop-
erability strategy we come up with cannot allow a linear capability from L3
to flow over to a MiniML function that duplicates it, even if such function is
well-typed (and parametric) in MiniML.

2 Similar to “lumps” in Matthews-Findler(Matthews and Findler, 2007), though they give
a single lump type for all foreign types, i.e., they would have only (), rather than (7).
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v # (v1,Vv2)
(H,fst (v,v")) & (H,v) (H,fst v) = (H, fail TYPE)
v 7é (V17V2)
(H,snd (V',v)) & (H,v) (H,snd v) = (H, fail TYPE)
n#0
(H,if 0 {e1} {e2}) & (H,er) (H,if n {e1} {e2}) & (H,e2)

ve&Z
(H,if v {e1} {e2}) & (H, fail TYPE)

(H, match inl v x{e1} y{e2}) = (H, [x—v]e1)

(H, match inr v x{e1} y{e2}) & (H, [y—>v]e2)

v & {inr v/ inl v'}

(H, match v x{e1} y{e2}) = (H, fail TYPE) (H,let x =v in e) = (H, [x—V]e)
v # Mx{e}
(H, Mx{ep} v) = (H, [x—V]ep) (H,v V') = (H, fail TYPE)
¢ ¢ dom(H) ¢ ¢ dom(H)
(H, ref v) = (H[t£50], 0) (H,alloc v) = (H[¢%], 0)
0%y e H (v eH
(H,free £) = (H\ 2, ()) (H,free ¢) = (H, fail PTR)
¢ ¢ dom(H) 0%y e H
(H, free ¢) = (H, fail PTR) (H, gcmov ¢) = (H[t£5v], 0)
Hi¢{] =v ¢ & dom(H) v#£L
(H,!) = (H,v) (H, ) = (H,fail PTR) (H,!v) = (H, fail TyPE)
0%y eH (FveH
(H,0:=V") = (H[t5BV], () (H, 0= V) = (H[t5V], ()
£ ¢ dom(H) v£L
(H,?:=V'") & (H,fail PTR) (H,v :=V") & (H, fail TYPE)

Hge : GCHeap H,, : MHeap
reachablelocs(Hge W Hy,, dom(H,, ) U FL(K[-]) U L) N dom(Hg.) € dom(Hy,)
H,. € Hge
(Hge W Hy, Klcallge]) =1 (Hy. W Hy, KIOT)

(H,e) = (H',¢) K#[]
(H,Kle]) = (H',K[e']) (H, K[fail c]) — 1, (H,fail ¢

Figure 6.5: Operational semantics for LCVM.
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X ~ X
Ax : T.e ~  Ax.eT
€1 €2 ~ o ert ept
0 ~ ()
let () =e; in ey ~ let _=e;tinext
true ~ 0
false ~ 1
if €] €3 €3 ~sif e1+ 82+ e3+
(e1, e2) ~ (e, ex™)
let (x1, x3) —ejiney ~» letp=-e;tinletx; =fst pinletx; =snd pin eyt
v ~ vt
let !'x = e; in ey ~ letx=e;T ineyt
dupl e ~ letx=-e" in (x, x)
drop e ~ let _=e"in ()
new e ~ let _ = callgc in let x, = alloc €™ in ((), x)
free e ~ let x =eT in let x, =!(snd x) in let _ = free (snd x) in x,
swap e ep ey ~ let x, =ept inlet - =ec inlet x, = Ix, in
let - = (xp :=ey 1) in ((),x)
Al.e ~  A_eT
e [¢] - et ()
r¢, e’ ~ et
let 7¢, x7 = e in ey ~ letx=e;T ineyt
(e)~ ~ Crsr(e™)

Figure 6.6: Compiler for L3.

x ~ X
0 ~ ()

Ax:T.e ~ MxeT

eq1€9 ~ e1+e2+

Aav.e ~  AeTt

efr]  ~ et

ref e ~ let _ = callgc in ref e™
le ~ et

ey =ey ~» e;ti=e,T

(e)- ~ Cryr(e?)

Figure 6.7: Compiler for MiniML.
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CONVERTIBILITY The first conversion that we want to highlight is
between references. In L3, pointers have capabilities that convey ownership,
and thus to convert a pointer we also need the corresponding capability.
For brevity, we may use REF 7 to abbreviate a capability+pointer package

type.

CT|—>T7 CT»—)T T~ T

CREF Tr—ref T Cref 7—REF T : ref 7~ HC‘Cap C T ® !ptr C
Lletx =snd ein

let - = (x:= Cry-(IX)) in gcmov x
let x = alloc C-+(le) in ((),x)

CREF T—=ref T (e)

Cref T—REF T(e) £

The glue code itself is quite interesting: going from L to MiniML, since
the L? type system guarantees that the capability in the capability+pointer
package being converted is the only capability to this pointer, we can safely
directly convert the pointer into a MiniML pointer with gcmov after in-place
replacing the contents with the result of converting.® Going the other
direction, from MiniML to L2, there is no way for us to know if there are
other aliases to the reference, so we can’t re-use the pointer. While we could
simply disallow this conversion, and error if it were attempted, instead we
copy and convert data into a freshly allocated manually managed location
(note how, in the target, capabilities are erased to unit). In this case, as in
many, there are multiple sound ways of converting, and it may be that a
particular one makes more sense for your use case: we took the position that
it was useful to get a copy of the data, unaliased, but perhaps a language
designer would rather force the pointer to be dereferenced on the MiniML
side and the underlying data converted.

We account for interoperability of polymorphism in two parts. First, we
have a foreign type, (T), which embeds an L® type into the type grammar of
MiniML. This foreign type, like any MiniML type, can be used to instantiate
type abstractions, define functions, etc, but MiniML has no introduction or
elimination rules for it—terms of foreign type must come across from, and
then be sent back to, L2. These come by way of the conversion rule (7) ~ T,
which allow terms of the form (e, (to bring an L* term to MiniML) and
(e)+ (the reverse). Moreover, the conversion rule for foreign types restricts
T to a safe DUPLICABLE subset of types, but has no runtime consequences:

7 € DUPLICABLE Clrysr(€) % e
C<‘r‘>b—>‘ra CT>—><‘I‘> : <T> ~T CT’_)<T> (e) =€

a less general rule that had a different premise might not need to convert, e.g., if the data
was already compatible—see the case study in Chapter 4 for more details
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To prove soundness we need to show that DUPLICABLE types are indeed
safe to embed. The soundness condition depends on the expressive power of
the two languages when viewed through the lens of polymorphism. In our
case, since the non-polymorphic language is linear but the polymorphic one
is not, we need to show that a DUPLICABLE type can be copied (i.e., none
of its values own linear capabilities)—this includes unit and bool, but also
ptr ¢ and any type of the form !7. Now, consider examples using foreign

types:

(A dx:a.Ay:a.y)[(bool)] (true) hoory (false) boor (1)
(Ax : BOOL.x)(true)gog. where BOOL = Va.a — a — « (2)

In (1), the leftmost expression is a polymorphic MiniML function that
returns the second of its two arguments. It is instantiated with a foreign type,
(bool). Next, two terms of type bool in L? are embedded via the foreign
conversion, (+)eo1), Which requires that bool € DUPLICABLE. Not only
does this mechanism allow L? programmers to use polymorphic functions,
but also MiniML programmers to use new base types. Of course, we could
also convert the actual values, as in (2). To do so, we can define conversions
between Church booleans in MiniML (which has no booleans) and ordinary
booleans in L3:

e()01
if0 e { Ao x:a A\y:aex}
{Aadx:a\y:a.y}

CBODL»—)bool(e)
Ya.oo — o — o ~ bool Chool—pooL(e)

L
L

SEMANTIC MODEL In Figure 6.8, we present the logical relation that
we use to prove our conversions and entire languages sound. Supporting
definitions relating to worlds and heaps are given in Figure 6.9.

Our model is inspired by that of core L (Ahmed et al., 2007), though
ours is significantly more complex to account for garbage collection and
interoperation with MiniML. The key is a careful distinction between owned
(linear) manual memory, which is local and described by heap fragments
associated with terms, and garbage-collected memory, which is global and
described by the world . Since memory can be freed (via garbage collection
or manual free), reused, and moved from manual memory to garbage-
collected memory, there are several constraints on how heap fragments and
worlds may evolve so we can ensure safe memory usage.

With that in mind, our value interpretation of source types V[r], are
sets of worlds and related heap-fragments-and-values (H,v), where the heap
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V(a], =p.F(a)
V[unit], — ={(W,(,(),(®, ()}
V[[Tl — TQ]]p = {(W, (@ )\Xl e1) ((Z),)\XQ.EQ)) |

YW vi,ve. W Egge e WA (W, (0,v1), (0,v2)) € V1], =

(W', (0, [x1 — viler), (D, [x2 — valer)) € E[72],}

V[ve.r], ={(W, (0, Ae1), (0, \_e2)) |

VR € RelT w'. W E@7@7el762 W = (WI, (@,el), (@, ez)) S 5[[THP[F(Q),_>R]}
V[ref 7],  ={(W,(0,4),(0,6)) | W.E(l, ) = [V[7],]w.r}
VT, =V[r],
V[unit],, ={(W,(0.0),(0,0))}
V[bool],  ={(W,(0,b),(0,b))|be {0,1}}
Vi @ 7], ={(W,(HuWHuy, (v, vir)), (Hay W Hap, (var,var))) |

(W, (Hiz,va1), (Haz, var)) € V[T A

(W, (Hir, vir), (Hap,v2r)) € V[72],}
V[[Tl —0 TQ]]p = {( W, H1, )\xl.el), (Hz, /\x2.e2)) | VW/, Hlv,vl, HQU,VQ.

Wk Hi,Hz,e1,e2 W' A (le (Hl’U’Vl)v (H2U7V2)) € V[[Tl]]ﬂ

= (W', (Hi WHyy, [x1 = vi]er), (Ha W Hay, [x2 = v2lea)) € E[T2],}
V[irl, ={(W, (0, v1),(@,v2)) | (W, (0, v1), (0, v2)) € V[7],}
Vlptrc],  ={(W,(0,41),(0,£2)) | p-L3(C) = (b1, £2)}
V[cap( 7], ={(W,(Hiw{t—vi},(),(How {2 —=v2},())) |

p- L3 (C) (617£2) ( ) (H1’V1)7 (H2av2)) € V[[THP}
V[[VCT]]P = {( W, (Hla )‘f'el)a (H27 )‘f'e2)) | Vi ls. (W7 (Hla el)7 (HQv e2)) € gIIT]]p[L3(C)'—>(€17€2)]}
V[3¢.T], ={(W,(Hi,v1), (Ha,v2) | 31 lo. (W, (H1,v1), (H2,v2)) € V[T]pma(¢)m (o120
EHTHP = {(W’ (Hlvel)’ (H27e2)) ‘

VLl, LQ,Vl, ng+7 H2g+ . W, H1+ . MHeap, Hl*.

(Higr WH1 WHi e) =, (Hiovi) =1,

= JH},H},.VHay : MHeap.3Hy, W' Hy , vo
Hi. = Hj, @ H wHi AHp, HY WA

w E(dom(H1+),dom(H2+)),rchgclocs(W,LluFL(cod(H1+)),LQUFL(cod(HH))) W' A

(WI7 (Hll’vl)v (H/27V2)) € V[[T]]p A

(Hogy W Ha W Hyy,e0) S, (Hh, WHy W Hay,va) 1,

A Hi = Hy = 0}

Note that the parts highlighted in MiniML colors only apply to types 7 from MiniML,

not types 7 from L3.

Yioes(P) = {x¢ = (b1, 42) | ¢ = (01, 42) € p}
G, = {(W,)}
Gll,x:7], = {(W,ylx (vi,v2)]) [ (W,7) € G[I', A (
Gl-l, = {(W,0,0,)}
g[[FaX:T]]P = {(W7H1®H1x3H2H’JH217Py[XH (V17V2)]) |
(W7 H17 HQ,’Y) € gﬂr]]l) A (
D[] = {}
DA, o] = {pla— R]|p e D[A] AR € RelT}
D[A, (] = {pl¢— (£1,02)] | p € D[A]}

AT;AThe, <ey:7=
Vp, L, vr.p.-L3 € D[A] A p.F € D[A] A (0,
= (0,7, (vE(e1 1)), 0,7F (VE(e2))) € El71,
A;F;A;erl <ey:T=
Vp,yr, YL, Hi, Hao.p.F € D[A] A p.L3 € D[A] Ayr € G[I], A
= (Hi,7t(vi(ex™)), Ha, vE (i (e2™))) € 7],

W, (07 Vl)v ((D’ V2)) € V[[T]]P}

Wv (lem Vl)v (H217 V2)) € V[[T]]P}

Q)a'yL'F) € g[[r]]l) Aqr € g[[rﬂp A A= ’Ylocs(p'L'?’)
)

(Hi,H2, 7. T) € G[T]p A LA = Moes(p-L3)

Figure 6.8: Logical Relation for MiniML and L3.
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World, = {(k, V) | k <n AV C HeapTy, N dom(¥) is a bijection}
World = U World,,

HeapTy,, = {(¢1,42) — Typ,,...}

Atom,, = {(W,(H1,e1),(Ha,e2)) | W € World,, A dom(H;)#dom((W.¥)1)
Adom (Hg)#dom(( W.W¥)?)
A Hy: MHeap AHs : M Heap}

AtomVal,, = {(W, (H1,v1), (He,v2)) € Atom,, }

Atom = U Atom,,

AtomVal = U AtomVal,,

|R]; = {(W,(Hi,e1), (Ha,)) | (W, (H1,e1), (H2,e2)) € RA W.k < j}

W5 ={(lr,62) = [R]; | (£r,£2) = R € ¥}
H={¢Bv,.  Juw{tSv,. ..}
Hi: GCHeap ANHy : GCHeap A
V(l1,0s) = Re W.W. v, valy & vy € Hi ALy &S vo € Ho A (W, (0,v1), (0,v2)) € R
J<k
A L.1#dom((3")1) A L.24dom((T")2)
ANV (Lly,l2) € V' (€1, Ly) = [W(ly,4a)];

Wi T, Wo 2 Wik > Wak A Wy Cp,y W
W1 B Hy Hasenes W2 2 Wi C(dom(Hy ), dom(Ha))n W
1 = rchgclocs( Wi, FL(cod(H1)) U FL(e1), FL(cod(Hs3)) U FL(e2))

Typn = {R S gAtomValy, | V(VV7 (Hl,Vl)7 (HQ,VQ)) ER VW' W L Hy,Ha,vi,va w’
= (W/v (H17V1)a (H27V2)) S R}
Typ = {R € 24%"Val | Yk | R|y € Typ,}

Figure 6.9: Supporting definitions for Logical Relation for MiniML and L2.
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fragment H paired with value v is the portion of the manually managed
heap that v owns.

The relational substitution p maps type variables « to arbitrary type
interpretations R and location variables ¢ to concrete locations £. Since
MiniML cannot own manual (linear) memory, all cases of V[7], have empty )
heap fragments. However, during evaluation, memory could be allocated and

subsequently freed so the expression relation does not have that restriction.
In L3, pointer types ptr ¢ do not own locations, so they can be freely copied.

Rather, linear capabilities cap ¢ 7 convey ownership of the location ¢ that
¢ maps to and the heap fragment H pointed to by £.

In the expression relation £[7],, we run the expression with a set of pinned
locations (L) that the garbage collector should not touch (which may come
from an outer context if we are evaluating a subterm), a garbage-collected
heap fragment that satisfies the world (Hg4), an arbitrary disjoint manually
allocated (M Heap) “rest” of the heap (H,), composed with the owned
fragment (H). Then, assuming e terminates at v, we expect the following
four facts: (1) the “rest” heap H, is unchanged, (2) the garbage-collected
portion Hgy has been transformed to Hy, (3) the owned portion H has been
transformed into H’, and (4) (W', (H,v)) € V[7],, where W' is a future
world the transformed GC’d portion of the heap H] must satisfy.s

Critical to the relation is world extension, written T, ,, which indicates
how our logical worlds can evolve over time. In typical logical relations
for state, the heap grows monotonically and no location ever has its type
change, which world extension captures. But, in our setting, the future
heap might have deallocated, overwritten, re-used memory (and re-used
it between the GC and manual allocation). We can’t just allow arbitrary
future states, however, as the semantics of types do dictate restrictions on
what has to happen in the heap. In particular, there are two sets of locations
that we need to keep careful track of; the rest can change freely. The first
are manually managed locations that the GC can’t disturb, which index L
captures. Those are generally just the owned locations of term that we are
currently running. The second are the garbage collected locations that we
must preserve in the heap, at the same type (but we can change the value
of), captured by 7. We also have a syntactic shorthand, denoted by L[, that
is indexed by the heap H and the expressions e. This syntactic shorthand is
defined so that L. takes its manually managed locations from the domain of
H while 7 takes its garbage collected locations as the locations in the original
world that are present in either some value in the heap H or the expression
e. Finally, we often use rchgclocs in order to compute 1 when using world
extension; rchgclocs( W, S) is the set of locations in the world W that are
actually mentioned in the set S; i.e., rchgclocs(W,S) = dom(W)N S,

While our target supports dynamic failure (in the form of the fail term),
our logical relation rules out that possibility, ensuring that there are no
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errors from the source nor from the conversion. This is, of course, a choice we
made, which may be stronger than desired for some languages (and, indeed,
for our previous two case studies), but given our choice of conversions, it is
possible.

With the logical relation in hand, we can prove type soundness in the
same manner as for the previous two case studies. As before, we include
the lemma and theorem statements below, but defer the proofs, which are
quite mechanical, to Appendix C.

Our convertibility soundness result proves that our conversions above
between garbage-collected and manual references, as well as L? booleans
and MiniML Church booleans (described above) are sound. We also show
that 74 — 75 ~ (17 —o 72) assuming 7y ~ 71 and 75 ~ 5.

Theorem 6.0.1 (Convertibility Soundness). If 74 ~ 7 then for all p,

1. V(W, (Hlvel)u (H27 62)) € EHTA]],D- (Wu (Hlv CTAr—M'B el) ) (HQ’ CTA'—)TB 62)) €

ElrB]p; and
2. V(W, (Hl,el), (HQ, ez)) € gIITB]]p~ (W, (Hl, CTB'—H'A e1) s (HQ, CTB>—>’TA 62)) (S
5[[7'A]]p
Proof. See C.0.15. O

Lemma 6.0.2 (Compat x).

A A ) x:7hEx=<x:7T
Proof. See C.0.16. O
Lemma 6.0.3 (Compat ()).

AT AT E() X() :unit
Proof. See C.0.17. O
Lemma 6.0.4 (Compat Ax : 7.e). If A;!IT; AT x: 7 e <e: 1y, then

AIA T, x:mEXx:mmexX X Xx:7m.e: 71 — 7

Proof. See C.0.18. [

Lemma 6.0.5 (Compat e; ey). If A;IT; AT F ey < ey 71y — 7o and
AT AT Feg <eg 7, then

AT A T'Hep eg Xeg e

Proof. See C.0.19. O
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Lemma 6.0.6 (Compat Aa.e). If A;!IT;AJa;T'Fe < e: 7, then
AT AT F Aae 2 Aae : Vaur
Proof. See C.0.20. O
Lemma 6.0.7 (Compat e [7]). If A;!IT AT F e < e: Va.r, then
AT AT Fe [m] e [m] a1
Proof. See C.0.21. OJ
Lemma 6.0.8 (Compat ref e). If A;!T; AT e <e: 7, then
A AT Fref eX<ref e:ref 7
Proof. See C.0.22. O
Lemma 6.0.9 (Compat le). If A;!IT; A;T'F e < e:ref 7 then
AT AT Hle<xle: 7
Proof. See C.0.23. O

Lemma 6.0.10 (Compat e :=e). If A;!T5 AT - ey < ey @ ref 7 and
AT AT F ey =eg: 7 then

AT AT Hep :=ey <eq :=e2:unit
Proof. See C.0.24. OJ
Lemma 6.0.11 (Compat (e),). If A;T;A;!IT'Fe <e: 7 and 7 ~ 7, then
AT AT E (e 2 (e)r o7
Proof. See C.0.25. O
Lemma 6.0.12 (Compat x).
AT Ax:ThHEx=x:7T
Proof. See C.0.26. O
Lemma 6.0.13 (Compat Ax : 7.e). If A;T AT, x: 71 e <e: Ty, then
A A THFAX:T.e =R AX: T.e: 71 —o Ty

Proof. See C.0.27. O
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Lemma 6.0.14 (Compat eq e3). If A;T5 AT ey <eq:75 — 72 and
AT AT Feg <eq 7, then
AT AT W e ea Req ez Ty

Proof. See C.0.28. O
Lemma 6.0.15 (Compat ()).

A;T;A;0F () < () : Unit
Proof. See C.0.29. O
Lemma 6.0.16 (Compat B). If b € B, then

A;T;A;0 b <b:Bool
Proof. See C.0.30. O

Lemma 6.0.17 (Compat let ()). If A;T; AT F e; < eq : Unit and
AT A;Ts Feg Xes: T, then

AT ATy WIgHlet () =ep iney <Xlet () =ejinex: T
Proof. See C.0.31. O

Lemma 6.0.18 (Compat if). If A;T ATy F ep 2 er @ Bool and
AT A To ey <eq:mand AT A;To ez <eg: 1, then

AT AT W Hif e eg eg Rif ep ez eg: T
Proof. See C.0.32. O

Lemma 6.0.19 (Compat (e1, e3)). If A;T; AT Fep 2 ep @1 oand
AT A ToFes <eox: 1o, then

AT AT W - (er, e2) X (e1, €2) : 71 @ T2
Proof. See C.0.33. O

Lemma 6.0.20 (Compat let (x1, x2)). IfA;T; AT He; Rep i1 @72
and A; T AT, X1 1 T1,X9 : To e <eq: 7, then

A;T; ATy W Flet (x1, x2) = e1 ineg Xlet (x3, X2) = €1 inex: T

Proof. See C.0.34. O
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Lemma 6.0.21 (Compat !v). If A;T; AT v Xv:T, then
AT AT HEIv v Ir
Proof. See C.0.35. O

Lemma 6.0.22 (Compat let !x). If A;T; AT F ep <X ep @ ! and
AT ATy, x:T1 ey <eq:To, then

AT AT WIlgHlet Ix =ep inegy <let Ix =e; ines : 1
Proof. See C.0.36. O
Lemma 6.0.23 (Compat dupl e). If A;T; A;T'He <e: !, then

A; T AT Hdupl e Xduple: !IvQ!r
Proof. See C.0.37. O
Lemma 6.0.24 (Compat drop e). If A;T; A;T'Fe <e: !, then

A;; A;T + drop e < drop e : Unit
Proof. See C.0.38. O
Lemma 6.0.25 (Compat new e). If A;I5A;T'Fe <e: 7, then

A;T;A;T'Hnew e <new e: 3.caplT™ ® !ptr

Proof. See C.0.39. O
Lemma 6.0.26 (Compat free e). If A;T; A;T'Fe <e:3l.caplT™ ® !ptr(
, then

AT AT+ free e < free e : IC.1
Proof. See C.0.40. O

Lemma 6.0.27 (Compat swap e). If A;T; AT Fep < ey : cap( 7y,
AT A To ey <eg:ptr(, and A;T; A;Tg e <esg: 713, then

A;T; A;T Hswap e; e e3 <swapej ez eg:cap(m3 @ T1
Proof. See C.0.41. O

Lemma 6.0.28 (Compat A¢.e). If A;T; AT He <e: T, then
AT AT Al.e x Al.e: V(.1

Proof. See C.0.42. O
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Lemma 6.0.29 (Compat e [(']). If A;T; AT He <e:VC.7 and (' € A,
then
ATy ATRe [T =e[¢]:[Cm (T

Proof. See C.0.43. O
Lemma 6.0.30 (Compat "¢, e7). If A;T;A; T e <e: [ (|7, then
AT, AT R, en=rld, e: 3T
Proof. See C.0.44. O

Lemma 6.0.31 (Compat let "¢, x7). If A;T; AT Feqp <eq: 3C.71,
AT A G, x 11 ey <eg: 7o and FLV (12) C A, then

AT ATy Wk let ¢, x7=e1inex <Xlet 7(, x7=e7 ineg : T

Proof. See C.0.45. [

Lemma 6.0.32 (Compat (ef),). If AT A T'Fe<e:7 and T ~ 7, then
AT AT (e)r S (e)r: T

Proof. See C.0.46. O]

Lemma 6.0.33 (Fundamental Property). If A;T; AT F e @ 7, then
AT AT Fe<e:Tand if AT AT e 7, then AT AT HFe<e: 1.

Proof. By induction on typing derivation, relying on the following compat-
ibility lemmas, which have to exist for every typing rule in both source
languages. O

Theorem 6.0.34 (Type Safety for MiniML). If <;+;5- F e : 7, then
for any heap H, if (H,eT) 5 x(H',¢'), either there exist H',e" such that
(H',e") — (H",€") or € is a viaue.

Proof. By the fundamental property, since the environments under which e
is typechecked are empty, (-, (0,e™), (0,e™)) € E[7]..

Then, either (H,¢') — (H",e") or (H',¢) is irreducible. If (H,¢’) is
irreducible, we can apply the expression relation and find that there exists
a world W and expression vy such that (W, (0,¢€'), (0,v2)) € V[7].. Since
expressions in the value relation are target values, this suffices to show that
e’ is a value. 0

Theorem 6.0.35 (Type Safety for L3). If ;- e: T, then for any heap
H, if (H,et) 5 «(H',¢), either there exist H” " such that (H',¢') — (H",€")
or € is a vlaue.
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Proof. By the fundamental property, since the environments under which e
is typechecked are empty, (-, (0,e™), (0,e")) € E[7]..

Then, either (H',e') — (H”,&"”) or (H',¢) is irreducible. If (H,¢’) is irre-
ducible, we can apply the expression relation and find that there exists a
world W, heaps H, H}, and an expression vy such that (W, (H), '), (H5,v2)) €
V[].. Since expressions in the value relation are target values, this suffices
to show that €’ is a value. O



Thus, we have
“partial type
equivalences” as
described in
(Dagand et al.,
2016).

DISCUSSION: VALUE INTEROPERABILITY

7.1 ASYMMETRIC CONVERTIBILITY

Throughout this dissertation, we have presented convertibility as a symmetric
relation 74 ~ 7g, to mean that 74 and 7p are interconvertible via some
target-level glue code. We have shown how this setup can apply to many
different situations: even if two types are not isomorphic, the conversion can
fail in either direction. However, there is a downside to this approach: if truly
only one direction should ever be possible, we defer errors when converting
in the other direction to runtime. We could instead implement the system
with a directed convertibility relation, 74>7p5. In that case, each conversion
would still admit the possibility of dynamic failure, and thus 74 ~ 75 can
be recovered by 74>7p A TB>T4. But the benefit is that if we never wanted
a particular direction to succeed (for example, converting garbage-collected
pointers to linear ones, as in Chapter 6), we could only provide one direction
and yield a static error in the other direction. Now, there is a slight usability
downside to the asymmetric approach: if higher-order values can cross the
boundary, then the direction of conversion that is needed switches with the
polarity of the type: i.e., to convert a function 71 — 72 to 71 — 74, we would
need 7{>71 and mo>74. For a type like (11 — 72) — 73, it becomes more
confusing, and perhaps the runtime errors would be more descriptive. But
an asymmetric presentation of our framework could account for both, and
all the underlying development would be identical.

PRECISION There is another way that we could make the relations
asymmetric: have 74>7p mean not that there is no conversion from 75 to
T4, but that errors can only occur in that conversion, and that 74 to 73
will always succeed. In some ways, this is a reasonable proposal, because
only in artificially created scenarios have we found we want errors in both
directions. Rather, usually one type is more precise than the other, and
thus converting to the more precise type may fail, but converting from it
never will. This notion of type precision is of critical importance to gradual
typing, as it underlies the notion of the gradual guarantee (Siek et al., 2015)
or graduality (New and Ahmed, 2018; New et al., 2020). In our more general
interoperability setting, we haven’t yet discovered analogous theorems, so
making the convertibility relation capture precision doesn’t seem of value.
It’s possible that will change in the future!
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7.2 RUST AND UNSAFE

One of the most important features of the Rust programming language,
and the subject of the RustBelt research project (Jung et al., 2018), is
the unsafe language feature. unsafe allows a few things, but primarily,
dereferencing raw pointers, which clearly can violate invariants of Rust’s
type system if done incorrectly. This functionality is used to implement
data structures and code that would not otherwise typecheck, and the claim
is that it is better to have Rust and unsafe than to do the alternative:
link against C. But there are issues that make us question this. First, the

semantics of unsafe are still up for debate at the writing of this dissertation.

Indeed, the semantics of C are much better understood, as there have been
significant efforts to explain precise pointer provenance behavior. And, more
broadly, we wonder if a better approach than building the escape hatch
into the language, as with Rust unsafe, would be to have a separate proper

low-level language that had precise semantics and could be linked against.

One candidate is the Clight language defined within the CompCert project
(Leroy, 2009), which is a significant subset of the C programming language,
fully specified. A Rust compiler linking against Clight could rely on exactly
what behavior could occur, which would seem to be a benefit over as-yet
unclear semantics of unsafe. Of course, the downside is that programmers
would have to write in Clight rather than in (almost) Rust, but the benefit
is that data structures defined this way could be re-used in other languages
that adopted the same FFI-with-Clight strategy.

7.3 EXISTENTIAL TYPES

In Chapter 6, we showed how to build conversions involving universal
types by providing foreign opaque types, but handling existential types
likely requires additional work. With the same “foreign type” mechanism,
we could support defining data structures and operations over them and
passing both across. For example, we could pass an expression of type

(int) x ({(int) — (int)) x ((int) — int), for a counter defined as an integer.

That provides some degree of abstraction, but doesn’t, for example, disallow
passing the (int) back to some other code that expects that type. We could,
however, in the language with existential types, pack that to Ja.a x (o —
a) X (o — int).

More interesting is when both languages have polymorphism. In that
case, if we wanted to convert abstract types, we would need to generalize
our convertibility rules to handle open types, i.e., A = 7 ~ 7. If the
interpretation of type variables were the same in both languages (i.e., in
our model this would mean that both were drawn from the same relation),
this would be sufficient. If, however, the interpretation of type variables
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were different in the two languages (e.g., we do this in the case study in
Chapter 5, where you can see the use of UnrTyp in V[Vo.7],), we would
need, in our source type systems, some form of bounded polymorphism in
order to restrict the judgment to variables that were equivalent. Otherwise,
it would be impossible to prove convertibility rules sound, since a proof of
convertibility would allow too many values in the interpretation of type
variables.



Part 111

MOVING BEHAVIOR ACROSS LANGUAGE
BOUNDARIES



A RECIPE FOR SOUNDLY INCORPORATING
FOREIGN BEHAVIOR

In this chapter, we present a recipe for proving soundness of
languages that import inexpressible behavior via an FFI, and
in particular, prove that interaction sound by giving novel and
precise types to that imported code. This chapter demonstrates
the framework by extending the simple language used in the
tutorial in Chapter 2. By seeing the full framework in the small,
the reader should be prepared for the more substantive case
studies in Chapters 9 and 10.

Throughout Part 11, we considered how to exchange values across language
boundaries. What this required was that there be a type in the core language
that could accurately describe the foreign code. But what if there isn’t such
a type? Consider a pure language that wishes to use state to implement
a particular algorithm more efficiently. We take, as assumption, that the
pure language should remain pure, since if it were stateful, it would have
types to capture the stateful behavior and the approach of Part II would
apply. What can we do? The simplest approach is to implement the entire
stateful algorithm in the stateful language, and only return the result back
to the pure language. In an appropriate model, we should be able to argue
that such computation is extensionally pure and, thus, does not threaten
the soundness of our pure language. This is similar to the proof mechanism
used by Timany et al. (2017); Jacobs et al. (2022) to show the purity of
Haskell’s ST monad. Further, since the code is extensionally pure, it can be
given a type from our pure language, and thus our value interoperability
strategy would work.

However, there is a downside to this approach: all of the code that uses
the stateful behavior must be written in the stateful language, and only once
it has been essentially encapsulated can the result be brought across, as an
opaque entity, to the pure language. In this part of the dissertation, we
present a novel design for interoperability that maintains soundness while
eliminating this weakness. The core idea is to enrich, in a controlled way, the
types of our core language such that we can import the foreign constructs
that we wish to use. We call these novel types “linking types”. The foreign
behavior, with its linking types, will then be encapsulated from the rest
of the program so that the original invariants of the core language are not
disrupted by these novel types. But, unlike in the alternative proposed
solution, this approach allows the core-language programmer to still use
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most of their abstractions, albeit with some novel behavior to account for,
when writing their code.

In the concrete example of a pure language programmer wanting to use
state to implement a particular algorithm more efficiently, they may import
state primitives for reading and writing from the heap, but the core of
the algorithm would all be written in their core language. Encapsulation
would be responsible for taking the resulting stateful computation (which is
given linking types that capture that it is stateful) and ensuring that it was
extensionally pure; i.e., that it could have been implemented purely, if less
efficiently or in a more verbose way.

One important restriction to our approach is that we require that the
target have some way of performing that encapsulation, which for some
effects may be difficult or maybe even impossible. For state, we accomplish
this by means of a region-like mechanism: the stateful code is encapsulated
by ensuring that any heap it used is discarded. Encapsulating exceptions is
easier: all escaping exceptions must be caught. But, other effects may be
harder to encapsulate: e.g., non-termination could be accounted for, but
only by turning all computations into computations that might time out and
thus return no value. It also should be stated that doing almost any of this
encapsulation requires that the target have features that the source does
not have, as the type of reflective computation necessary for encapsulation
is often what is ruled out by safe type systems. Thus, while our choice of
untyped and lower-level targets is not a requirement, we do require aspects
of expressivity that are more common in those types of languages.

The remainder of this chapter demonstrates the idea in recipe form, using
a small example, along the same lines as Chapter 3. Then, in Chapters 9
and 10 we will explore in detail two more complex instantiations of the
linking types approach, showing how to encapsulate foreign behavior while
maintaining soundness.

THE FRAMEWORK

The inputs to the framework are a core language, SimpleFunLang (reused

from Chapter 2); a target language Lambda; and a compiler, et = e.

Implicitly, there is a (or many) foreign language(s), but the framework
only interacts with them after compilation, and thus the only thing we will
need to know is the behavior, in terms of Lambda code, that we wish to
link with cannot be captured by a type in SimpleFunLang. This can, in
general, be both code that captures behavior more positively expressive (can
distinguish programs that are equivalent in SimpleFunLang, e.g., stateful
code from the perspective of a pure language) or negatively expressive (has
equivalences that can be violated by SimpleFunLang, e.g., types that capture
finer distinctions than possible in your core language). For this section, we
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will use a negative expressivity example: a type [ that includes only the
target value true. The example in this section serves both as a roadmap of
what is to come and a reference to refer back to. Also, the two subsequent
case studies are both examples of positive expressivity, so this demonstrates
the other possibility.

The first three steps of the recipe, extending the type system, defining type
function relating core types to extended types, and building encapsulation
wrappers (§8.0.1, §8.0.2, and §8.0.3) must be performed by the designer of
the interoperability system, whereas the last six, which develop realizability
models that prove soundness and encapsulation (§8.0.4, §8.0.5, and §8.0.6,
§8.0.7, §8.0.8, and §8.0.9) should be performed by the verifier of the system.
As we did for Part II, we make this distinction to highlight that we believe
there is value in attempting an approximation of soundness; and in this
case, we think the linking types design is an interesting contribution to the
interoperability design space, even outside of the question of how such an
interoperability system is proven sound.

SimpleFunlLang
Type 7 n= B|7T—>7T
Expression e = Dby | by | bop | x| fun(x:7){e}|e(e)
Value v = Dby | by | fun(x:7){e}
Lambda
Expression e = true | false |if eeelx| Az :T.e]| e e] fail
Value v = true | false | A\x : T.e
Evaluation context £ == []|if Eee|Ee|(Axz.e)E

We reproduce both the static semantics and compiler from Chapter 2 for
easy reference.

I'He:B x:7el
I'by:B I'by:B I'bep(e) : B T'bx:7
Ix:7hke:7 'Fe:7— 1 e :r
Tk fun(x:7){e}:7— 17 F'ke(e): 7
e~ el
b1 ~»  true
bo ~  false
bop ~ Axaaf ¢ true fail
fun(x: 7){e} ~ Az.e™
e(e’) ~ et e/t
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8.0.1 Extend the type system (k)

Our goal is to accommodate additional behavior: in this case, we want to
have a type 3 that includes only true, as distinct from B, which includes true
and false. This may seem a silly example, but such subsets are relevant and
non-trivial in reality—consider tracking the sign of integers, or functions
that are linear—in both cases, the type (a positive/negative integer, or
a linear 7 — 7') is a smaller set of target values than the type that our
signless/unrestricted language had (integer and unrestricted 7 — 77).

Our first task, then, is to give ourselves a way to reason statically about
code that includes this novel type 5. The first step for that is to give ourselves
syntax for separating code that involves this novel type, which we will usually
refer to as “linking code”, from the rest of our SimpleFunLang program. We
call it “linking code”, as it is the code that uses the imported functionality,
and will be eventually encapsulated. Programmers who write this code
will need to have some understanding of the semantics of the imported
functionality they are using, whereas programmers not writing linking
code need not concern themselves with anything beyond SimpleFunLang
semantics. In the examples in this dissertion, we will use a “wrap” expression
(or boundary) to delineate this boundary, written {e}, where e is the
aforementioned linking code, and 7 is the type that the wrapped expression
should be treated as in the rest of the SimpleFunLang program, and -+
identifies the particular linking types extension (as multiple extensions can
coexist). We do not provide wrapping in the other direction, but will allow
bindings defined outside the wrapper to be used inside.

The code inside this expression will be typed according to our extended
type system . In general, the idea behind linking types extensions is
that they give the minimal static reasoning that allows the programmer
to use the feature. In particular, we will not give introduction rules for /3,
since values of this type will arise from linked code, not in code written in
SimpleFunLang. Whether we give elimination rules depends on the use: in
this case, we could avoid it, judging that all 3 values should be consumed
by linked functions (i.e., with signature f— 7), but doing so makes the
example slightly too small. Instead, we will allow B,, on /3 values, and have
it return a B value. This means the changes to the type system are to add
one new base type in the grammar and add one new rule. We inherit the
rest of the rules and syntax from SimpleFunLang.

Typer == [|B|7—=7T

I'kFie:p
I'Fybep(e):B
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While we call this an “extension”, and in some cases it may be, in our
presentation it is a proper new type system, formally related to the old one
by the next step in the recipe. In more realistic implementations, we would
want the extended type system to be able to significantly re-use the existing
type infrastructure, perhaps via some plugin mechanism. We’ll discuss this
more in Chapter 12.

TECHNICAL NOTE In the examples in Chapters 9 and 10, we have our
changed type system distinguish between code that has the novel effect
and does not. While this is in some sense clearer, and makes the proof
obligations a bit more obvious, in the positive expressivity cases we need
only have our types be able to express the more expressive behavior: i.e.,
it would suffice to have a single type for possibly stateful arrows, so long
as our model was sufficiently powerful to distinguish between pure and
stateful computations. In that case, the original language would have a
pure function type and the extended type system would have a possibly
stateful function type, but since we only typecheck one type of code at a
time, we avoid the complexity of a modality. In the negative expressivity
cases, we cannot simplify by avoiding modalities, since we need to be able
to re-use core code (and thus our extended types must be able to capture
these types) and the smaller types that form the extension. For example,
if we had an extension for affine functions, we would need to be able to
express both affine and unrestricted functions in the extended type system.

8.0.2 Define lift (17) and lower (17)

We relate our original types, 7, with our new types, which we write 7, via
two type functions: lift (written 1) converts a blue 7 to a pink 7 and lower
(written |) converts a pink 7 to a blue 7.

Intuitively, lift exists so that any value that has type 7 should have type 17:
this allows us to write code in SimpleFunLang and then within linking code
reuse, at type 17, bindings that were defined outside the wrapping boundary.
In the case presented in this section, all of the types from SimpleFunLang
are available in our extended language, so lift behaves as an identity. In the
case studies examined in Chapters 9 and 10, this isn’t the case.

Lower, on the other hand, should faithfully summarize a linking type
7 with a core type 7. Clearly, since 7 includes more behavior than 7, we
cannot get the same implication as for lift, but the intention (later proved)
is that the type is what results when the 7 computation is encapsulated.
Indeed, the type |7 is the only interface through which SimpleFunLang can
access the results of the linking code computation.
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1B = B
=1 = tn=Tn
16 = B
|B = B
lm—m = In—ln

8.0.3 Develop encapsulation wrappers ((17))

The typing rule for our wrappers is the following;:

MThke:7
IE{e}! : 7

i.e., if the term inside has type 7, then the wrapped term has type |7. For
some types this may be a consequence of the static types, but for others,
when we compile we may need to insert operational code (written (/7)) that
enforces this encapsulation. That is, we need to ensure that even if the type
7 allows extra behavior, once wrapped, the term has no more behavior than
l7. For linking types that capture positive expressivity this may require
some runtime code to ensure the extra behavior does not escape, whereas
linking types that capture negative expressivity likely will not need any such
code. For example, in our the case study we will see in Chapter 10, our
linking code can raise exceptions but our core language cannot, so when we
compile these boundaries we would insert code that catches any escaping
exceptions.

In the example we are using in this section, since 3 is a subset of B, and
all other types already exist in SimpleFunLang, so our target-level wrapping
code is a no-op:

(Ir)e] =e
8.0.4 Design a core realizability model (F 1)

The first three steps are all that the linking types designer needs to do:
they now have an extended language in which programmers can write linking
code, and lift (1) and lower (|) relate code in SimpleFunLang to the linking
code. However, to prove that the resulting language, including the linking
code, is sound, the verifier still has work to do.

First, if they have not already, they should characterize precisely which
Lambda programs behave like which SimpleFunLang types. We build real-
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izability models, rather than another mechanism for proving soundness, as
we will later rely upon their ability to reason about target code that did
not originate in our source.

First, we build a value relation: V[7] includes the set of values that
behave as 7.

V[B] = {true, false}
Vi = 1] = {Az.e|YveV[n]. [z v]e €[]}

Then, we build a model for computations, £[7]. This should exactly
mirror the statement of type soundness for SimpleFunLang, so it is crucial
that it be agnostic to foreign behaviors. It may be that certain general
behavior, like raising errors, should be included in this model, even when
the errors are not relevant yet, since we will need to use this model to prove
our encapsulation correct, and encapsulation may rely upon runtime errors.

Elr] = {e]|3e.eSe A (e =fail v e e€V[r])}

8.0.5 Design an extended realizability model (Fg 7)

In the previous step, we built a model for our core language, indexing
our relation by blue 7. Now, we build one for our extended language,
indexing our relation by the pink 7. If the linking code allows for more
positive expressivity, then these relations should include more values and
computations than in the model for the core language. If, like in the example
in this section, the linking code allows for more negative expressivity, the
model will include relations with finer granularity than existed in the model
for the core language.

V2] = {true}

VT[B] = {true, false}

Vil —» 7] = {Mr.e|VoeVT[r]. [z~ v]lee€ T[]}
ET] = {e|3e.eSe A (¢ =fail vV e cVH[])}

8.0.6  Prowve lift (17) sound

In §8.0.2 we insisted that lift maps SimpleFunLang types to identical linking
types. We must verify this by showing an isomorphism between V[7] and
VT [17], exploiting the fact that both are inhabited by Lambda values. We
need both directions of this proof at different places. We need to prove that
essentially V[7] € V*[17] (modulo difference in world structure) to be able
to use bindings defined outside linking code within it (at lifted type). We
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use the other direction V' [17] C V[7] as part of our encapsulation proof,
shown in the next step §8.0.7.

Note that these proofs do not rely upon our relations having the same
logical structure. Indeed, we’ll see in the case study in Chapter 9 that our
core language, which is pure, has no logical heap, but our extended language
has state and thus a logical heap. While this means that the pure model is
inhabited by pairs of step indices and terms and the stateful model has a
heap typing in addition to the step index and term, the meaning of the lifted
types should ensure that that additional structure should not be relevant
for the types in question.

8.0.7 Prove encapsulation (|7) enforces lower (|7)

In §8.0.3 we insisted that (|7) encapsulate its result such that it behaves
like a |7 in SimpleFunLang. We verify this by showing, for every e € £7[7],
that ([7)[e] € £[r]. To do so, it suffices to show that (|7)[e] € ET[1/7]
and appeal to the second half of the soundness of lifting from §8.0.6.

8.0.8 Prove “compatibility” lemmas

As is typical, we define semantic closing substitutions G[I'] and G*[I'],
where for every binding x : 7 or x : 7, we map x to a value v € V[7] or
V7] respectively:

Gl = {}

Glx:7,T] = {(z—v,y)|veV[r] A yeG[I]}

G [ = {}

Gx:7,T] = {(z—=v,y)|veVr] A yeG [T}

Using that substitution, we then prove that the compilation of any well-
typed term I' - e : 7, when closed by a substitution in G[I'], is in E[7].
Similarly, we show that the compilation of I'" e : 7, when closed by a
substitution in G[I'], is in £7[7]. For the boundary case, which must
relate the core and extended models, appeal to the lemmas from §8.0.6 and
§8.0.7.

8.0.9 Prove libraries semantically well-typed

For every compiled library ef that we wish to link with, we must prove that
the Lambda code ¢ belongs to £ [7].
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Although we present the framework linearly, a full treatment will likely
require many iterations of these steps. In particular, difficult (or impossible)
proof cases may require changes to the implementation of the encapsulation
wrappers. In such cases, we recommend looking to the models for guidance;
since they are all inhabited by Lambda programs with the same operational
semantics, they often suggest opportunities for (and threats to) enforcing
encapsulation. Indeed, the division between implementation and verification
is a soft one: most likely, the two will be developed together interactively.
At the same time, we stress that the implementation steps can stand on
their own as a valuable recipe for building better approximations of sound
FFIs.



CASE STUDY: MUTABLE STATE

This section (Chapters 9 and 10) includes joint unpublished
work with Andrew Wagner and Amal Ahmed.

In this case study, we exhibit the linking types design methodology by
incorporating a library for mutable references into a language that otherwise
has no access to the heap. In the linking code we will be able to allocate,
read, and write to mutable references, but encapsulation means that the
linking code must extensionally behave as if it were pure. This is not, of
course, pointless, as mutable state is often used to improve the performance
of algorithms that could, in principle, be implemented by threading a pure
data structure, and thus are extensionally pure.

9.1 A FUNCTIONAL LANGUAGE

For this case study and the next, our core language, FunLang is a standard
pure, eager, non-terminating functional language with imports.

It has both iso-recursive types (with fold/unfold) and recursive func-
tions, as well as sums, products, and simple base types (unit, int, bool).
We present the syntax (typeset in blue typewriter font) and static se-
mantics in Figure 9.1. Despite the definition-like syntax, functions are still
anonymous expressions; the function’s name is only bound in its body, for
recursive calls. Most of the rest of the syntax and static semantics is quite
standard, with the exceptions of the imports and our wrapping term {e} ,
which bear some explanation. In plenty of work, imports are ignored, and
linking is defined by way of function application. While we could try to do
this, having imports be explicit entities is useful for our work, as it allows
us to be clear about where the imports can be used. For this reason, we put
imports in a separate, explicit environment I, distinct but threaded along
with our normal environment I'. Importantly, since imports exist to support
linking code, the imports are only in scope within the wrapped linking code.
We will show the typing rule for the wrapping term later, since the body will
be checked with a linking types extension type system (which will also be
introduced later), but it will typecheck under an environment that includes
I, unlike any of the terms outside the linking code.

In the remainder of this part of the dissertation, we will use the following
as a running example:
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fun fib(n: int){
ifn<1{0}{ifn=1{1}{fib(n+ —1)+fibn+-2)}}

}

We choose this example not because it is a particularly fascinating pro-
gram, but because it is small enough to serve as a good example yet large
enough to permit a non-trivially useful incorporation of linked code.

Like many real languages, we do not provide a formal operational se-
mantics for FunLang, though clearly we could. Although one certainly has
an operational semantics in mind, the observable semantics in our case is
defined by an implementation. Here, that implementation is via compilation
to a stack-based target language, StackLang, similar to the target used in
Chapter 4.

9.2 A STACK LANGUAGE

Our target language is an untyped, stack-based language called StackLang,
which is derived from Kleffner (2017), which in turn derives some fea-
tures from Levy (2001). It is significantly more expressive than our source
language, as target languages often are. On the other hand, it is not espe-
cially low-level, as it permits aggregate values and suspended computations
(thunks) on the stack. We present the syntax in Figure 9.2, typeset in
black typewriter font. The small-step operational semantics, shown in Fig-
ure 9.3, is defined as a relation on program configurations (H ¢S § P), which
are triples of a heap, stack, and program.

Values are placed on the stack with push. The binary operators add, less?,
and equal? operate on the two integers at the top of the stack. if0 conditions
on the integer at the top of the stack and continues with its first branch if
it is zero, and with its second branch otherwise. Despite its syntax, lam x.P
is not a value, but a computation (as in Call-By-Push-Value (Levy, 2001))
that substitutes the top value on the stack for x inside P. On the other
hand, the value thunk P is a suspended computation, so thunk lam x.P is
the equivalent of a traditional lambda value. call takes the thunk P at the
top of the stack and forces its computation, placing P at the head of the
program. fix performs a fixpointing operation: it takes the thunk at the top
of the stack and re-suspends it for recursive calls, and then forces one copy
of its computation. idx and len operate on the array value at the top of the
stack. alloc, read, write, and free perform standard heap operations, where
any StackLang value can be stored in the heap. shift k P and reset provide
delimited control (Felleisen, 1988; Danvy and Filinski, 1990): shift captures
the continuation up to the next reset and substitutes it for k in P. getlocs
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o |unit |bool |int |7 X7 |74+ T | T*T

| par | (1,...,7) =T

()| true | false | if e {e} {e} |n|e = e
|le < e|e + e|x]|(e,e)|fste|snde
| inl e | inr e | match e x{e} y{e} | fold e

| unfold e | fun f(xqy : 74,...,%, : Tn){e}
|e(e7--'7e) | {6}7—
fior|f:7,1

e | import(I) e

gekFerT I;-Fe:T

Fe:r F import(I) e: 7

, |
L;TF () :unit I;T' F true/false : bool I;Tkn:int

I;T'Fe:bool LiTkey:T LThkey:7

LT Hif e {e1} {ex}: 7

I;T ey :int I;T ey int I;T ey :int I;T'Fey:int
I;T'Fe; = ey:bool I;TFe; < ey:bool
I;T ey :int I;T ey int x:17€l
I;T'Fe; + ey:int ILl'kFx:7T
ITke :m LTkey:m LTkFe:n xXm
LT F (eq,e0) : 71 X Ty I;T+ fst/snde: 7 /7

ILThe:7/m F 1o/

I;TFinl/inre: 7 + 7

LiI'Fe:m+mn Tx:mbey:m Ty:mbey:

I;T' Fmatch e x{e1} y{ea}: 7

LT Fe: 7[ua.t/al ILI'Fe:par
I;T+ fold e: pa.t I;T F unfold e : T[pa.7/a]
Cof:(ry,...,m) > 7 x5 Fe:7
LTk fun f(xg:74,..., %0 Ta){e} : (74,0 Ta) = 7

Lilke:(r,....,7m) =7 I;Tke;:m

LT e(er,...,en): 7

Figure 9.1: Syntax & static semantics for FunLang.
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Stack S := wv,...,v|Failc
Error Code ¢ := TYPE | IDX | MEM | CTRL
Program P i P
Value v := n|thunk P|¢|[v,...]
Instruction i := push v | add | less? | equal? | if0 P P | lam x.P | call

| fix | idx | len | alloc | read | write | free | shift k P
| reset | getlocs | noop | fail ¢

Figure 9.2: Syntax for StackLang

provides reflective access to the heap: it takes the thunk lam and the value v
at the top of the stack and maps the computation over all locations used in
v.! Unsurprisingly, noop does nothing. Finally, fail ¢ terminates execution
of the entire program with the given error code. Every instruction with a
type invariant on the stack uses fail TYPE when that invariant is not met,
producing a dynamic type error; other errors are for unrecoverable problems
which may be acceptable results according to a soundness theorem.

9.3 A COMPILER FOR FunLang

In Figure 9.4, we present a compiler from FunLang to StacklLang, which
induces the operational semantics of FunLang. Many cases are straightfor-
ward, but because the target has important consequences for how we link,
we will consider them in some detail. We see that a base value is compiled
to push v, where v is a target-level encoding of the value. Note that we use 0
both for unit and true (to match if0). In a typical functional language, like
FunLang, the values constitute a subset of the expressions, and evaluation
stops at values. However, in StacklLang, evaluation only stops once the
empty program has been reached, and we consider the value on the top of
the stack to be the result. So, whereas v is the simplest FunLang program,
push v is, by analogy, the simplest StackLang program, even though it takes
a step.

if is mildly more complicated. We first compile the discriminant e
(denoted e™), which, according to e’s type, should be a program fragment
that terminates with a (semantic) boolean at the top of the stack. Thus,
the type invariant for if0 should be satisfied, and it can proceed with (the
compilation of) the appropriate branch. The compilation of the binary
operators follows this pattern.

inl and inr are slightly different because the result value needs to be
tagged. We use arrays to store the tag, 0 or 1, along with the payload.
To move the payload value off of the stack and into an array, we use lam,

This is a minimal version of the heap reflection that shows up in target languages and is
used to, e.g., implement a GC.
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;
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)
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(HsS, ¢ read; P
(HsS¢read; P

(Hu {¢ — _}35S,¢,vswrite; P
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(HsS s write; P

(Hy {f— _} ¢S, 0 free; P
(HsgS, ¢ free; P
(HsS¢free; P

(H 3 S ¢ shift k Pq; Po;

.; reset; P3)

(H5S 5 shift k Py; P,)

(H S5 reset; P)
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9.3 A COMPILER FOR FunLang
(HeS,veP) (S # Fail ¢)
(H ¢ Fail c g fail TYPE)
<H;S, n1+n2);P>
(H S fail TYPE) (S#S,na,ny)
(H3S,05P) (n1 < ny)
(H$S,15P) (n1>ny)
(HsSsfail TYPE) (S#S,na,ny)
(H3S,05P)
(H3S,15P) V17 V2
(H$S g fail TYPE) (S # 5 va,v1)
(H3S3Py;P)
(H5S3P2;P) (n #0)
(HsSsfail TYPE) (S#95,n)
(H3S 5 [x— v]P1; P2)
(H ¢S ¢ fail TYPE) (S#£S5,v)
(H§S5P1;P2)
(HsSsfail TYPE) (S # S, thunk Py)
(H s S, thunk (push (thunk Pq), fix)s
P1;P2)
(H S fail TYPE) (S # S, thunk Pq)
(H3S,vn, §P) (n1 € [0,n3])
(H ¢S s fail IDx) (n1 ¢ [0,n3])
(HsSsfail TYPE) (S#S’,[vo,...,vnz] 1)
(H5S,(n+1)5P)
(H S fail TYPE) (S#S,[vo,---,vn])
(Hu{€—v}3$S,L5P)
(Hs- ¢ fail TYPE)
(Hy{l—v}3S,viP)
(H ¢S s fail MEM) ¢ ¢ dom(H)
(H S fail TYPE) (S#95,0)
(Ho{{ —v}sSeP)
(HgSs fail MEM) ¢ ¢ dom(H)
(HsSsfail TYPE) (S#S5,4,v)
(H}5S3P)
(H S s fail MEM) ¢ ¢ dom(H)
(H S fail TYPE) (S#95,0)
(HgS;[kchunk P2;...]P1;P3> reset € Py; ...
(H¢Ssfail CTRL) reset € P,
(H5S55P)
<H;S,€1, En;
lam I.Py;...;lam [.P; Po) ly,..., 4, =flocs(v)
(HgSsfail TYPE) S # S/, thunk lam [Py, ¢
(HeSsP
(H Fail c3-)

Figure 9.3: Operational semantics for StackLang
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which, as described earlier, is an instruction (not a value) that performs
substitution with the value at the top of the stack. Pairs and projections
are compiled similarly.

Compiling match is conceptually like compiling if, but its definition is
more involved because one must destruct tagged values. e™ should produce
a tagged value at the top of the stack, so we copy it with the macro DUP
(defined at the bottom of the figure), project out the payload (at index 1),
SWAP the top two elements of the stack, and finally project out the tag.
Now, we are ready to condition on the tag and, in the branches, substitute
the payload.

In theory, one could entirely erase any remnant of the recursive operators
fold and unfold. Indeed, we do just that for fold. However, for reasons
that will become clear when we consider the model for soundness, we
introduce a noop in the compilation of unfold. At a high level, unfold
produces an expression at a larger type, which threatens the well-foundedness
of our semantic model, as it is defined inductively over types. To reconcile
this, we employ a standard trick and stratify the model, which requires that
unfold™ take an extra step.

All that remains are funs and application. For functions, fix does most
of the heavy lifting. A compiled fun is a thunk that first pushes a thunk
corresponding to the computation of the body (taking itself as the first
argument, f), and then invokes fix. The result of fix will be to perform the
fixpoint, passing itself as that first argument. The arguments are in reverse
order so that effects (which, for now, include only divergence) are observed
left-to-right. Application is conceptually straightforward; the only subtelty
is that the compiled function (e™) needs to be at the top of the stack in
order to be called, but it needs to run first for a left-to-right evaluation
order. Since StackLang does not have a built-in for indexing into the stack,
we shuffle the function to the front as we evaluate the arguments.

9.4 LINKING WITH STATE

With a source, target, and compiler in hand, we are now ready to tackle the
central problem of this part of the dissertation: how to safely encapsulate
inexpressible behavior.

The £ib program from §9.1 is a classic example of unnecessary exponential
computation. A standard trick taught in most undergraduate programming
courses is to use memoization, which traditionally requires mutable state.
As a quick reminder, the strategy is to store intermediate results in a table
so that later computations can reuse them without recomputing them. In
our example, the table maps inputs n to their outputs fastfib(n), so that
each fastfib(n) is only computed once. What we want is to link with
a mutable reference library providing alloc, read, and write functions,
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e~ et
0 ~» push 0
true/false ~> push 0/1
if e {e1} {es} ~ o eT;if0 (eqh) (ex™)
n ~> push n
e;</=/+es ~ e T;e, ;less? /equal?/add
X ~>  push x
inl e ~ e™ lam x.(push [0, x])
inr e ~+ et;lam x.(push [1,x])
match e x{e;} y{es} ~+ eT:DUP;push 1;idx; SWAP:
push 0;idx;if0 (lam x.e; ™) (lam y.e;™)
fold e ~ et
unfold e ~ e+; noop
(e1,e2) ~ ey Ties T lam xp.lam xg.(push [xg,x0])
fst/snd e ~ eT;push 0/1;idx
fun £(x3:74,...,%, : T2){e} ~» push (thunk push (thunk lam f.lam x,.... lam x;.e™), fix)
e(eq,...,en) ~  eTie;T;SWAP; e, T SWAP .. s e, SWAP; call

SWAP £ lam x.lam y.(push x; push y)
DROP £ lam x.()
DUP £ lam x.(push x; push x)

Figure 9.4: Compiler from FunLang to StackLang

but because FunLang was deliberately designed without their behavior in
mind, any FunLang types we assign to them would necessarily be imprecise!
Thus, our type system—and, crucially, our soundness proof—has no way to
accurately account for them.

A PRINCIPLED APPROACH One might be tempted to simply approzi-
mate foreign behavior with existing types; e.g., ref 7 ~ int, alloc: (7) — int,
read: (int) — 7, write : (int,7) — unit. Indeed, this is what FFIs typ-
ically do. The problem with this approach is that it changes the type
based reasoning of the language: for example, a FunLang programmer may
(rightly) think that duplicate calls with the same input to a function of type
(int) — 7 could be eliminated, since FunLang functions always return the
same output, but clearly if that function is read (or any code that invokes
it, or other stateful code internally), this is not necessarily true.

Instead, our framework starts by giving these foreign functions precise
types, with which we can then work backwards through the implementation
and the soundness proof. Of course, our approach is systematic, and applies
to a wide variety of features, not just state.

The first step, and core idea, is to define an extended type system with new
linking types that can describe foreign behavior. In Figure 9.5, we present
the extension for state, where new features are typeset in pink bold font
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As noted in §8.0.1,
it would be
sufficient to only
have — exist in
our model, but the
syntazx 1s
convenient for our

proofs.

If we did not have
—, we would lift to
2 which, while
possible, would
change the
soundness lemma
we would need to
prove: rather than
an isomorphism,
we would have an
implication

I~ = [*])
following the
syntaz with the
reverse only stated
in terms of the
model, which still
needs a notion of
—.

CASE STUDY: MUTABLE STATE

Core Type 7 ;= «a|unit |bool |int |7 X T | T+ T
| poer | (7.0 7) = 7

Extended Type 7 := wunit|bool |int |7 X7 |7+ 7| pa.7

| (7,y0..,7) S 7| ref T
x:7el F,f:(Tl,...,Tn)57’7Xi:TiFSe:T'
FFgx:7 I'Fg fun £(x; Tl,.A.jxn:Tn){e}:(7'1.,..“7}1)%7'/
Fl—se (Tl,‘.../Tn)L)T/ FFsﬁ
[Fg e(eq, ey) 7

Figure 9.5: Linking types for state

and we use the identifier S on typing judgments and elsewhere. We add a
reference type, ref 7, without any introduction or elimination forms, since
only foreign code can manipulate references. We also replace our function
type with a pair of modal arrows, where — types pure functions and % types
stateful functions. We use - when the particular mode is unimportant.

With this linking types extension, we can specify a more precise FFI for
a mutable reference library, which we can then import. Since FunLang does
not have polymorphism, we have to pick a concrete type 7 when we import
them:

import( alloc: () > ref T,
read: (ref 7) %7,

write : (ref 7,7) % unit )

Notice that the linking types extension is purely static; it does not
introduce any new term-level syntax. So, intuitively, core programs should
be usable inside of extended programs, and pure extended programs should
be usable inside of core programs. To make this intuition precise, we use
our type-level metafunctions, lift and lower. Lift, denoted 17, maps a core
type to an extended type, while lower, denoted, |7 maps an extended type
to a core type. The definitions of lift and lower for the state extension are
given in Figure 9.7. Note that core arrows — are lifted to pure arrows — in
the extension, which is why we did not include an introduction form for —
in Figure 9.5: it suffices to build a core function and lift it! Since references
cannot be used directly inside core code, lowering simply erases them. The
only truly surprising case is that impure arrows are lowered to core arrows;
this surely seems unsound, which we will address shortly.

To facilitate the interaction between core and extended programs, we rely
on our boundary term, {e}fT, that encapsulates foreign behavior from the
rest of the core program (Figure 9.6). Here, e is a stateful program whose
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"Wk e: 7
I, - {e}irT DT

Figure 9.6: The boundary term over an arbitrary extension, +
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T 2 7 17 2 7

Tunit £ unit Junit £ unit

Tbool £ pool Jbool £ bool

Tint £ int lint £ int

11 X T2 S 1t x 7 171 %72 £ |n x|n

T+ Ty 2 1t A+ IT1+72 £ In+in

TpoT L2 ot lpoet 2 polr

M1eye s Ta)—=T 2 (e, )T Wra,ooom) 570 & (b, dm) 2l
Jref 7 £ unit

Figure 9.7: Lift and lower functions for state extension

result is a 7 when typechecked with the extension S, which means it can be
used at type |7 in the rest of the program. The boundary acts as a syntactic

cue for the typechecker to switch to an extension before entering the body.

To do so, the typechecker extracts imports relevant to the extension and
lifts every binding from the typing context. This mechanism allows us to,
for example, define top-level core functions and use them as pure functions
under S boundaries. A well-formedness judgment would disallow different
extensions from being mixed in a single import binding.

Next, for every extended type 7, we define a target-level encapsulation

wrapper, ([ 7), which dynamically enforces that its argument behave like a | 7.

While we prove this formally in §9.5, here we give an intuitive explanation of
the wrappers for the state extension, which are defined in Figure 9.8. Recall
that only two types had non-obvious lower definitions: ref 7 and -%. The
former we decided to erase, and the latter we suspiciously mapped to the pure
arrow. The wrappers associated with these types reinforce these decisions

(Jref 7) £ free;push 0
(I(r1,..., Ta) > 7Y % push (thunk lam l.push [;free); getlocs
(47 = for any other 7
ALLOC £ thunk push (thunk lam falloc.lam f.push f;alloc); fix
READ £ thunk push (thunk lam fread.lam r.push r; read); fix
L

Figure 9.8: State boundary enforcement & target library code

thunk push (thunk lam fwrite.lam f.lam r.push r; push f;write; push 0); fix



116

CASE STUDY: MUTABLE STATE

because they give a strategy for encapsulating stateful behavior from the
rest of the program. If a boundary returns a ref 7, we free its location
in memory and return a semantic unit. If a boundary returns an impure
function, we use getlocs to free any memory associated with that function.
In both cases, purity is enforced by indirection: if the memory associated
with these terms is used outside of the boundary (which corresponds to a
side-effect), then a memory trap (fail MEM)? halts the program. All other
linking types 7 are semantically pure, so no wrapper is needed for them.

In Figure 9.8, we also provide a StackLang implementation of a mutable
reference library. While we have not yet seen the tools required to prove
that this implementation is safe (we will shortly in §9.5), intuitively, the
functions behave as one would expect (N.B., they account for the calling
convention of FunLang, as described in §9.3).

THE WHOLE PICTURE  With all the pieces of the state extension in place,
we return our attention to the fastfib example, defined in Figure 9.9. To
start, we import our foreign functions, alloc, read, and write, specialized
to int = int payloads so that we can store our memotable. In the body
of fastfib, we immediately enter an S boundary so that we may use the
foreign imports. We alloc an empty table, mtbl, initialized to return a
sentinal value, —1, on any input. Next, we define the helper function mutfib,
which does most of the heavy lifting. For any input x that is not a base
case, mutfib begins by checking if x is in mtbl. If it is, it returns the result.
Otherwise, it computes a fresh output and stores it in mtbl before returning
it. At the top-level, mutfib is invoked on the input to fastfib. Note that
whereas memoized functions can sometimes see speed-ups across top-level
calls, here, different top-level calls to fastfib are encapsulated from one
another; the memotable is dropped after each result. Naturally, one could
write a version of fastfib over batches of inputs.

In this example, we see how we can use mutable state via our libraries and
encapsulate the results. Even though we are confident that this particular
implementation of fastfib does not try to misuse state (e.g., by exfiltrat-
ing the memotable across the boundary), buggy programs are inevitable.
Therefore, it is essential that we wrap (the body of) fastfib in a boundary,
so that runtime wrappers enforce the safe usage of state.

9.5 SOUNDNESS

As described in Chapter 8, we verify semantic type soundness using real-
izability models, which are sets of target terms indexed by source types.
Unlike in the realizability models in Part II, here we first build a core model

2 We consider memory traps an acceptable error in our definition of soundness.
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import( alloc: ((int) — int) % ref ((int) — int),
read : (ref ((int) — int)) > ((int) — int),
write : (ref ((int) — int),((int) = int)) > unit)
fun fastfib(y : int){
{let mtbl = alloc(fun f(n: int){—1}) in
fun mutfib(x : int){
if x =0 {0}{if x = 1{1}{
let m = read(mtbl) in
if m(x) = —1]
let r = mutfib(x + —1) + mutfib(x + —2) in
let = write(mtbl, fun £f(n){if n = x{r}{m(x)}}) in

Hum(x)}

S
Figure 9.9: Example: fibonacci memoized with state

for FunLang, and then build a model for our linking types extension. Our
model for FunLang will be re-used in the next chapter, where we consider
an extension that involves exceptions, since it does not have anything to do
with state.

Since realizability models are inhabited by target terms, we can interpret
linking types (e.g., ref 7) whose behavior is inexpressible in core FunLang.
Also, the fact that the inhabitants of these models share a common opera-
tional semantics will be instrumental in proving that the boundary typing
rule is sound.

9.5.1 FunLang model

Building on the simplified model from Chapter 8 (and prior models presented
in this dissertation) we present the full model for core FunLang in Fig. 9.10.
To distinguish the core and extension models from one another, we annotate
each with an identifier; e.g., A for core FunLang. To account for recursive
types, the model is step-indexed, which means that every inhabitant is
actually a pair of a natural number (the step index) and a term. Oftentimes,
when the step index is unimportant, we refer only to the term.

We begin with the value relation, YA [7]. Base types are agnostic to step
indices, so their interpretation should simply be consistent with the compiler.
Notice that VA [bool] is more liberal than the compiler, which only uses
0 and 1 for bools, but it is consistent with the StacklLang eliminator if0.
V/\[[Tl X 7] contains all two-element arrays whose first element is in A [74]
and whose second element is in Y [72]- A [71 + 7] contains all two-element

117
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VA [unit] = {(k,0)}
VA [bool] = {(k,n)}
VA[int] = {(k,n)}
V[ x 1] = {(k,[vi,v2]) | (k,v1) € VM[] A (k,v2) € VN [1]}
VAIn + 7] = {(k,0,v]) | (k,v) € VM [MI}
U {(k, [1V]) | (k,v) € VA ]}
VA [ua.r] = {(k,v) |V] < k. (j,v) € VA [r[pa.r/a]]}
V/\[[(Tl, cooym) = 7] = {(k,thunk push (thunk lam f.lam x,.... lam x1.P;fix) |
Wik < kA (K v) € VA[n] =
(K, [x1 = V1, ..y Xn > Vi,

f + (thunk push (thunk lam f.lam x,....
lam x1.P); fix)|P) € EA[+']}

EMNl = {(k, P) | VHH,S.S' j < k. (H5S5P) 5 (H'55'5)
— (' =Fail cAce OKERR) V 3. (S'=S,vA (k= jv) e V'[])}
where OKERR £ {MEM}

G = {(k, )}
GMU, 2 7] = {(k,ylx = v]) | (k,v) € VA[FT A (k) € GATT)

Figure 9.10: FunLang logical relation

arrays whose first element is a tag n € {0, 1} and whose second element is in
YA [rat1]- A [pece.7] motivates the use of step indices: naturally, any of its
values should also be in the interpretation of the unfolding, VA [r[pe.T/a]],
but because this is a potentially larger type, a model defined inductively
over types alone would not be well-founded. Thus, we decrement the step
index before unfolding the type. As in Chapter 8, V)\[[(Tl, coyTa) = 7]
contains all thunks that map well-typed inputs to well-typed outputs. Here,
we additionally consider multiple arguments and recursion when selecting
and substituting inputs, which we only draw from smaller step indices.

The expression relation, £ /\[[T]], contains pairs (k, P) of step indices and
StackLang computations. Whereas in Chapter 8, we did not restrict the
running time of P, here, we run it for fewer than k steps. Otherwise, the
definition is exactly the same as in Chapter 8: P behaves like a 7 if, given an
arbitrary heap and stack, it either (i) runs too long; or (ii) halts with an error
that our notion of soundness accepts; or (iii) terminates at a value in A 7]
at the top of its stack. Since & )\[[7']] contains only closed computations, we
also interpret contexts in g/\[[F]], which contain all closing substitutions ~y
that map the bindings x : 7 € I to well-typed values in Y Ir]-



9.5 SOUNDNESS

9.5.2 State extension model

We present preliminary definitions used by both our logical relation for
the state linking types extension and our exception extension relation in
Figure 9.11. The models share much with common models for mutable
state (Ahmed, 2004), and thus include a Kripke world W that is made up
of a step index k and heap typing ¥. Heap typings map locations to type
interpretations, drawn from the set of valid type interpretations Typ, or
the sentinal value t that indicates that the location has been freed. Our
type interpretations consist of tuples (W, ¢, v) of worlds W, sets of relevant
locations ¢, and target values v. We track relevant locations of v (i.e.,
the free locations of v or flocs(v)), rather than just relying on the location
information that is in the heap typing, so that we can know if a value does
not close over any locations and is thus extensionally pure. This pattern
of tracking locations should look familiar from logical relations for linear
state (e.g., (Ahmed et al., 2007)); here the difference will show up in how
we maintain these sets.

We define the normal restrictions on step indices on relations and heap
typings, and use these to define a later (>>) operator. Next, we define how
worlds can evolve with the C operator: future worlds can have lower step
index, and the heap typings must be preserved (updated to lower step index)
or marked as dead. Lastly, we define when a heap H, which is a mapping
from locations £ to values v, satisfies a world W under a relevant location
set : for any locations in the heap typing that are relevant, if they are not
dead, the value must be in the relation specified by the heap typing, but
at a future world (to avoid circularity and reflect that it takes a step to
retrieve a value from the heap).

With these definitions in mind, we can define the value and expression
relations for our state linking types extension in Figure 9.12. We identify
relations in this model with the superscript S. On base values, the relation
is similar to the relation for FunLang, though it has to include both the
relevant location sets (which are of course empty, as base values cannot
close over locations) and arbitrary worlds W rather than simply step indices
k. For pair types 71 X 72, we appeal to the value relation on the two
component types, but now have to deal with the location sets: the relevant
set of locations for a pair is the union of the relevant locations for the two
components. This is, of course, how this model differs from a linear one:
in both, we track the locations that are specific to a term, but in a linear
model, we would have a disjoint union, whereas in this model, it is fine if
the same location is used in both elements of the pair. Sums and recursive
types are analogous to the relation to FunLang. For reference types ref 7,
we use the standard technique by choosing the relation that is stored in the
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pu={l...}
VNe2{l— R|Le (dom(¥)Np)AR=V()}
AtomVal, & {(W,p,v) | W € World,}
HeapTy,, = {¥ | ¥/ € dom(¥). ¥(¢) =1V ¥({) € Typ,}
World, = {(k,¥) | k <n AV € HeapTyy}
Typ, 2 {R € 24t™Valn | (W, p,v) € R.YW . WEC W' = (W' p,v) € R}
World £ U World,

Typ £ Typn
LR]; £{(W,0,v) | (W, ,v) € RAW.k < j}
[¥]; £ {¢— |R]; | £ Re T}
(k, ) C (5,9) £ < kA VL€ dom(P).([W(0)]; = [¥'(O)]; VV'(0) =1)
Wy T Wo 2 Wik > Wok AW C Wo
>(k, ) £ (k—1,[¥]p_1)
H: W2 (V= Re (W¥Nep). (5W,H(()) € R)

Figure 9.11: State & exception extension logical relation: preliminary definitions
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heap typing at the given location, but additionally require that it is the only
relevant location, as clearly a location value has only one relevant location.

We split functions into two cases: ones that can own locations and ones
that are (extensionally) pure. The latter are written —, and mean that
there are no relevant locations. Locations can, of course, come from the
arguments passed to the function in the sets ¢;, as a function that does not
own locations can be passed a value that does, provided its type allows it.
The resulting expression thus owns the locations of the arguments unioned
together in (J; ¢;, and this needs to be in the expression relation: this means
that if the return type is a value that does not own locations, the ones from
the arguments must not be used in that return value. The function type
that can close over locations, —, is very similar: the only difference is that
its relevant location set ¢ is included in the set that the body runs with.

The expression relation is similar to that of FunLang, though refined for
the fact that we now have constraints on what the target heap can look
like. In particular, our initial heap H must satisfy the world W under the
relevant location set ¢, and there must be a final world W’ 3 W that the
final heap satisfies. We require that locations relevant to the term, ¢, and
relevant to the final value ¢, both be accounted for: what this means is
that these locations must have their types preserved or be freed, but cannot
be changed to a different type. Essentially, this means that everything we
started with must be accounted for, and anything that is relevant to the
value must be in the heap at the right type.

As before, we have an environment relation G5[I'] that we use to describe
closing substitutions that satisfy an environment I'. The substitutions now
have a relevant set of locations that are a union of all the locations relevant
to all the values in the substitution.

Finally, we define a shorthand for describing open terms, which includes
choose closing substitutions to match the imports. Since imports could
come from either the extension presented in this chapter or that in the next,
we close with two substitutions. Note that IS means I filtered to those
imports that use types from the state linking types extension.

9.5.3 Proving T sound

We need to prove:
Lemma 9.5.1 (lift S). VW v. (W,0,v) € VS[17] <= (Wk,v) € V)\[[T]]

Proof. We note, first, that by inspection of the logical relation, all cases
of VS[r] for 7 = 17, ¢ = (). That is obviously critically important, as we
wouldn’t otherwise be able to account for such locations when moving to
the relation for FunLang, but it is also part of the design of the type system

and the functions 7. This justifies the use of () in the lemma statements.
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VS[unit] = {(W,0,0)}
V3[bool] = {(W,0,n)}
V3[int] = {(W.0,n)}
V[ x 73] = {(W,¢,[v1,v2]) | ¢ C dom(W.¥) A 1 Uy = @A
(W, 1,v1) € VI[r] A (W, p2,v2) € V3[7a]}
V3[r1 + 72] = {(W,¢,[0,v]) | ¢ C dom(W.W) A (W, p,v) € V[r1]}
UA{(W, ¢, [1,V]) | ¢ C dom(W.W) A (W, 0, v) € VZ[72]}
V3[pa.7] = {(W,0,v) | (W, 9,v) € V3[r[pa.7/a]]}
V3[ref 7] = {W A0 [ W) = VS[r]wa | 1}
VI[(r1,...,ma) — 7] = {(W,0,thunk push (thunk lam f.lam x,.... lam x;.P); fix) |

Wi o3 W aW. p; € dom(W'. W) A (W', 04, vi) € VO[]
= (W',U, i, [x1 = vi,... X0 = Vi,
f = (thunk push (thunk lam f.lam x,.
. lam x1.P); fix)|P) € E5[7']}
VI[(r1,...,m7a) = 7] = {(W,p,thunk push (thunk lam f.lam x,.... lam x;.P);fix) |
© C dom(W.0) AVv; ¢; W O W, C dom(W'. )
/\(W’,npi,vi) € VS[[Ti]]
= (W, oUU, i [x1 = Vi,..., X0 = vy,
f — (thunk push (thunk lam f.lam x,.
. lam x1.P); fix)|P) € E5[7']}

ES[r] ={(W, 0, P) | VH:, W, S, H', S, j < Wk. (H5S5P) = j(H'55'5")
— (S =FailcAce OkKERR) V v,V I W.
(S =S,vAH e W AW, ¢ v) e VI[r])}
where OKERR £ {MEM}
G°[] = {W,0,)) | W € World}

G0, x: 7] = {(W,1Upa,y[x+—V])| ¢ Cdom(W.¥)
NW,1,v) € VE[r] A (W, 02,7) € G°[T]}

[, TEP: 7] =
vE . V(K @) 0,1°) € GS[15]. V((k,0),0,7 ") € GX[T*]. (k,) € GM[I] =
(kAT (7 (v (P))) € EM7]

Figure 9.12: State extension logical relation: main definition
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The proof itself then follows via induction over the step index and structure
of the type, since the subset of the state relation that we are considering
maps directly to the FunLang relation, by design:

Case unit/bool/int. In this case, the values are trivially in the relation,
by definition.

Case 71 X 79/71 + 72. These follow straightforwardly by appealing to the
inductive hypothesis.

Case po.7. In this case, we can appeal to our inductive hypothesis at a
smaller k (as our type may have gotten larger).

Case (71,...,m7) — 7'. This follows by application of the induction hy-
pothesis.

9.5.4  Proving (1) satisfies |

First, we prove two lemmas:
Lemma 9.5.2 (wrap closed S). V7. fvars({|7)) =0
Proof. This follows by simple inspection of the definition. O

Lemma 9.5.3 (encapsulation S). YIW ov . (W, ¢,v) € V3[7]
= (W, ,push v; (7)) € E5[117]

Proof. We proceed by case analysis on 7, handling the majority of the cases
for which (|7) is empty first. In those cases, which by inspection, 1|7 = 7,
the proof reduces to:

YW ovr. (W, p,v) € VS[[T]] = (W, p,push v) € ES[[T]]

This follows easily: we choose an arbitrary stack and a heap that satisfies
W and ¢, we take a single step (if no budget, in relation trivially), and result
in terminated program with stack with v on top. As needed, (W, p,v) €
V3[7], so we are done. Now we handle the other two cases:

Case ref 7. Our obligation is to show:
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YW pv . (W, p,v) € VS [ref 7] = (W, p, push v; free; push 0) € £s Junit]

By inspection of VS[ref 7], we know for some ¢, ¢ = {£}, v = ¢, and
WU () = |[V3[7]Jwi. This means when we choose a heap H to run
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with in €5[unit], we know it will have ¢ bound to some value in
> | V3[7]|w, though as we will see, the actual value does not matter.
We will then take three steps:

(H$S s push /; free; push 0) —
(HsS, 5 free; push 0) —
(H\ £5Ss5push 0) » (H\£55,05-)

Now we choose W' to be W, but with ¢ updated to be marked as dead,
and choose ¢’ = (). This means (H\ ¢) :, W’ (since the dead binding
in the world is ignored), and by deﬁmtlon, (W’,0,0) € V3[unit], so
we are done with this case.

Case (71,.. ., ) — 7/, Our obligation is to show:

YW ovnt. (W,e,v) € VI[(11,...,m) > 7] =
(W, @, push v;lam x.(push x; push x);
push (thunk lam l.push I; free); getlocs) € ES[(71,..., ) — 7']

Once we pick an arbitrary stack S and a heap H :, W, we take the
following steps:

H S ¢ push v;lam x.(push x; push x); push (thunk lam l.push I; free); getlocs) —

(
(HsS,vglam x.(push x; push x); push (thunk lam I.push I; free); getlocs) KA
(H$S,v,vspush (thunk lam l.push I; free); getlocs) —

(Hs$S,v,v, (thunk lam l.push I; free) § getlocs)

Now, we know that getlocs will run the thunk on top of the stack
once for every free location one position down the stack, which means
everything reachable from our function value. Assume those locations

are f1,...,¢;. Then we step as follows:

(Hs$S,v,v, (thunk lam l.push I; free) § getlocs) k4l
<H\{£1,...,£k};S,vg~)

Now that we have terminated, we have to fulfill the obligations
of ES[(71,...,m) — 7']. By inspection of VS[(71,...,m) > 7'], we
know that v has form (thunk push (thunk lam f.lam x,.... lam x;.P);fix).
We choose ¢’ = (), and W’ such that every location in ¢ has been
marked dead. By invariant of the relation, ¢ = {¢1,...,¢;}. Our heap
satisfies the world, by construction, and everything that should be
dead is, so the only thing that remains is to show that
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(W', 0, (thunk push (thunk lam f.lam x,.... lam x1.P);fix)) € VS[[(Tl. L

’

This follows from our hypothesis on v, once we substitute our empty
relevant location set in.

Now we proceed to the main lemma:
Lemma 9.5.4 (boundary S). [I°SW1T Fs P:7] = [I;TFP;(|7): 7]

Unlike soundness for lift, this is non-trivial. To start with, the intuitive
statement that, for (W, ¢, P) € £5[r], show (W.k,P; (7)) € 5)‘[“7]], isn’t
provable (or true): the problem is that P is a term which may involve
locations in ¢, and the relation £ >‘[[¢7']] for FunLang cannot reason about
such state. Indeed, that relation specifically says you choose an arbitrary
heap to run under, which clearly would get stuck if P tried to access a
particular location. But, of course, |7 is a type from FunLang, so how do
we prove this? At a high-level, this relies on both soundness of lift and the
lemma proved above. The detailed proof follows.

Proof. Expanding the goal, we see we need to show:

V. v<<k,@>é@,%s>egS[[ISﬂ.vuk,@),@,wI ) € GXIT*]. (k,7) € GMIT
(kAT (V5 (4(P; (1)) € EMU]

From Lemma 9.5.2, we know (|7) is closed, so we can push the substitu-
tions in to just over P. Further, from the hypothesis, we know that P has
no free variables from I”, so we can eliminated that substitution.

The hypothesis that we are working with says:

VWSO"}// (W, @7,-)/) c gs[[ISH.JTF]] A= ﬂOCS("y(P)) — (k790,"}//(P)) c ES[[T]]

To instantiate the hypothesis, we need an environment ~' that satisfies
GS[1° W1T]. We argue that it is exactly v composed with *yIS: we know
they are disjoint, and we know the former can be lifted into the latter via
Lemma 9.5.1. This means, in particular, that ¢ is (.

Since we have no relevant locations, any heap will satisfy the expression
relation: in particular, the arbitrary H that we have to consider for our
obligation, and we can similarly use the arbitrary stack S. This means that
we our hypothesis tells us that:
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I8 * A
(H5S5(v> (v(P))) = (H'55"5)

Unless we run beyond our step budget, in which case we are trivially
in the relation. Similarly, if we run to Fail ¢, we are also in our relation.
Otherwise, we know that S’ = S, v and, for a future world W’ C W that H’
satisfies with the relevant locations ¢’, (W', ¢',v) € V3[7].

Now, what we want to show is that this value is “contained” by the code
in (|/7) to behave like |7. But, clearly we can’t show that using the 5)‘[[7']]
logical relation, as the value still can have locations it is closing over, etc.
So, we proceed by two steps. First, we appeal to Lemma 9.5.3

This will tell us that we can evaluate the whole program at question
further, to get to a point with a world W" C W', ¢”, H" : n  W" and
(W”, 80”7 V/) c VS [[TiT]]

Now, we appeal to Lemma 9.5.1
This means that the value that we ran down to is in (W".k,V') € pA (R
which is exactly what we need to show.
O

9.5.5  Proving compatibility lemmas

We state the lemmas here, though defer the proofs to Appendix D, as they
are quite mechanical; the only interesting one is the last one (the boundary
rule), and that is exactly Lemma 9.5.4, that we just proved. We first prove
compatibility lemmas for our core language, FunLang, and then for our
linking types extension. In the next chapter, we will have a new extension,
but reuse the core language, and thus reuse the core language compatibility
proofs. Since our logical relations are built out of closed terms, we need to
pick substitutions for our imports. Our imports are terms written using
the linking types extensions, and thus our proofs for FunLang involve first
closing with substitutions for both extensions: both the state extension
covered in this chapter and the exception one (identified by X)) covered in
Chapter 10). The only place where this becomes material is in the boundary
rule: but the typing rule that makes that relevant is only introduced by
the extension (and thus we will show the lemma for the boundary for the
state extension here, and leave the exception extension boundary rule for
Chapter 10).

Lemma 9.5.5 (unit). Show that [I;T" F push 0 : unit].
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Proof. See D.0.4. O
Lemma 9.5.6 (bool). Show for any n, [/;1" F push n : bool].
Proof. See D.0.5. O

Lemma 9.5.7 (if). If [I;I'F P : bool], [I;I'F Py : 7], and [I; '+ Py : 7]
then
[I;T F P;ifo Py Py 7].

Proof. See D.0.6. O
Lemma 9.5.8 (int). For any n, show [I;I' F push n: int].
Proof. See D.0.7. O

Lemma 9.5.9 (op-=). If [[;1'+ Py : int] and [I; T Py : int], show that
[7;T F P1; P2 equal? : bool].

Proof. See D.0.8. Ul

Lemma 9.5.10 (op-j). If [I;T'+ Py : int] and [I;T'F Py : int], show that
[1;T F Py;Po;less? : bool].

Proof. See D.0.9. O

Lemma 9.5.11 (op-+). If [I;I' + Py : int] and [[;T' F Py : int], show
that [I;1T' F P1; Pp;add @ int].

Proof. See D.0.10. Ul
Lemma 9.5.12 (var). For any x : 7 € I, show that [I;T" F push x: 7].
Proof. See D.0.11. O

Lemma 9.5.13 (pair). If [[;T'F Py : 74] and [I;T F Py : 7], show that
[1;T F Py;Pa;lam xp. lam xg.push [x1,x2] : 71 X 72].

Proof. See D.0.12. O
Lemma 9.5.14 (fst). If[I;T' - P : 74 x 73], show that [I; 1" Py; push 0;idx :
7'1]].

Proof. See D.0.13. O
Lemma 9.5.15 (snd). If[I;I'F P : 74 X 73], show that [I; 1"+ Pq; push 1;idx:
7'2]].

Proof. See D.0.14. O

Lemma 9.5.16 (inl). If[I; '+ P : 7], show that [I; 1" - P;lam x.push [0, x] :

T1 +T2]].
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Proof. See D.0.15. O
Lemma 9.5.17 (inr). If[I;I' F P : 2], show that [I;1" F P;lam x.push [1,x] :
T1 + T2

Proof. See D.0.16. O

Lemma 9.5.18 (match). If [I; T FP: 7 + ], [I; 1,2 : 7 F Py : 7], and
[I;T,y: 7o F Py 7], show that
[I; T F P; DUP; push 1;idx; SWAP; push 0;idx;if0 (lam x.P1) (lam y.P3) : 7].

Proof. See D.0.17. O
Lemma 9.5.19 (fold). If [I;T F P: 7{pa.r/al], show that [I;T F P :
poet].

Proof. See D.0.18. O

Lemma 9.5.20 (unfold). If[I; T+ P : pa.7], show that [I; 1"+ P;noop : 7[pa.7/a]].

Proof. See D.0.19. O
Lemma 9.5.21 (fun). If [I;T.f: (11,...,m) = 7/, xs : 73 B P : 7], show

that

[I;T F push (thunk push (thunk lam f.lam x,.... lam x1.P);fix) : (74,...,7) — 7]
Proof. See D.0.20. O

Lemma 9.5.22 (app). If[I; TP : (74,....m) — 7] and fori € {1,...,n}
[I; T F Pi: 7] then
[T;T - P; P1; SWAP ... P,; SWAP; call : 7]

Proof. See D.0.21. O
Lemma 9.5.23 (boundary S). [ISw1l ks P: 7] = [L;T'FP;(|7): 7]
Proof. See D.0.22. 0

For the next set of lemmas, which cover the state extension type system,
we use the following notation:

[[Fs P:r] =YWy, (W,p,7) € G3[1] = (W, flocs(v(P)),¥(P)) € £3[]
Lemma 9.5.24 (unit). Show that [I" g push 0 : unit].
Proof. See D.0.23. O
Lemma 9.5.25 (bool). Show for any n, [I' Fg n: bool].
Proof. See D.0.24. O
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Lemma 9.5.26 (if). If [I' g P : bool], [I' s P1: 7], and [I' Fs P2 : 7]
then
[T s P;if0 Py Py 7].

Proof. See D.0.25. O
Lemma 9.5.27 (int). For any n, show [I' kg push n : int].
Proof. See D.0.26. OJ

Lemma 9.5.28 (op-=). If [I't-s P1 : int] and [I' s P2 @ int], show that
[T ks P1;P2;equal? : bool].

Proof. See D.0.27. O

Lemma 9.5.29 (op-j). If [I' ks Py : int] and [I" kg Py : int], show that
[T s P1;Po;less? : bool].

Proof. See D.0.28. O

Lemma 9.5.30 (op-+). If [I'Fs Py : int] and [I' ks P : int], show that
[T ks P1;P2;add : int].

Proof. See D.0.29. O
Lemma 9.5.31 (var). For any x : 7 € I', show that [I" g push x : 7].
Proof. See D.0.30. O

Lemma 9.5.32 (pair). If [I' Fs Py : 7] and [I" g Py : 73] then [I' kg
P1;P2;lam xp.lam x;.push [xq1,x2] : 71 X 73]

Proof. See D.0.31. O

Lemma 9.5.33 (fst). If [I' Fg P : 74 x 72], show that [I" kg P1; push 0;idx :
7'1]].

Proof. See D.0.32. O
Lemma 9.5.34 (snd). If[I' g P : 71 x 73], show that [I" Fg P1; push 1;idx:
T2].

Proof. See D.0.33. O
Lemma 9.5.35 (inl). If [I" g P : 1], show that [I" g P;lam x.push [0,x] :
71 + 7'2]].

Proof. See D.0.34. OJ

Lemma 9.5.36 (inr). If [I' ks P : 73], show that [I" s P;lam x.push [1,x] :
71 + 7'2]].
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Proof. See D.0.35. O]

Lemma 9.5.37 (match). If [[' Fs P: 7 +72], [T,z : 71 Fs P1: 7], and
[T,y : 72 ks Py: 7], show that

[I' ks P; DUP; push 1;idx; SWAP; push 0;idx; if0 (lam x.P1) (lam y.P2) : 7]
Proof. See D.0.36. O
Lemma 9.5.38 (fold). If [I" kg P : 7pa.7/al], show that [I" Fg P : pa.t].
Proof. See D.0.37. O
Lemma 9.5.39 (unfold). If[I" Fg P : pa.7], show that [I" Fs P;noop : 7|pa.7]].
Proof. See D.0.38. O

Lemma 9.5.40 (fun). If [['f: (11,...,7) = 7/,%5: 73 Fg P : 7], show
that [I' Fs push (thunk push (thunk lam f.lam x,.... lam x3.7(P));fix)

Proof. See D.0.39. O

Lemma 9.5.41 (app pure). If [' Fs P : (7q,...,m) — 7] and fori €
{1,...,n} [[F l_S Pi : Ti]] then
[T s P;P1; SWAP ... Py; SWAP; call : 7]

Proof. See D.0.40. O

Lemma 9.5.42 (app state). If [[' Fs P : (74,...,m7) = 7'] and for i €
{1,. . .,n} [[F l_S Pi . Ti]] then
[T s P;P1; SWAP ... Py; SWAP; call : 7]

Proof. See D.0.41. O

9.5.6 Proving libraries satisfy types

The next step we need to do is prove that the library code that we are
linking with satisfies the types that we are importing it as. We note
that a single library may have multiple types that it can be given—and
may be usable from different extensions, which have different reasoning
principles. This is most noticeable in our case because our source language
and extensions lack polymorphism, while many of our library functions
are naturally polymorphic: e.g., ref 7, not ref int or ref bool. However,
when we prove the libraries sound, we can prove that they satisfy the more
general pattern, and thus include them at whatever more concrete type is
appropriate.
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All the library code we used is repeated below. We show the types that
we want to prove that the code has.

ALLOC : (1) S ref 7
READ : (ref7) %7
WRITE : (ref 7,7) % unit

t—p (t—I falloc.lam x.push x; alloc); fix
t—p (t—I fread.lam l.push I; read); fix

(> 1> 1>

t—p (t—I fwrite.lam x.lam l.push |; push x; write; push 0); fix

where t—p = thunk push and t—I = thunk lam

Lemma 9.5.43 (alloc sound S).
VYW 7. (W, 0, thunk push (thunk lam falloc.lam x.push x; alloc); fix) € VS[(++) 2
ref 7]

Proof. 1t suffices to show:

W oo W' a3 W.p C dom(W'. W) A (W' p,v) € VI[rT]
= (W', ¢, push v;alloc) € E5[ref 7]

Thus, we choose a H :,: W/, S, and take two steps (H$S$ push v;alloc) 2
(H,¢—vsS,Lg-), for fresh £. To complete the proof, we choose W” to

be W’ extended with ¢ mapping to VS[r*], appropriately restricted, and
¢ = {¢}, which means (W", ', £) € V3[ref 77] as needed. O

Lemma 9.5.44 (read sound S).
VYW 7. (W, 0, thunk push (thunk lam fread.lam I.push I; read); fix) € VS[(ref 7+) %
7]

Proof. 1t suffices to show:
Ve W' I Wl € dom(W'. ) A (W', {£}, ) € V[ref 7]
= (W', {¢}, push ¢;read) € E5[77]
Thus, we choose a H :ygy: W', S, and if W'.W(¢) # 1, take two steps

(H ¢S ¢ push ¢;read) 2 (HgS,vs-), which from the invariant on the heap,
(>W', 0,v) € VS[r1] as needed. If W’.¥(¢) = t, then the location has been
freed and we will reduce to fail MEM, which is also in the relation.

O

Lemma 9.5.45 (write sound S).
VW r. (W, 0, thunk push (thunk lam fwrite.lam x.lam l.push |; push x; write; push 0); fix)
e VS[(ref 7F,7%) 2 unit]

Proof. It suffices to show:

Vev W W, {£}Ue C dom(W' . 0) A (W' {£},0) € V[ref 7H] A (W', p,v) € VI[rT]
= (W', {£} U, push £; push v; write; push 0) € £5[unit]
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Thus, we choose a H :ypyu,: W', S, and, if W'.W(¢) # 1, take four steps:

(H $S s push ¢; push v; write; push 0) —
(HsS, ¢ push v;write; push 0) —

(HgS, ¢, v ¢ write; push 0) —

(H[¢ — v]$S,¢,vspush 0) —
(H[¢—v]$S,03)

Note that the third step succeeds because the invariant on the heap means
that ¢ is bound in it. To complete the proof, it suffices to choose ¢’ as (),
W" as an extension that simply decreases the step index, since (W”,0),0) €
VS[unit]. We know H[¢ — V] 0, W” and that W” is an extension, since
the value we updated the location with had the same type as what was at
0. If W W(£) = t, then the location has been freed and we will reduce to
fail MEM, which is also in the relation.

O

9.5.7 Finally, proving soundness

With all of the compatibility lemmas proved, we can prove the fundamental
property of the logical relation:

Theorem 9.5.46 (fundamental property).
IfI;T Fe:7 then [I; T Fet 7).

Proof. We prove this by induction over the typing derivation, using a
corresponding compatibility lemma for each typing rule. Note that when
we cross the boundary, we will switch to using compatibility lemmas for the
corresponding extension. O

With that, we can prove type soundness. Note that this references the
exception extension covered in Chapter 10, as we close with libraries that
could reference it.

Corollary 9.5.47 (type soundness). If I;- e : 7 then given libraries 'yIS
S
(where ((k,0),0,77°) € G[15]) and A (where ((k,0),0.77) € G¥[1¥]),
S *
for any heap H, stack S, if (HgSsyT (71 (1)) = (H'$S'5P') then one of:

e PP = and S’ = Fail c and c € OKERR
e PP=-andS =S,v and 3j. (j,v) € V)\[[T]]
o IHS*P*. (H'5S'5P) — (H* 55" 5 P¥)

Proof. This is simply a combination of the fundamental property with the
definition of &£ )\[[T]]. O
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This extension reuses the same core language, FunLang, as in Chapter 9,
and thus the same target, StackLang. We do not reproduce the FunLang
static semantics, the operational semantics of StackLang, or the compiler
between them (see Figures 9.1, 9.3, and 9.4).

The key guarantee of a linking types extension is sound encapsulation,
not only from core code, but from other extensions as well. Indeed, one
can use multiple extensions in different parts of the same program. In this
section, we develop a second extension: one for exceptional control flow.
However, since encapsulated code needs to be isolated from other parts of
the program, we cannot have a single boundary with multiple extensions
active simultaneously. So that we may freely interleave control flow and
mutable state, we expand the extension from the previous section with
support for exceptions, rather than developing a new extension from scratch.
While it may feel unsatisfying that these features cannot be teased apart,
we imagine that many practical linking types extensions really would bundle
multiple features together, since complex foreign functions are likely to have
many different side-effects. Figuring out how to tease apart the semantics
and reduce the resulting proof effort is interesting future work.

As before, the first step is to extend the type system. For simplicity,
our modal arrows only signal whether a function is pure or impure; they
do not to distinguish between different (state and control) effects, though
our framework is certainly compatible with a fine-grained type system.
Therefore, this part of the extension is exactly the same as in the previous
section, though we include it again in Figure 10.1 for clarity. For contrast,
we typeset this extension in , use square modal arrows,
—, and identify the extension with

Extended Type = | unit | bool | int | 7 X 7 | 7 +
| poet [ (7,.0,7) = 7|
x:7el Dof:(m1,...ymn) > 7,xs :Tibx e
I'bx x: Dhx fun £(xq:71,..., % m){e}: (71,000 s 1) —
Phkxe:(m,..., ) = Ikx e

Figure 10.1: Linking types for exceptions and state

133



134 CASE STUDY: EXCEPTIONS

- A
unit £ unit
bool £ pool
int £ int
T1 X To é T1 X |To
T+ T2 2 1+
o T £ po T
(T4, .., =T 2 (1, )T
A
= 7
unit £ ynit
bool £ pool
int £ int
X £ X
+ £ +
A
L. = uo.
A
(T1yeeey ) — = (Im,..., )—
A
(T1yeeey ) — = (Um,..., )=U + (U7)
A .
= unit
£ U+

where U= paunit + int + (o x o) + (o + o) + ((a) = @) + «

Figure 10.2: Lift and lower functions for exceptions extension

The next step is to define lift and lower, which we present in Figure 10.2.
While lift is exactly the same as in the previous case study, lower is quite
different. Since code under an X boundary might throw an uncaught excep-
tion, lower must account for the type of an exceptional result. Therefore, we
define lower in two steps: the helper metafunction | accounts for the success
case, and the top level | merges it with the exception case under a sum.
Since exceptions might produce a variety of values, we use the universal
type U in the exception case. While the identity of exceptions is, indeed, an
important aspect of them, in this study we wanted to focus on their control
aspect. To handle identity would likely require an open sum type, whether
just in the linking code or in the core as well.

Next, we provide a StackLang implementation of an exceptions library in
Figure 10.3. Although defining encapsulation wrappers is really the next
step of the framework, the library implementation offers some intuition
for the way that we model exceptions using delimited continuations in
StackLang. A shift with an empty body discards the program until the next
reset, which intuitively corresponds to throwing and catching an exception,
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CATCH £ thunk push (thunk lam fcatch.lam f.push f;call;lam res.push [1, res]; reset); fix

THROW £  thunk push (thunk lam fthrow.lam exn.push [0, exn]; shift _ ()); fix

( ) £ free; push [1,0]; reset

(I, ) = 7'y = DUP;push (thunk lam l.push I; free); getlocs; lam res. push [1, res]; reset
A

lam res.push [1, res]; reset where 7 not in above

Figure 10.3: Exception target library & boundary enforcement

respectively. In the implementation, THROW is responsible for tagging an
exception value, while CATCH is responsible for tagging a success value.
Note that CATCH takes a function corresponding to the computation to
run.

With an intuitive understanding of StackLang exceptions, we are ready
to define the target-level encapsulation wrappers. Unlike the previous
extension, wrappers are required for every 7, because the boundary must
always be prepared for an uncaught exception. In all cases, the wrapper
is responsible for capturing any escaping exceptions, which it does with
reset (N.B., if there is no shift under the boundary, this reset is effectively a
no-op). For types with pure values, the encapsulation wrapper can simply
tag the success value before it resets. Meanwhile, references and impure
functions are handled as before, modulo tagging and a reset.

With this new extension, we make a new version of our fib function
(Figure 10.4): this time, we take a list of inputs (1), computing the result of
all using a single memo-table (2), and throwing an exception on bad input
(3). Notice that there is not a corresponding catch, since, in this example,
a bad input is an unrecoverable error. Still, our program—and indeed,
any program with uncaught exceptions—is safe because the boundary will
automatically catch and tag any escaping exceptions.

10.1 SOUNDNESS

Since in Chapter 9 we constructed the FunLang model and proved its
compatibility lemmas, our task for this section is slightly reduced. First, we
need to build a model for the exception extension, then prove the lemmas
relating to it.

10.1.1  FEzception extension model

Our exception extension logical relation shares the same common definitions
relating to worlds, heap typings, etc, as our state extension relation, de-
scribed above and shown previously in Figure 9.11. We use the superscript



136 CASE STUDY: EXCEPTIONS

import( alloc: ((int) — int) —» ref ((int) — int),
read : (ref ((int) — int)) — ((int) — int),
write : (ref ((int) — int), ((int) — int)) — unit,
catch: (() >U) U + U,
throw : (U) - int)
fun fiblist(1lst : pa.(int X ) + unit){
{let mtbl = alloc(fun f(n: int){—1}) in
let mf = fun mutfib(y : int){
if x =0 {0}{if x = 1{1}{
let m = read(mtbl) in
if m(x) = —1{
let r = mutfib(x — 1) + mutfib(x — 2) in
let - = write(mtbl, fun f(n){if n = x{r}{m(x)}}) in

r
Hu(x)
}in
fun mutfiblist(l : pa.(int X a) + unit){
match unfold 1
x {if fst x < 0 {throw(fold inl ())} { 3
fold inl(mf(fst x),mutfiblist(snd x))}
y {fold inr()}

®O

X
}(1st) }U + po.(int X ) + unit

}

Figure 10.4: Example: fibonacci with input checks and memoization
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to identify elements of this relation. The differences show up in the
value and expression relations, which we present in Figure 10.5. The value
relation cases aside from functions are the same as in the state extension,
as function values are the only place where the possibility of exceptions can
arise. Structurally, the value relations for — and — are identical to the state
extension: what is different is that — appeals to the £ [7] relation, and
— appeals to £7[7]%. These expression relations capture the exceptional
control flow.

In particular, £ [7] is the exact same expression relation as in the state
logical relation, which means that if a term is in that relation, it will either
run forever, evaluate to a well-defined error, or terminate in a value of type

Clearly, this rules out an exception being thrown, which would be a
value of type U. Since — says the body is in this relation, the body cannot
throw (uncaught) exceptions, which is exactly what we want: extensional
exception-free-ness. On the other hand, the €[] relation is defined to
allow exceptional return, in the following way. It says, if given a continuation
K drawn from the continuation relation K[ = 7'], the result of wrapping
the program in the continuation should then be in the exception-free relation
E*[7']—i-e., K should have caught any possible exception and handled it,
or the normal return value of type 7, and in any case produce a 7'. We
syntactically restrict the programs in £*[7]% from having resets in them,
as this would allow exceptions flowing out to be caught, when they should
be caught in code in the continuations or in the £ [7] relation. K7 = 7]
itself is defined to take an arbitrary result program P, drawn from R[],
and prove that the result of substituting that is in £*[7']. Those results
are exactly the two possibilities for programs in £ [7]%: either returning
a normal value of type 7, or throwing a tagged exception using shift. This
pattern of relations is not novel: it shows up in other T T-closed relations
for exceptions (e.g., (Dreyer et al., 2012; New et al., 2016)), but typically,
the relation that we have as £*[7] is called O and it makes no restrictions
on the shape of value you end up with at the end: just that if you terminate,
there will be a value on top of the stack, for example. This is sufficient to
reason about exceptions in whole programs, but our need to encapsulate
the control effects and allow the resulting value to cross boundaries means
we need more structure, hence our dual expression relation structure.

10.1.2  Proving | sound
Lemma 10.1.1 (lift X). VIWv. (W,0,v) € VX[17] < (W.k,v) € V[7]

Proof. We prove this by simultaneous induction over the size k and the
structure of 7.
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V* [unit] =
V* [bool] =
V*[int] =
VA x 72] =

Vi + 7] =

U

V& [pa.r] =

<
I

{(W,0,0)}
{(W,0,n)}
{(W,0,n)}
{W, 0, [vi,v2]) | ¢ C dom(W. ) A o1 U o2 = oA

(W, o1,v1) € VI ] A (W, p2,v2) € VE[72]}
{(W,,[0,v]) [ ¢ C dom(W.W) A (W, p,v) € V"] }
{W,[1,v]) [ ¢ C dom(W.W) A (W, p,v) € V= [72]}
{Woo,v) | (W ,v) € BV [r[pa.r/a]]}
{w e, ) [ W () = Vo[l wk | T}

{(W, 0, thunk push (thunk lam f.lam x,.... lam x;.P);fix) |

Wi o W aW. p; Cdom(W/ . W) A (W @, vi) € V7]

= (W', U, i, [x1 = Vi, ... X0 — Vi,
f +— (thunk push (thunk lam f.lam x,.... lam x;.P); fix)]P)
& Iy

{(W, ¢, thunk push (thunk lam f.lam x,.... lam x;.P); fix) |

¢ C dom(W. W) AV o W O W.

@i C dom(W' . U) A (W', @;,vi) € V7]

g (W/7¢UU1'S07;7[X1 ’_>V1>~--;Xn '_>Vn7
f +— (thunk push (thunk lam f.lam x,.... lam x;.P); fix)]P)
e& 7%}

K ::= push vy; push vo;. .. push vu;[]; P

EN[r]s ={(W,p,P) | reset P A V(W, 0k, K) € K[7 = 7']. (W, Upr, K[P]) € E7[7]}
R[] = {(W,e,push v) [ (W,¢,v) € V*[7]}
U {(W, ¢p U ¢y, push [0, v];shift _ (); P) | (W, p,,v) € V*[U] A reset ¢ P}

Klr = 7T={W,0,K) | ¢ =

flocs(K) AVW’' J W, (W', ¢, P) € R[7].

(W' Uy, K[P]) € &[]}
EXrl ={(W,p,P) | YH:, W, S. runningy, . ((HsSs P)) v 35 < W.k,H',S".

(HsSsP) 5 j(H 553

YA ((S" = Fail c A c € OKERR)

V AV W OW. (S =S,vAH s, WA (W, 0) € VE[A]))}

where OKERR £ {MEM}

Figure 10.5: Exception extension logical relation: main definition
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Case unit/bool/int. In this case, the values are trivially in the relation,
by definition.

Case 71 X 79/71 + 75. These follow straightforwardly by appealing to the
inductive hypothesis.

Case pa.7. In this case, we can appeal to our inductive hypothesis at a
smaller k (as our type may have gotten larger).

Case (71,...,m7) — 7'. This follows by application of the induction hy-
pothesis.

10.1.3  Proving (| 7) satisfies

Lemma 10.1.2 (wrap closed X). V7. fvars({|7)) =0
Proof. This follows by simple inspection of the definition. O
Lemma 10.1.3 (encapsulation continuation). VW 7. (W, 0, (7)) € K[r—

Proof. We proceed by case analysis on 7, handling the majority of the cases
for which (|7) is the default, exception catching case first.

In those cases, which by inspection, =U , the proof obligation is
to show that

(W, 0, lam res.push [1,res];reset) € K[r—=U+ 7]

That means:

YW, (W, p,v) € VU] =

(W, @, push [0,v];shift _();lam res.push [1, res|; reset) € E*[U + 7]
ANWo. (W,p,v) e V] =

(W, ¢, push v;lam res.push [1, res|; reset) € E°[U+ 7]

We consider each case in turn. First, we consider the case when an
exception value is raised. We choose an heap H :, W, and a stack S, and
see that the term runs as follows:

(H$S s push [0, v];shift _();lam res.push [1, res|; reset) —
(HsS,[0,v]§shift _();lam res.push [1, res]; reset) —
<H 9 Sv [O?V} 9 >

At this point, we clearly satisfy the requirements of the expression relation.
In the other case, when no exception is raised, we again choose a heap H :, W
(note this is a differest set of relevant locations!), and run as follows:
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(H$S ¢ push v;lam res.push [1,res|; reset) —
(H$S,vglam res.push [1, res|; reset) —
(H$S ¢ push [1,v]; reset) —
(HsS,[1,v]sreset) —

(H3S,[1,v]5)

Again, we satisfy the relation, this time in the other disjunct.

Now, we consider the other two types, which use unique wrapping code:

Case

. Our obligation is to show:

YW, (W, p,v) € VU]

= (W, p, push [0, v];shift _ (); free; push [1,0]; reset) € E*[U+ unit]

AW . (W, p,v) € Vi [ref 7]

= (W, @, push v; free; push [1,0]; reset) € £*[U + unit].

The first case is identical to our first one, so we only consider the
second case. By inspection of V[ ], we know for some ¢, ¢ = {¢},
v=/{,and WU({) = |V*[7]/Jwx. This means when we choose a heap
H:, W, we know it will have ¢ bound to some value in > |V [7] |w,
though as we will see, the actual value does not matter. We will then
take four steps:

s push /; free; push [1, 0]; reset) —
, 5 free; push [1,0]; reset) —

$S ¢ push [1,0]; reset) —
$S,[1,0] 5 reset) —

$S.[1,0]3)

Now we choose W’ to be W, but with ¢ updated to be marked as
dead, and choose ¢' = 0. Still, (H\ ¢) :, W' (as dead elements in the
world are ignored), and by definition, (W’ (,0) € V" [unit], which,
along with the appropriate tag, is sufficient to satisfy V*[U 4 unit],
so we are done with this case.

Case (71,...,7) 2 /. Our obligation is to show:
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W, (W, p,v) € VU]
= (W, ¢, push [0, v];shift _ ();lam x.(push x; push x);
push (thunk lam l.push [; free); getlocs; lam res. push [1, res]; reset)
EEXUAH (11,...,m) = 7]
AW, Wyp,v) € VE[(r1,..., ) = 7]
= (W, ¢, push v;lam x.(push x; push x);
push (thunk lam l.push [; free); getlocs; lam res. push [1, res]; reset)

€EXUH (11,...,mm) 7]

As before, the first case is identical to previous, so we only consider
the second case. Once we pick an arbitrary stack S and a heap H :, W,
we take the following steps:

(H3Ss push v;lam x.(push x; push x); push (thunk lam l.push I; free); ) 4
getlocs; lam res. push [1, res|; reset

(HsS,v,vspush (thunk lam l.push [; free); getlocs; lam res. push [1, res]; reset) —

(HsS,v,v, (thunk lam l.push I; free)  getlocs; lam res. push [1, res]; reset)

Now, we know that getlocs will run the thunk on top of the stack
once for every free location one position down the stack, which means
everything reachable from our function value. Assume those locations
are f1,...,¢;. Then we step as follows:

(HsS,v,v, (thunk lam l.push I; free)  getlocs; lam res. push [1, res]; reset) 4l
(H\{l1,..., 0k} ¢S, vglam res. push [1,res|; reset) —
(H\ {l1,..., 0k} S ¢ push [1,v]; reset) —
(H\ {l1,..., 0k} 2S,[1,v] ¢ reset) —

(H\{l1,.... 6} 3S,[1,v] 5 )
Now that we have terminated, we have to fulfill the obligations of
EX[UA(71,...,7) — 7']. We choose ¢’ = (), and W’ such that every
location in ¢ has been marked dead. By invariant of the relation,
@ ={l1,...,4}. Our heap satisfies the world, by construction, and
everything that should be dead is, so the only thing that remains is
to show that (W’,0,[1,v]) € V*[U+ (71,...,7.) — 7']. This follows
from the definition of V*[ ] and our hypothesis on v, once we
substitute our empty relevant location set in.
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10.1.4  Proving libraries satisfy types

We now need to show that our exception library satisfies the proper semantic
types. We present the definitions and their intended types first, after which
we show the proofs.

CATCH U

£ t—p (t—I fcatch.lam f.push f;call;lam res.push [1, res]; reset); fix

THROW : (U

A

£ t—p (t—I fthrow.lam exn.push [0, exn]; shift _ ()); fix

where t—p = thunk push and t—| = thunk lam

Lemma 10.1.4 (catch sound X).

VW 7. (W, 0, thunk push (thunk lam fcatch.lam f.push f;call;
lam res.push [1, res]; reset); fix)
eV =) —U+7]

Proof. 1t suffices to show:

o Cdom(WU)AYW o W OW. ¢ C dom(W' . W) A (W', p,v) € V() — 7]

= (W', ¢, push v;call;lam res.push [1, res]|; reset) € E[U + 7]

Thus, we need to consider heap H : W', stack S, and after two steps,
are running the body of v. From the definition of V*[() — 7], we know
that the body, which has to arguments, is in £°[7]7. We instantiate that
with K = [];lam res.push [1, res|; reset, and thus it suffices to show that
(W".0,K) € K[r = U+ 7]. In the case that a normal value is returned, this
tags it in with 1 and returns it, satisfying the relation. In the case that an
exceptional value is produced, it is already tagged with 0, and immediately
reduces to the value, so we are done.

[

Lemma 10.1.5 (throw sound X).
VW 7. (W, 0, thunk push (thunk lam fthrow.lam exn.push [0, exn];shift _ ()); fix) €
V() = 7]

Proof. 1t suffices to show:

o C dom(WU) AW o W O W. ¢ C dom(W'. W) A (W', p,v) € VU]
= (W', ¢, push [0, v];shift - ()) € E*[7]
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We choose an arbitrary 7/, K, and the result is now immediate from
the definition of K[7 = 7], since our term is already in the form of the
exception result.

O

10.1.5  Compatibility lemmas & type soundness

Since we already proved compatibility lemmas for FunLang, we just need
to prove compatibility lemmas for the exception extension, and one for
the boundary rule for the exception extension. We show the proof for the
boundary term, which is interesting; the rest of the compatibily lemmas we
defer to Appendix E.

We use the following shorthand for typing rules for the exception notation,
which supplements the notation defined in §9.5.5.

[CEx Pir] =YWy (Wop,v) € GHI] = (W, flocs(v(P)),v(P)) € €

Lemma 10.1.6 (boundary X). [I"W/T'Fx P: 7] = [L;I'EP;(l7): 7]

Proof. The general approach of this proof is similar to the one for S
(Lemma 9.5.4); the difference, of course, is that the logical relation
has a different shape, and so some details are different.

Expanding the goal, we see we need to show:

Vk . V((k, @)é(b,’yl
(kAT (v (v(Py (1)) € EMUA]

We note due to Lemma 10.1.2 that (| 7) is closed, so can push the

S
’

substitution in to only around P.
The hypothesis that we are working with says:

YWy (W,0,7) € G 17 W] = (W,0,7(P)) € E[7]e

To instantiate the hypothesis, we need an environment +' that satisfies
GS[1* W T']. We argue that it is exactly v composed with ~17: we know
they are disjoint, and we know the former can be lifted into the latter via
Lemma 10.1.1. This means, in particular, that ¢ is (). Now, we need to
choose a continuation and return type 74 from K7 — 74]. We choose (| 7),
with set to , which we know, with any world and empty ¢, is in the
relation from Lemma 10.1.3. This then tells us that (W, 0,v(P); (/7)) is in

This means we can use the arbitrary heap H we are given initially to
instantiate this relation, as our world and set of relevant locations makes
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no restriction on the heap. We also use the arbitrary stack S we are given.
This means that we know that either we run past our step index budget
(in which case we are trivially in £ )‘[[ Jlp, our overall goal), or after some
number of steps we have either run to an acceptable failure state (also okay),
or we have terminated in a value v, at a future world W/, with relevant
locations ¢’ such that (W', ¢',v) € V*[1/7]. By inspection of the value
relation, we can see for all types , @ will be (). At this point, the result
follows from Lemma 10.1.1. ]

Lemma 10.1.7 (unit). Show that [I' x push 0 : unit].
Proof. See E.0.8. O
Lemma 10.1.8 (bool). Show for any n, [I' Fx n: bool].
Proof. See E.0.9. [

Lemma 10.1.9 (if). If [I' Fx Py : bool], [I'Fx Pa: 7], and [I'Fx P3: 7]
then
[T Fx Py;ifo Py Py : 7],

Proof. See E.0.10. 0
Lemma 10.1.10 (int). For any n, show [I' Fx push n: int].
Proof. See E.0.11. O

Lemma 10.1.11 (op-=). If [I' Fx Py : int] and [I' Fx P2 : int], then
[I' Fx P1;P2;equal? : bool].

Proof. See E.0.12. O

Lemma 10.1.12 (op-i). If [I' Fx Py : int] and [I' Fx Py : int], then
[I' x Py1;P2;less? : bool].

Proof. See E.0.13. 0

Lemma 10.1.13 (op-+). If [I' Fx Py : int] and [I' Fx P2 : int], then
[I'Fx P1;Py;add : int].

Proof. See E.0.14. O
Lemma 10.1.14 (var). [I' Fx push x: 7]
Proof. See E.0.15. O

Lemma 10.1.15 (pair). If [I' Fx Py : 7] and [I' Fx Py : 75] then
[T Fx P1;Pa;lam xp.lam xg.push [x1,x2] 1 71 X 73]

Proof. See E.0.16. O
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Lemma 10.1.16 (fst). If[[' Fx P : 7 x 73], then [I" Fx P;push 0;idx : 7].

Proof. See E.0.17. O

Lemma 10.1.17 (snd). If [I' Fx P: 7 x 72], then [I' Fx P1;push 1;idx :

I

Proof. See E.0.18. OJ

Lemma 10.1.18 (inl). If [I' Fx P : 7], then [I' Fx P;lam x.push [0,x] :
+ 72].

Proof. See E.0.19. O

Lemma 10.1.19 (inr). If [I' Fx P : 73], then [I' Fx P;lam x.push [1,x] :
+ 72].

Proof. See E.0.20. O

Lemma 10.1.20 (match). If [I' Fx Po: 7 + 2], [I', 2 : 71 Fx Py 7], and
[T,y : 72 bFx Py 7], then [I' Fx Po; DUP; push 1;idx; SWAP; push 0;idx;if0 (lam x.P1) (lam y.P2) :

I

Proof. See E.0.21. O

Lemma 10.1.21 (fold). If [I' Fx P : 7{pa.7/al], then [I' Fx P pa.r].

Proof. See E.0.22. O

Lemma 10.1.22 (unfold). If [I' Fx P : pa.r], then [I' Fx P;noop :

o]
Proof. See E.0.23. O
Lemma 10.1.23 (fun). If [I'f: (71,...,7) = 7xs:1n Fx P 7],
then [I' Fx push (thunk push (thunk lam f.lam x,.... lam x;.P);fix)
(T1y-oymn) = 7']
Proof. See E.0.24. O
Lemma 10.1.24 (app). If [I' Fx Po : (71,....7) — 7] and for i €

{1,...,n} [I'Fx Pi: 7] then
[T Fx Po; P1; SWAP ... Py; SWAP; call : 7]

Proof. See E.0.25. O
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10.1.6  Finally, soundness

To account for our new extension, we need to update our existing proof of
the fundamantal property for FunLang to include the boundary term for

. The proof itself, of course, still simply dispatches to the appropriate
compatibility lemma.

Theorem 10.1.25 (fundamental property). If I;T' ke : 7 then [I;T Fe™ :

7].

Proof. As before, by induction over the typing derivation, using a corre-
sponding compatibility lemma for each typing rule. O

Type soundness again is a corollary, and thus follows from our re-proven
fundamental property:

S]

Corollary 10.1.26 (type soundness). If I;-t e : 7 then given libraries fyI
S
(where ((k,0),0,7"") € GS[15]) and v (where ((k,0),0,7" ) € G*[17]),
S *
for any heap H, stack S, if (H3SsyL (71 (1)) = (H'sS s P') then one of:

e PP=. and S’ = Fail c and ¢ € OKERR
e PP=-andS =S,vand 3j5. (j,v) € V/\[[T]]
o SH*S* P (H'5S5P) — (H" 555 P*)

Proof. This is simply a combination of the fundamental property with the
definition of £ /\HT]]. O
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RELATED WORK

MULTI-LANGUAGE SEMANTICS Matthews and Findler (2007) propose
the idea of a syntactic multi-language as a way of formally studying the
semantics of language interoperability. They are motivated by the question
“how can we reason formally about multi-language programs?” Their work,
extended in Jacob Matthews’ dissertation (Mathews, 2007), gives formal
semantics to programs that involved multiple languages by combining the
syntax of the languages into a single combined language and using syntactic
boundaries to mediate between. As described in Chapter 1, the operational
semantics inherits from the original source languages, evaluating terms of A
under boundaries to values of A using (nearly) the A operational semantics
and translating according to type-directed boundary translations.

While this work is undoubtedly valuable, and indeed, the technique has
been used widely (Gray et al., 2005; Gray, 2008; Tov and Pucella, 2010;
Osera et al., 2012; Patterson et al., 2017; Scherer et al., 2018; Perconti and
Ahmed, 2014; Ahmed and Blume, 2011; New et al., 2016), one critical but
often unnoticed issue with this approach is that type soundness is proved of
the novel multi-language, where the behaviors prescribed by some type 7 in
the multi-language need not be the same as the behaviors allowed by 7 in
the corresponding core language. For simple languages (e.g., where the only
effect is divergence as in (Matthews and Findler, 2007)), this may be an
immaterial distinction, but even with the addition of state, the operational
semantics of the multi-language now must consider the heap, and thus a
pure language embedded in such a multi-language may no longer behave
the same, as there is now a heap threaded through. Scherer et al. (2018)
consider this issue and argue that a better approach is to use fully abstract
embedding from the single languages into the multi-language. While this
certainly resolves the issue, it comes at a pretty serious restriction in terms
of interaction. Therefore, while it may work for carefully crafted scenarios of
interoperability, it doesn’t allow for many realistic uses, where the intent is
to bring new expressiveness into the language and thus violate equivalences
in the original core language.

While the models shown in Part II similarly are defined jointly with shared
logical state, and thus have a potential disconnect to the original sources,
the approach we used in Part III is different: we first define a model for
just one language, and then prove that interoperability respects that model.
Defining single language models first and then connecting the converted
terms could equally be used when dealing with scenarios accounted for
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by the approach in Part II. If our models were binary, this would amount
to fully abstract embedding, but unary models allow for a weaker notion
of soundness that nonetheless is much more powerful than the syntactic
multi-language semantics from (Matthews and Findler, 2007).

In a slightly different vein, there has also been some work mixing bindings
(Barrett et al., 2016) and building multi-language runtimes (Wiirthinger
et al., 2013), but this work does not consider formal semantic properties.

GRADUAL TYPING There has been an immense amount of research
on gradual typing (or migratory typing) since the initial pair of papers by
Tobin-Hochstadt and Felleisen (2006) and Siek and Taha (2006); we do
not aim to address much of it here, since while it does address a particular
form of interoperability, the motivation and hence applicability of the work
is different from ours. The framing of migratory typing, as outlined by
Tobin-Hochstadt and Felleisen (2006), is to take an untyped program and
migrate it to a typed one: the operational semantics of both languages are
taken to be shared, only the static semantics should differ. The purpose
of such a migration is in the title of that first paper: “from scripts to
programs”. The motivation of the work by Siek and Taha (2006) is slightly
less clear: a typed language is relaxed into an untyped version, creating,
similarly, a pair of languages that share the same operational semantics.
While this untyped language may not be one that programmers already use
(as in the hypothesis of Tobin-Hochstadt and Felleisen), the intent is that
such a gradually typed system provides some benefits to programmers who
wish to move between the two paradigms.

Our aim is quite different: we take as a starting point that programs are
multi-lingual, which can be readily confirmed by examination of most large
codebases. This multi-linguality is not, however, of the form advocated
by the gradual paradigm: in particular, while some languages may have
stronger or weaker type systems, the syntax and operational semantics are
inevitably different between them, and some of the static reasoning may
simply be incomparable. Indeed, some of the key results, (such as the
gradual guarantee of Siek et al. (2015), extolled as “graduality” by New
and Ahmed (2018)) rely upon the shared operational semantics, such that
programs can be migrated merely by adding or removing types. While it is
possible that some of those properties could be recovered by extending the
notion of convertibility into a cross-language logical relation, we have not
attempted this and thus leave these questions for future work.

This means that we have only a shallow accommodation of gradual typing
in our work. Specifically, if one language is typed and the other is an untyped
version of the first, our interoperability results still hold, but without any of
the important details about migration.
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RUST The Rust language has a built-in mechanism for embedding “unsafe”
code that could not satisfy the typechecker of “safe” Rust. There have
been efforts to characterize the semantic behavior of safe Rust (“unsafe
code guidelines”) and prove that some unsafe code, while syntactically not
well typed, does not violate those properties. Most notably, the RustBelt
project (Jung et al., 2018) gives a semantic model of A, types and uses
it to prove the soundness of Ay, typing rules, but also to prove that the
ARust implementations of standard library features (essentially unsafe code)
are semantically sound inhabitants of their ascribed type specification.

We argue that Rust’s goals for unsafe and how RustBelt approaches them
fit into the linking types framework: the unsafe code unquestionably has
behavior inexpressible in the rest of Rust, and Rust already has a syntactic
boundary construct: unsafe blocks. Moreover, for RustBelt, Jung et al.
(2018) created a lifetime logic that could be used to semantically model (some
of) that behavior. While in this paper we expect syntactic type checkers
for the extended language, there is no particular reason why their lifetime
logic approach isn’t equally valid, and probably necessary for sufficiently
complex behavior. Since RustBelt uses the same lifetime logic to define the
semantics of safe Rust types, our lift and lower (1 and |) are perhaps not
as apparent, but the properties they convey are: in particular, since Rust
does not insert encapsulation code around unsafe blocks, RustBelt needs
to prove that the code inside satisfies a safe Rust type. Put another way,
any encapsulation has to be inlined into the library implementation, rather
than inserted by the compiler. We could have taken the same approach
with our stateful libraries, manually proving that the resulting values were
encapsulated, and as a result not needing the operational wrappers. We
chose generality and efficiency of proof, whereas the approach of RustBelt
chooses specificity and efficiency at runtime. The type obligation that lift
and lower imply about the boundary is being satisfied in both cases.

INTEROPERABILITY VIA TYPED TARGETS.  Shao and Trifonov (1998);
Trifonov and Shao (1999) studied interoperability much earlier, and closer
to our context: they consider interoperability mediated by translation to a
common target. They tackle the problem that one language has access to
control effects and the other does not. Their approach, however, is different:
it relies upon a target language with an effect-based type system that is
sufficient to capture the safety invariants, whereas while our realizability
approach can certainly benefit from typed target languages, it doesn’t rely
upon them. While typed intermediate languages obviously offer real benefits,
there are also unaddressed problems, foremost of which is designing a usable
type system that is sufficiently general to allow (efficient) compilation from
all the languages you want to support. While there are ongoing attempts
(probably foremost is the TrufleVM project (Grimmer et al., 2015)) to
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design such general intermediates, most have focused their attention on
untyped or unsound languages, and in the particular case of TrufleVM,
there is as-yet no meta-theory.

PROVING PARTICULAR FFIS SOUND. There has been significant work
on how to augment existing unsafe FFIs in order to make them safe, primarily
by adding type systems, inference, static analysis, etc. For example, Furr
and Foster (2005a,b, 2008) study interactions between OCaml and C via
the C FFI, and specifically, how to ensure safety by doing type inference
on the C code as it operates over a structural representation of OCaml
types. There is some faint similarity to our work, if you assume the type
systems could be made sound and take the two interacting languages to
not be OCaml and C but rather those languages augmented with the richer
types and inference systems.

Along the same lines, Tan et al. (2006a,b); Tan and Morrisett (2007) study
safe interoperability between Java and C via the JNI. They do this by first
ensuring safety for C via CCured (Necula et al., 2002), and then extending
that with static and dynamic checks to ensure that the invariants of Java
pointers and APIs can not be violated in C. This is a bit more explicitly
a case of two now more-or-less typesafe languages interacting. Hirzel and
Grimm (2007) also build a system for safe interoperability between Java and
C, though their system, Jeanie, relies on a novel syntax that embeds both
languages and is responsible for analyzing both together before compiling
to Java and C with appropriate JNI usage. There has been plenty of other
research studying how to make the JNI safer by analyzing C for various
properties (e.g., looking for exception behavior in (Li and Tan, 2014)).

RICH FFIS. There has been lots of work exploring how to make existing
FFIs safer, usually by extending the annotations that are written down
so that there is less hand-written (and thus error-prone) code to write.
Some of this was done in the context of the Haskell FFI, including work by
Chakravarty (1999); Jones et al. (1997); Finne et al. (1998). While they
were certainly intending to preserve type invariants from Haskell, or wanted
to express type invariants via different mechanisms, and obviously were
concerned about soundness, it’s not clear from these papers whether any
formal soundness properties were proved. Similar work has also been done
in other languages, for example, for Standard ML Blume (2001) embedded
C types into ML such that ML programs could safely operate over low-level
C representations. This approach fits well with our semantic framework
(though, given weak types in C would be unsound), as they have ML types
that have the same interpretation as corresponding C types (to minimize
copying/conversions), realized by minimal wrapper code.
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Another approach to having rich FFIs is to co-design both languages,
as has been done in the much more recent verification project Everest
(Bhargavan et al., 2017), where a low-level C-like language Low* has been
designed (Protzenko et al., 2017) to interoperate with an embedding of a
subset of assembly suitable for cryptography (Fromherz et al., 2019). By
embedding both languages into the verification framework F*, they are able
to prove rich properties about the interactions between the two languages.

AN ABSTRACT FRAMEWORK FOR UNSAFE FFIS. Turcotte et al.
(2019) advocate a framework using an abstract version of the foreign lan-
guage, so soundness can be proved without building a full multi-language.
They demonstrate this by proving a modified type safety proof of Lua and
C interacting via the C FFI, modeling the C as code that can do arbitrary
unsound behavior and thus blamed for all unsoundness. While this approach
seems promising in the context of unsound languages, it is less clear how it
applies to sound languages.

MODELING FFIS VIA STATE MACHINES. Lee et al. (2010) specify
the type (and other) constraints that exist in both the JNI and Python/C
FFI via state machines and use that to generate runtime checks to enforce
these at runtime. While this is practical work and so they do not prove
properties about their system, Jinn, there are many similarities between
their approach and ours. In particular, the idea that invariants that cannot
be expressed via the languages themselves and should instead be checked
via inserted code. We would expect that if their approach were applied to
safe languages, we would be able to prove that the code that they inserted
satisfied semantic interpretations of the respective types.

SEMANTIC MODELS AND REALIZABILITY MODELS The use of se-
mantic models to prove type soundness has a long history (Milner, 1978).
We make use of step-indexed models (Appel and McAllester, 2001; Ahmed,
2004), developed as part of the Foundational Proof-Carrying Code (Ahmed
et al., 2010) project, which showed how to scale the semantic approach to
complex features found in real languages such as recursive types and higher-
order mutable state. While much of the recent work that uses step-indexed
models is concerned with program equivalence, one recent project that fo-
cuses on type soundness is RustBelt (Jung et al., 2018): as described earlier,
they give a semantic model of Ay types and use it to prove the soundness
of Apust typing rules, but also to prove that the Ag,s implementation of
standard library features (essentially unsafe code) are semantically sound
inhabitants of their ascribed type specification.

Unlike the above, our realizability model interprets source types as sets
of target terms. As described in Chapter 2, our work takes inspiration from
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Nick Benton’s “low-level semantics for high-level types” (dubbed “realistic
realizability”) (Benton, 2006). Following that work, he and collaborators
proved type soundness of a pair of source languages by building models over
an idealized assembly (Benton and Zarfaty, 2007; Benton and Tabareau,
2009). Krishnaswami et al. (2015) make use of a realizability model to prove
consistency of LNLp a core type theory that integrates linearity and full
type dependency. The linear parts of their model, like our interpretation of
L3 types, are directly inspired by the semantic model for L® by Ahmed et al.
(2007). While they consider interoperability and use realizability models,
their approach is quite different from ours, as they introduce both term
constructors and types (G and F') that allow direct embedding into the
other language, thereby changing it, rather than defining conversions into
existing types (which, indeed, is probably impossible in their case). More
generally, such realizability models have also been used by Jensen et al.
(2013) to verify low-level code using a high-level separation logic, and by
Benton and Hur (2009) to verify compiler correctness.

Finally, New et al. (New and Ahmed, 2018; New et al., 2019, 2020) make
use of realizability models in their work on semantic foundations of gradual
typing, work that we have drawn inspiration from, given gradual typing
is, among other things, a particular instance of language interoperability.
They compile type casts in a surface gradual language to a target Call-By-
Push-Value (Levy, 2001) language without casts, build a realizability model
of gradual types and type precision as relations on target terms, and prove
properties about the gradual surface language using the model.

VERIFICATION-BASED APPROACHES Much work has been done using
high-level program logics to reason about target terms, which can be seen
as analogous to the realizability approach. Perhaps most relevant, in the
context of the interoperability studied in Part II of this dissertation, is
the Cito system of Wang et al. (2014), where code to-be-linked is given a
specification over the behavior of target code, and compilation can then
proceed relying upon that specification. This clearly renders benefits in
terms of language independence, since any compiled code that satisfied that
specification could be used. However, there is a significant difference from
our work: by incorporating the semantics of types of both languages we
can prove that the conversions preserve those semantics, and thus allow an
end user to gain the benefits of type soundness without having to do any
verification. Indeed, proving the conversions sound (or, in the case that they
can be no-ops, proving that is okay) is the central result of our approach,
and such conversions are not a part of the setup of Wang et al. (2014).
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THE INTEROPERABILITY CHALLENGE Large software systems are in-
variably multi-language programs, and yet the reasoning that a programmer
can do within a single language component degrades severely when they
move to working across languages. Addressing this deficiency is what we
call the interoperability challenge and it was the central target of this disser-
tation, if one which we necessarily attacked limited aspects. Fundamentally,
the dissertation is based upon the observation that we can understand inter-
operability by understanding translations into common substrates. While
distinct languages themselves are usually unrelated artifacts: built out of
rules (static and dynamic) that have no connection to one another, to
operate together they must, at some point, be translated into some common
representation. That translation, or compilation, may throw away important
aspects of the languages that we program in, but it is our starting point, as
it is how we will begin to recover the same reasoning principles across the
entire multi-language system as we had in our single-language program.

WHY TYPE SOUNDNESS The goal of this dissertation was to make
progress on the interoperability challenge forward, if by a small amount.
We focused on type soundness as a goal, as it is a well-defined but useful
property that we want for programs. While practical languages are rarely
proved formally type-sound, most aspire to such a state, and thus it is a
good benchmark to use in bringing our reasoning from the single-language
fantasy into the multi-language reality.

TARGET LANGUAGES  While realizability models seem fundamental, as
having a common substrate is what allows us to move between languages in
our reasoning, the actual target languages were not a subject of study in
this dissertation, even though we believe they are of critical importance in
solving the interoperability problem in reality. We can see, in the examples
covered in Chapters 5 and 6, how our target language need not have rich
static reasoning principles to be able to support rich static reasoning about
interoperability. But we also see, in the case considered in Chapter 9,
that ensuring soundness may require certain operations in the target that
would not otherwise be necessary. In that case study, we had an ad-hoc
heap reflection primitive, but more principled study of how features and
expressiveness in the target can be isolated is critical. One other dimension
we didn’t consider are typed target languages. In the cases we considered,
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where we understand both interoperating languages, we can build our models
on top of untyped targets. However, in a more “open-world” scenario, where
the code to be linked with may be less specified, static types could prove
useful to restrict its behavior. In that case, the approximations that static
types capture, or really, the imposition of a model into the actual term
language they imply, may be useful.

RUNTIME SYSTEMS More fundamentally, runtime systems challenge
interoperability. One reason, and perhaps the primary reason, why the
main target for interoperability is currently C, and slowly moving towards
Rust, is that both languages have runtime systems that mostly inherit
from the operating system. When there are multiple garbage collectors and
different user-level threading systems, things become much more complicated.
Realizability models clarify this, as they allow us to see that when we compile
to a shared target, a small bit of code doesn’t compile to a small bit of code,
but rather to that code paired with a large chunk of runtime code. Wrapping
that entire thing up to behave like something in the other language may be
difficult or impossible. Research into the design of target or intermediate
languages may help alleviate this, since if the compiler could instead reuse
features of the target instead of providing its own runtime, the reasoning
that has to be done would be vastly reduced. But doing this requires our
target languages be quite flexible, allowing tunable runtimes that can adapt
to different modalities to fit the requirements of different source languages.
THE n? PROBLEM In this dissertation, we only considered pairs of
languages. While, fundamentally, the interactions at the boundaries are
always between a pair of languages, there are questions related to duplication
of effort when considering realistic systems with many languages: given
n languages, we likely do not want O(n?) sets of conversions. Perhaps
common abstract types have a role to play, or common models. This is not
a new problem—indeed, Conway (1958) proposed a “universal computer-
oriented language” (UNCOL) for exactly this purpose. More recently, this
has also obviously been accomplished in the serialization-based approach
described in Chapter 1 by defining a common set of types that are allowed for
interoperability, and this approach is again being used by the WebAssembly
Interface Types project'. While this lowest common denominator necessarily
limits expressivity, perhaps it is a reasonable compromise in reality.

A CONCRETE STUDY From the practical side, there is also, clearly,
much work to do. While, to first approximation, the approach to soundness
described in Part II captures how many interoperability systems work cur-
rently, there are certainly many details that vary, possibly with consequences.

1 https://github.com/WebAssembly /interface-types/
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One starting point for this research would be a systematic review of the
multi-language systems that exist, not as a series of references but using
actual code examples to compare apples to apples. Such a benchmark,
perhaps with intended feedback when mistakes are made, would be a useful
contribution on its own, but could also serve to assess how closely the
framework described in the first part of this dissertation hews to reality.

MAKING LINKING TYPES PRACTICAL There is also significant prac-
tical work in realizing the linking types framework showcased in Part III.
While we believe that the core of such functionality is fundamentally impor-
tant in addressing the interoperability problem, many details were simplified
for the sake of a first presentation. For example, the relationship between
the original type system and the extended type system: having an entirely
new type system, with a corresponding new typechecker, even if it can be
a simpler implementation, by, e.g., being slower or doing worse inference,
is not really a practical consideration. It would require maintaining a set
of type checkers, fixing bugs and adding features to all. Likely, there is a
more efficient implementation strategy: either by having the extended code
typechecked using some additional plugin to the original typechecker, or
perhaps with some translation pass.

VERIFIED CODE WITH EFFICIENT IMPLEMENTATIONS One par-
ticularly interesting case of interoperability is improving the efficiency of
verified code extracted from proof assistants like Coq (The Coq Develop-
ment Team, 1999-2020). The core languages of such proof assistants are
intentionally small, and thus implementing complex software entirely within
the core language, while highly trustworthy, would likely lead to terrible
performance. This is true even after extraction to a language with an opti-
mizing compiler like OCaml. Instead, interesting research by Boulmé (2021)
shows that you can link against OCaml code implementing, for example,
a SAT solver, that is given precise types in Coq and as a result, improve
performance significantly. One could imagine going further with this, and
combine verification (or partial verification) of the linked code written in
a language like Clight (using, perhaps, the Verified Software Toolchain
(Appel, 2011)) to bring the imported code in at more useful types than
what would be inherent to C: while arbitrary C can only be used in quite
limited ways by Coq if any soundness is to be retained, C that has been
verified to obey particular semantic types might indeed be able to form the
basis of efficient data structures for verified software. If the Coq code is
compiled with the verified CertiCoq (Anand et al., 2017) compiler, which
targets Clight, then our realizability approach comes into full clarity: to
safely link with hand-written Clight, such code must satisfy a semantic type
that is compatibly with the Clight code generated by the CertiCoq compiler.
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While in some ways this whole line of work is parallel to our own, we can
also see it as particularly compelling application, as to do it correctly relies
on realizability models, encapsulation, and semantic types that we have
described in this dissertation.

ON TO THE FUTURE There is, clearly, much work to do. But, the
interoperability challenge is complex and has, with a few notable exceptions,
as-yet been largely ignored. Language research has focused on techniques
for single languages or for the specific case where operational semantics
are common (gradual typing), sidestepping the messy reality and rendering
theory even more theoretical. We hope that this dissertation has shown that
the challenge, while large, is by no means intractable, and laid a few more
paving stones along the way towards a future where the reasoning that we
have about multi-language systems is not different from the reasoning we
have within single languages.
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VALUE INTEROPERABILITY: MUTABLE
REFERENCES

Lemma A.0.1 (Irreducible Configurations Have Empty Programs). If
(HsSgP) -, then P = -.

Proof. We will prove the contrapositive: if there exist i, P’ such that P =i, P/,
then (HsS¢P) — (H*3S* ¢ P*). This can be demonstrated by a trivial
case analysis on H, S, and i, because the dynamics of StackLang are defined
so that there is a reduction rule for every possible configuration with a
non-empty program. [

Lemma A.0.2 (Prefix Termination). If(HsS¢P) ER (HsS s P") - and

(H5S5P) ™ (Ha3Su5Pa,Po), then (Ha$Se5Pa) 3 (H 35S, 5) = for some
He,Se de < -

Proof. There is a constructive proof using induction, but here, we will sketch
an intuitive proof by contradiction.

If (He 5 Se 5 Pe) does not step to a stuck configuration in some j, < j
steps, then (Hq § S § Pe) runs for at least j + 1 steps. Because StackLang is
deterministic, we can then construct the reduction sequence

(HgS3P) = (He §Se § Pe, Po)

5 (H, S, 5Pl P.)

= (HsS'sP)
N

—_

which is longer than 7, contradicting the premise.
Finally, if (He $Se 5 Pe) 23 (H, §S, 3 P.) -, then by Lemma A.0.1, P, = -,
which suffices to finish the proof. O

Note that when applying Lemma A.0.2, we sometimes leave P, implicit.

Lemma A.0.3 (World Extension).
1. If (Wh,v) € V[r] and W1 C W then (Wa,v) € V[7]
2. 1f (W1,v) € G[I'] and Wy C Wy then (Wa,v) € G[I']

Proof.

172
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1. By induction on 7. The only interesting cases are:

o If (Wi, thunk lam x.P) € V[r1 — 7] and (W;C Ws) then
(Wa, thunk lam x.P) € V[r2 — 72].
Expanding the definition of V[ — 7] in the goal, we are to
show that
(W' [x = v]P) € &[]

given arbitrary W’ 3 Ws and v such that (W’,v) € V[r1]. We
have that W7, C Wy and Wo C W’ so Wi C W’ by Lemma A.0.4.
Then we finish by expanding the definition of V[ — 73] in the
premise and specializing as appropriate.

o If (Wy,0) € V[ref 7] and (W) T Wa) then (Wa, ¢) € V]ref 7].
Expanding the definition of V[ref 7] in the goal, we are to show
that

Wo. ¥ (0) = [VIr]Jwak

Expanding the definition of V[ref 7] in the premise, we have

Wi () = | V[7] | wik

Expanding the definition of C and specializing where appropriate,
we have that

Wok < Wik A | WU (0) | wor = | Wo.W(0)] wok

Then we finish by substituting |V[7]] w1k for Wi.¥(¢) and
expanding the definition of |-|., noting in particular that for any
world W, |W.U(l)|wi = W.¥(I).

2. By induction, appealing to the previous case where appropriate.

Lemma A.0.4 (World Extension Transitive).
If W1 E WQ and W2 E W3 then W1 E Wg.

Proof. Suppose (k1,V1) C (ka, ¥2) and (k2, ¥3) C (k3, ¥3). Unfolding the
definition of C in the goal, we are to show that

ks < ki A [W1(0)]ky = [W3(0)]ks
given arbitrary ¢ € dom(¥;). Unfolding in the premises, we have that

ko < k1 A L\Ill(g)sz = \.\Ij2(€)Jk2 N
k3 < ko A [Wa(l)] gy = [V3(€)] ks
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where on the second line we appeal to the fact that
dom(¥;) C dom(V¥s3) C dom(¥3) by definition of C. For the left dis-
junct, we have

ks <k < ky

by transitivity of <. For the right disjunct, it is sufficient to show that
LW1(0) ks = [W2(0) s

because = is transitive. Expanding the definition of |-|., we are to show
that

{(W,v) | (W,v) e Uy (OAW .k < ks} ={(W,v) | (W,v) € Ua(\)AW.k < k3}
and we have that
{(W,v) | (W,v) e U (OAW .k < ko} = {(W,v) | (W,v) € Ug(O))AW .k < ka}

Since k3 < ko, k < ko if k < k3, so we are done. O

Lemma A.0.5 (Later Heaps). IfH: W then H:>W.

Proof. Suppose H : (k, V). Expanding the definition of >, we are to show
that
H:(k—1,|¥]r_1)

Expanding the definition of :, &>, and |-]., we are to show that
(k—2,|V|g—2),v)ERANk—2<k—1

for some /,v, R such that U({) = R and H({) = v. The right disjunct is
trivial, so we are to show the left disjunct. Expanding the definition of :, >,
and |-]. in the premise and specializing where appropriate, we have that

((k—1,[¥Y]k-1),v) €ER

Then since R € Typ and (k—1,[V]k_1)C(k—2,|¥]k_2),
((k—2,|¥]|k_2),v) € R by definition of T'yp,.
O

Lemma A.0.6 (Value Lifting). If (W,v) € V[r], then (W,push v) € E[7].

Proof. Expanding the definition of £[7], we are to show that

S’ = Fail cAc € OKERRVAV, W' I W. (S' = S,vAH": W/A(W',v) € V[r]))
(3)
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given arbitrary W,v,H: W S H|S' j < W.k such that (W,v) € V[r] and
(H5S3push v) % (H'5S'5:) =
By the operational semantics of StacklLang, we have that j = 1, H = H, and

S" =S, v. Then we have the right disjunct of (3) by takingv =v, W =p>W
and appealing to Lemmas A.0.3, A.0.5. O

Lemma A.0.7 (Compat ()).
[T;T F () : unit]
Proof. Expanding the definition of [-] and -*, we are to show that
(W, close(yr, close(yr, push 0))) € E[unit]

given arbitary W,~r,~r such that (W,~r) € G[I'] and (W,~r) € G[I'].
Since push 0 is already closed, the close operators have no effect. Then we
are to show that

(W, push 0) € E[unit]

Then applying Lemma A.0.6, we are to show that
(W,0) € V[unit]
which we have by definition of V[unit]. O
Lemma A.0.8 (Compat B).
beB = [I';T'Fb:bool]

Proof. As in Lemma A.0.7, except that in the case where b = false,
bT = push 1 and so 1 is used as the witness for v. O

Lemma A.0.9 (Compat x).
050, x:7Fx:7]
Proof. Expanding the definition of [-] and -*, we are to show that
(W, close(yr, close(qyr, push x))) € E[7]

given arbitary W,~r,yr such that (W,~r) € G[I'] and (W,~r) € G[I', % :
7]. Expanding the definition of G[-], we have that

vy =[x = V] A (W,v) € V[7] A (W,7) € G[I]
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for some ~,v. Since 71 (x) = v and v is closed, we are to show that
(W, push v) € E]7]
Then applying Lemma A.0.6, we are to show that
(W,v) e V][]

which we have by assumption. O

Lemma A.0.10 (Compat inl e).

[T Fe:n] = [T Finl ey + 7]

Proof. Expanding the definition of [-] and -+ and pushing substitutions
in the goal, we are to show that

(W, (close (’y , close (71~, e+)) , lam x. (push [0, x]))) € & + 1]

given arbitary W,~r,yr such that (W,~yr) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVAv, W I W. (' =S,vAH : WA(W',v) € V[ + 72]))

(4)
given arbitrary H: W,S,H’, S, j < W.k such that

(HsSs (close (7 , close (’}/1‘, e+)) , lam x. (push [0, x]))) EN (H'sS" 5.y =

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j. < j,He,Se such that

(HsSs (close (fy , close (’71‘, e+)))> EL (He$Se ) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. S, =S =Fail cAc € OKERR and H, = H'.
In this case, we have the left disjunct of (4).

e, We I W. (Se =S,ve AHe : We A (We,ve) € V[7i])

and N
<He 3 Se ; Iam X. (pUSh [07 X])> ]36 <H/ ; S/ (9, > N
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By the operational semantics of StackLang,
(He §S, Ve §lam x. (push [0, x])) 4 (He ¢S g push [0, ve|)
2 (HesS, [0, vel5)

so H = H, and S = S,[0, ve]. Then we show the right dis-
junct of (4) by taking v = [0, ve] and W' = >2W,, noting that
WECE W,E W by Lemma A.0.4. All that remains is to show that
(W', [0, ve]) € V[71 + 7], which, by definition, requires (W', ve) €
V[r1]. Recall that (We,ve) € V[71]. Then simply apply Lemmas
A.0.3, A.0.5.

Lemma A.0.11 (Compat inr e).
[T hRe:m] = [T Finr e: 7 + 79

Proof. As in Lemma A.0.10, exchanging 71,7 and 0,1 where appropriate.
O

Lemma A.0.12 (Compat if).
[0;T Fe:bool]A[Is T Fey : TA[L T eg: 7] = [I5TFif e eg en: 7]

Proof. Expanding the definition of [-] and -* in the goal and pushing
substitutions, we are to show that

(W, (close ('y , close ('y[‘, e+)) , if0 close ('y , close ('y[w, eﬁ')) close (’y , close ('y1~, e2+))))
e &[]

given arbitary W,~r, 7 such that (W,~r) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVAV, W' I W. (S' = S,vAH": WA(W',v) € V[7]))

(5)
given arbitrary H: W,S,H’| S’ j < W.k such that

(H$Ssclose (’y , close (’yr,eJr)) L0 (o) (4h0) EN (H'§S's.) =

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j. < j, He,Se such that

(H S s close(yr, close(yr, e+))> 5 (He $Se ) =



178 VALUE INTEROPERABILITY: MUTABLE REFERENCES

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. S, =S =Fail cAc € OKERR and H, = H'.
In this case, we have the left disjunct of (5).

Ive, W I W. (S6 =S, Ve ANHe : We A (We,ve) € V[bool])

and
(HesSesif0 close (yr, close (yr,e1 ™)) close (yr, close (yr,e21))) I (H'5S's") -
Expanding the definition of V[bool], we have that

Ve =N

Without loss of generality, suppose ve = n = 0. Then by the opera-
tional semantics of StackLang,

(He ¢ Se, 0¢if0 close ('y , close (’Y]‘, e1+)) close ('y , close (w, e2+))>

N (He ¢S g close (7 , close (7y, e1+)) )

Now, by expanding the definition of [-] and £[-] in the second premise
and specializing where appropriate, we have that

S' = Fail cAc € OKERRVAV, W' I We. (S =S,vAH : WA(W',v) € V[7]))

If we have the left disjunct, then we have the left disjunct of (5). If
we have the right disjunct, then we have the right disjunct of (5) since
W C W, C W by Lemma A.0.4.

The case in which v, = n # 0 proceeds analogously over the third
premise, exchanging 0, n where appropriate.

Lemma A.0.13 (Compat match).

[T ke + ] AL D,x:m ke 7] A[L D,y o b eg: 7]
= [I';T Fmatch e x{e;} y{ea}: 7 + 7]
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Proof. Expanding the definition of [-] and - in the goal and pushing
substitutions, we are to show that

(W, (close(yr, close(vyr, e ™)), P,
if0 (lam x.close(yr, close(yr, e1 1)) (lam y.close(vr, close(yr, e21))))) € €[]
where P = DUP, push 1,idx, SWAP, push 0, idx

given arbitary W, ~r,~r such that (W,~r) € G[I'] and (W,~p) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVIv, W 3 W. (S = S,vAH : WA(W',v) € V[7]))

(6)
given arbitrary H: W,S,H’, S, j < W.k such that

(H S close(vyr, close(vyr,e™)), P, if0 (lam x....) (lamy....)) EN (H' 355

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j. < j,He,Se such that

(H3S 3 close(yr, close(yr, e7)),) 25 (He 3Se5-) —

Then by expanding E£[] in the premise and specializing as appropriate,
either:

1. S. =5 = Fail cAc € OKERR and H, = H'.
In this case, we have the left disjunct of (6).

Ive, W I W. (Se =S,Ve AHe : We A (We,ve) € V][ + 72])
and
(He3S. 3P, if0 (lam x....) (lamy....)) "= (H'35'5.) =
Expanding the definition of V[ + 73], we have that

(Fvi.ve = [0,vi] Avi € V][711]) V (Bva.ve = [1,v2] Ava € V[72])
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Without loss of generality, suppose we have the left disjunct. Then by
the operational semantics of StackLang,

(He 3Se, [0, v4] 3P, if0 (lam x....) (lamy....))

= (He ¢S, v1,05if0 (lam x....) (lamy....))

RN (He $S, vi$(lam x.close(qr, close(qr, e 1)) )
RN (He 3 S5 close(yr, close(Yr xr [x = V1], e17)))

where in the last step we push the substitution inside . Now, by
expanding the definition of [-] and &[] in the second premise and
specializing where appropriate, we have that

S' = Fail cAc € OKERRVAV, W' I We. (S =S,vAH : WA(W',v) € V[7]))

If we have the left disjunct, then we have the left disjunct of (6). If
we have the right disjunct, then we have the right disjunct of (6) since
W C W, C W by Lemma A.0.4.

The case in which ve = [1,v2] proceeds analogously over the third
premise, exchanging 71, 7 and 0,1 and X,y where appropriate.

Lemma A.0.14 (Compat (e, e)).

[5ThEe ] AT Fey ] = [I5TF (eq, en) : 71 X 72]

Proof. Expanding the definition of [-] and - in the goal and pushing
substitutions, we are to show that

(W, (close(vyr, close(yr, e ™)),
close (yr, close (v, e21)) , lam xp.lam x3. (push [x1, x2]))) € E[71 x 72]

given arbitary W,~r,qr such that (W,~r) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRV3Iv, W O W. (S’ =S,vAH : WA(W' v) € V[ x TQ]]))

(7)
given arbitrary H: W,S,H’.S’, 7 < W.k such that

(HsSsclose(qr, close(yr, e1 1)), close (’y , close (yr, e2+)) o) EA (H'5S's") -



VALUE INTEROPERABILITY: MUTABLE REFERENCES 181

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j; < j,H1,S1 such that

(H3S g close(yr, close(yr, e 1)) 25 (Hy $S15+) -

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. Sl =S = Fail c Ac € OKERR and H, = H.
In this case, we have the left disjunct of (7).

vy, Wi O W. (51 =S, viAH{: W A (W1,V1) S Vﬂﬁ]])

and
(H15Sysclose ('y , close ('yr, e2+)) ,lam xp.lam x3. (push [x1, x2])) iz (H'sS"g:) -

Applying Lemma A.0.2 again, there is jo < j — 71, Ho,Se such that

(H3S 5 close(yr, close(yr, e57))) 3 (H25S25-) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:
a) So =S’ = Fail cAc e OKERR and Hy = H'.
In this case, we have the left disjunct of (7).

b)
Ava, Wa I Wi. (S2 = S1,v2 AHz : Wa A (Wa,v2) € V[72])
and
(H2 5 Sg ¢ lam xp.lam x3. (push [x1, x2])) T (H'3S5:) »

Recall that S; = S,vy, so So = S1,vo = S,vi,vo. Then by the
operational semantics of StacklLang,

(H2 ¢S, vi,va §lam xp.lam x3. (push [x1, x2])) 3, (Ha ¢S, [vi,vo] 8-) =

so H = Hy and S = S,[v1,v2]. Then we show the right
disjunct of (7) by taking v = [vi,vz] and W' =1>3Ws, not-
ing that WE W, C Wo & W’ by Lemma A.0.4. All that
remains is to show that (W', |vi,va]) € V[ x 2], which re-
quires (W' vi) € V[r1] and (W' v2) € V[r2]. Recall that
(Wi,v1) € V][] and (Wa,v2) € V[72]. Then simply apply Lem-
mas A.0.3, A.0.5.
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Lemma A.0.15 (Compat fst e).
[T Fe:m x ] = [0 F fst e 7]

Proof. Expanding the definition of [-] and -+ and pushing substitutions in
the goal, we are to show that

(W, (close (’y , close ('y[‘, e+)) , push 0, idx)) € &[]

given arbitary W,~r,qr such that (W,~r) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVIv, W I W. (S =S,vAH : WA(W',v) € V[n]))

(8)
given arbitrary H: W,S,H’.S’, j < W .k such that

(HsSsclose (yr,close (yr,e™)), push 0, idx) EN (H'sS's.) »

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j. < j,He,Se such that

(H3Ssclose ('y , close (’y|~,e+))> ES (He3Sce:) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. S, =5 =Fail cAc € OKERR and H, = H’.
In this case, we have the left disjunct of (8).

Ive, W I W. (Se =S, Ve ANHe : We A (We,ve) € V][71 x 72])

and o
(He 8Se 3 push 0, idx) 7= (H' 55" 5.) =

Expanding the definition of V[7; x 73] we have that
Ve = [v1, V2] A (We,vi) € V][] A (We,v2) € V[72]
Then by the operational semantics of StackLang,
(He 5, [v1,v2] s push 0, idx) > (H3S,vi5-) =

so H = H. and S’ = S,v;. Then we show the right disjunct of (8)
by taking v = v; and W’ = >2W,, noting that W C W, C W’
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by Lemma A.0.4. All that remains is to show that (W’ v1) € V[1].

Recall that (We,v1) € V[71], so simply apply Lemmas A.0.3, A.0.5.

O

Lemma A.0.16 (Compat snd e).

[I;TRe:m xm] = [T F snd e: 73]

Proof. As in Lemma A.0.15, exchanging 71,7 and 0,1 where appropriate.

O

Lemma A.0.17 (Compat \x : 7.e).
[sT,x:mbFe:n] = [I5TFAx: 11 — 70

Proof. Expanding the definition of [-] and -* in the goal and pushing
substitutions, we are to show that

(W, push (thunk lam x.close (yr, close (yr,e¥)))) € E[r1 — 7]

given arbitary W, ~r, 7 such that (W,~r) € G[I'] and (W,~p) € G[I'].

Applying Lemma A.0.6, we are to show that
(W, (thunk lam x.close (yr, close (yr,e™)))) € V[ri — 7]

Expanding the definition of V[7; — 75] and pushing the substitution into
~r, we are to show that

(W', close (yr, close (yr v [x = V], eT))) € E[72]
given arbitrary W’ 3 W and v such that (W’ ,v) € V[71]. We have this
by expanding the definition of [-] in the premise and specializing where
appropriate. O
Lemma A.0.18 (Compat e; e5).

[T hey:m = ] AT Rey: ] = [T F ey es: 7

Proof. Expanding the definition of [-] and -* in the goal and pushing
substitutions, we are to show that

(W, close(vyr, close(vyr, e 7)), close(qr, close(yr, e2 1)), SWAP, call) € E[75]

183
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given arbitary W,~r,qr such that (W,~r) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVIv, W I W. (S =S,vAH : WA(W',v) € V[7]))
(9)
given arbitrary H: W,S,H’.S’, j < W .k such that

(HsSsclose(qr, close(vyr, e1 1)), close(yr, close(yr, e2 1)), SWAP, call) ER (H'sS"s) -

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j1 < j,Hq,S1 such that

(H3S 5 close(yr, close(yr, e17)),) & (H15S15-) =
Then by expanding £[-] in the premise and specializing as appropriate,

either:

1. Sy =5 =Fail cAc € OKERR and H; = H'.
In this case, we have the left disjunct of (9).

v, W1 3 W. (51 =S,vi AHy: Wi A (Wh,vi) € V[ — 72])
and

(H1 3 Sy § close(vyr, close(yr, e2 ™)), SWAP, call) iz (H'§S's.) =
Applying Lemma A.0.2 again, there is js < j — j1,Ha,So such that

(H3S 5 close(yr, close(yr, e57)),) 3 (H25S25-) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:

a) So =S’ =Fail cAc € OKERR and Hy = H'.
In this case, we have the left disjunct of (9).

b)
vy, Wo O Wh. (SQ = Sl,V2 AHg: Wy A (WQ,VQ) S V[[Tl]])

and o
(Hy 35S s SWAP, call) 72572 (H' g5 ¢.) -
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Recall that (Wi,v1) € V[, — 73], so by expanding the definition
of V[ri — 7] and specializing as appropriate, we have that

vi = thunk lam x.P A (Wa, [x — v2|P) € &3]

Recall that S; = S,v1, so So = Sq,vo = S, thunk lam x.P, vs.
Then by the operational semantics of StackLang,

(Ha ¢ S, thunk lam x.P,vp § SWAP, call) 4 (Ha ¢ S, va, thunk lam x.P § call)
5 (Ha ¢S, vp g lam x.P)

= (H23S5 [x = v2IP)
UL

N

Now, recall that (Wa, [x — v2]P) € £[72], so by expanding the

definition of £]] and specializing where appropriate, we have
that

S’ = Fail cAc € OKERRVAv, W' J Wa. (8" = S,vAH : WA(W',v) € V[72]))

If we have the left disjunct, then we have the left disjunct of (9).
If we have the right disjunct, then we have the right disjunct of
(9) since W C Wy C Wo C W’ by Lemma A.0.4.

Lemma A.0.19 (Compat ref e).

[[5Tke:7] = [I50F ref e:ref 7]

Proof. Expanding the definition of [-] and - in the goal and pushing
substitutions, we are to show that

(W, close(yr, close(yr, e ™)), alloc) € E[ref 7]

given arbitary W,~r,~r such that (W,~r) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVAv, W I W. (S = S,vAH : W/A(W',v) € V[ref 7]))
(10)
given arbitrary H: W,S,H’| S, j < W.k such that

(H$S s close(vr, close(vyr, e ™)), alloc) ER (H'sS's.) »
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The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j. < j,He,Se such that

(H35S g close(yr, close(yr, e™)),) 23 (He 55, 5-) -

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. S, =95 = Fail cAc € OKERR and H, = H’.
In this case, we have the left disjunct of (10).

Ive, We I W. (Se =S,Ve AHe : Wo A (We,ve) € V[7])

and o
(He ¢ Se galloc) 7= (H' 35" 5-) -

By the operational semantics of StackLang,

(He3S,vesalloc) 5 (He W {0 — ve} 35, 05-) =

for some ¢, so H = H. W {{ — v} and ¢ S, /.
Then we have the right disjunct of (10) by taking v = /
and W' = (Wek—1,| WV w. p1 W{l— | V[7]lw.k-1}), observ-
ing that (W’ ¢) € V[ref 7] by definition and W C W, C W' by
Lemma A.0.4.

Lemma A.0.20 (Compat le).
[[5TFe:ref 7] = [I50Fle: 7]

Proof. Expanding the definition of [-] and -* in the goal and pushing
substitutions, we are to show that

(W, close(yr, close(yr, e ™)), read) € £[7]

given arbitary W,~p,yr such that (W,~r) € G[I'] and (W,~r) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVAV, W' I W. (S' = S,vAH": W/A(W',v) € V[7]))

(11)
given arbitrary H: W,S,H’.S’, 7 < W.k such that

(H3S g close(vr, close(qr, e ™)), read) ER (H'sS's.) »
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The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j. < j,He,Se such that

(H 35S g close(yr, close(yr, e™)),) s (He $Ses-) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. S =5 = Fail cAc € OKERR and H, = H'.
In this case, we have the left disjunct of (11).

dve, We I W. (Se =S, Ve ANHe : We A (We,ve) € V]ref 7])

and o
(He ¢ Se gread) 73 (H 35" 5.) =

Expanding the definition of V[-], we have that
Ve =l A WeW(0) = [V[7] | we.r

so He = H, W {¢ — v;} for some v, such that vy € |V[7] |wex. Then
by the operational semantics of StackLang,

(H. W {0 — v} 35S, C3read) = (HL W {£ v} 3S,vp3-) -

soH' =H,w{l— v;} and S =S, v;. Then we have the right disjunct
of (11) by taking v = vy and W’ = > W,, noting that W C W, C
W' = > W, by Lemma A.0.4.

Lemma A.0.21 (Compat e; = e5).
[I5T Feg:iref 7TJA[I M Fey: 7] = [T Fer = ey :unit]

Proof. Expanding the definition of [-] and - in the goal and pushing
substitutions, we are to show that

(W, (close(’y ,close(yr,e1 1)), close (’y , close (fyr, e2+)) ,write, push 0)) € Eunit]

given arbitary W,~r, 7 such that (W,~r) € G[I'] and (W,~1) € G[I'].
Expanding the definition of £[-], we are to show that

S’ = Fail cAc € OKERRVAV, W' I W. (S' = S,vAH" : W/A(W’,v) € V[unit]))
(12)
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given arbitrary H: W,S,H’.S’, j < W .k such that

(HsSsclose(qr, close(yr, e1 1)), close (’y , close (yr, e2+)) , write, push 0) EN (H'5S's:) -

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is 71 < j,H1,S; such that

(H5S 5 close(yr, close(yr, e11)),) 2 (H1 551 5-) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. 51 =S’ = Fail c Ac € OKERR and Hy = H'.
In this case, we have the left disjunct of (12).

dvy, Wi I W. (Sl =S, viAH{: W1 A (Wl,Vl) S V[[ref T]])

and
(Hy §Sq 5 close (’y , close (’yr,e2+)) , write, push 0) iz (H'gS's.) »
Expanding the definition of V[ref |, we have that

vi=0A W) = [ V[7] | wik

for some /.
Applying Lemma A.0.2 again, there is jo < j — 71, Ha,Se such that

(H1 3Sq § close(vr, close(yr, e2T)),) ELY (Hy3S9¢-) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:
a) Sy =S =Fail cAc € OKERR and Hy = H'.
In this case, we have the left disjunct of (12).

b)
dvo, Wo O Wh. (SQ =Si,vo AHg: Wy A (WQ,VQ) S V[[T]])
and S
(Hy 35Sy g write, push 0) 7 257 (H'5S'5.) —»

Recall that Wi.W(¢) = |V[7] w1k - Then since Wi C Wa, we
also have that

Wo.W(¢) = |V[7] w2k - Then since Hy : Wy, we may write
Hy = H, W {¢ — v;} for some vy such that vy € |V[7] |w2.k-
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Recall that S = S, 4, so So = S1,vo = S,4,vo. Then by the
operational semantics of StacklLang,

(Hy W {£ > v} S, €, vo 3 write, push 0) = (Hy W {¢ > v2} 35,03

so H = H,w{{+— vy} and ' = S,0. Then we show the right
disjunct of (10) by taking v =0 and W’ = >2 W5, noting that
WE W, E Wo E W by Lemma A.0.4. All that remains is to
show that (W’ ,0) € V[unit], which we have by definition.

O

Lemma A.0.22 (Compat (¢|,).
[T Fe:r]AT~T = [I5TF (€);: 7]

Proof. Expanding the definition of [-] and -* and pushing substitutions in
the goal, we are to show that

(W, (close (v, close (yr,e7)),Crsr)) € E[7]

given arbitary W,~r, 1 such that (W,~vr) € G[I'] and (W,~1) € G[1'].
We proceed by appealing to Lemma 4.0.1, which says that it suffices to
show that:

(W, (close (’yr,close (fy , +)))) e &[]

But this is exactly what our hypothesis tells us, appropriately applied. [

Lemma A.0.23 (Compat n).

[0 F 0 int]

Proof. Asin Lemma A.0.7, exchanging unit, and 0, n where appropriate.
O

Lemma A.0.24 (Compat x).

[F5 0, %7 F 7]
Proof. As in Lemma A.0.9, exchanging 7,7 where appropriate. O
Lemma A.0.25 (Compat )-
[0 ke cr7]A A T Fe, i 7] = [0 F (7]
Proof. As in Lemma A.0.14, exchanging 74, 75 with and generalizing

n # 2 where appropriate. O

189



190

VALUE INTEROPERABILITY: MUTABLE REFERENCES

Lemma A.0.26 (Compat ).
[T Feq: [7]JAD; D Fes:int] = 1510 F 7]

Proof. Expanding the definition of [-] and -* and pushing substitutions in
the goal, we are to show that

(W, (close (yr, close (yr,e1 7)), close (1, close (v, e2)) , idx)) € E[7]

given arbitary W,~p,vr such that (W,~r) € G[I'] and (W,~r) € G[1'].
Expanding the definition of £]-], we are to show that

S’ = Fail cAc € OKERRVIAv, W I W. (' =S,vAH : WA(W',v) € V[7]))
(13)
given arbitrary H: W,S,H’, S/, j < W.k such that

(HsSsclose ('yy,close ('y , +)) , close ('yy,close (7 , +)) , idx) EN (H'sS's.) —»

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j1 < j,H1,S1 such that

(HsSsclose (fyl-,close (’y , +)) , close (w,close (7 , +)) , idx) AN (H13S13) -

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. Sy =5 =Fail cAc € OKERR and H; = H'.
In this case, we have the left disjunct of (13).

vy, Wi I W. (St =S,vi AH: Wi A (Wi,va) € V[[7]])
and

(H1 §S1 5 close (yr, close (yr,e2T)), idx) = (H'sS's.) »
Expanding the definition of V[[7]] we have that

vi = [Vi, ..o, Ve A (W, Vh) € V[T Ao A (WA, vy) € V7]
Applying Lemma A.0.2 again, there is jo < j — j1,Ho,Ss such that

(Hq ¢ S1 ¢ close (’)/1‘, close (fy , +)) , idx) EES (Hy$So3+) =

Then by expanding £[-] in the premise and specializing as appropriate,
either:
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b)
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Sy =S’ = Fail c Ac € OKERR and Hy = H'.
In this case, we have the left disjunct of (13).

3V2, Wy 3 Wi (SQZS,VQ/\HQ: WQ/\(WQ,VQ)EV[[ ]])
and o
(Hy3Sygidx) 7 2572 (H 55" 5.) =
Expanding the definition of V[int] we have that

Vo = Nj

for some n;.

Recall that S; =S, [v],...,v,], s0 S2 = Sy,ni =S, [V}, ..., v,],ni.
Then there are two cases:

i.ni € [1,...,n]. Then by the operational semantics of
StackLang,

) 1
(Ho $S, [V, ..., vi],nmigidx) = (Ha S, vnig+)

so H' = Hy and S’ = S,Vv/.. Then we have the right disjunct
of (13) by taking v = v, and W' = > Ws, noting that
W E W, E Wo & W by Lemma A.0.4 All that remains is
to show that (W’,v/.) € V[7]. Recall that (Wy,v).) € V[],

so simply apply Lemmas A.0.3, A.0.5.

ii. nj ¢ [1,...,n]. Then by the operational semantics of
StackLang,
(Ho $S, [V], ..., Vvi],ni gidx) EN (H2 ¢ S 5 error)
= (Hy § Fail c5-)

so S’ = Fail c A ¢ € OKERR. Then we have the left disjunct
of (13).

Lemma A.0.27 (Compat if0).

[0 F

IN[T; T Ee A D ke 7] = 15T F

Proof. As in Lemma A.0.18, exchanging bool, 7 with where appro-

priate.

O

|
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Lemma A.0.28 (Compat ).
I Fein] = [I5TE : I
Proof. Asin Lemma A.0.17, exchanging 71, 7o with where appropriate.
O
Lemma A.0.29 (Compat )-
[T Feq: AT Fey ] = [T F |
Proof. Asin Lemma A.0.18, exchanging 71, 75 with where appropriate.
O
Lemma A.0.30 (Compat )
[T Fe rint) AT Fey:int] = [T F s int]

Proof. Expanding the definition of [-] and -* and pushing substitutions in
the goal, we are to show that

(W, (close (’yy,close (’y , +)) , close ('yy,close (fy , +)) , add)) € &[int]

given arbitary W,~p, vy such that (W,~r) € G[I'] and (W,~r) € G[1].
Expanding the definition of £[-], we are to show that

S' = Fail cAc € OKERRV3Iv, W I W. (S =S,vAH : WA(W',v) € V[int]))
(14)
given arbitrary H: W,S,H’, S/, j < W .k such that

(HsSsclose (’yy,close (’y , +)) , close ('yy,close (7 , +)) , add) EN (H'sSs.)

The claim is vacuous when W.k = 0, so consider W.k > 0. Applying
Lemma A.0.2, there is j; < j,Hp,S; such that

(HsSsclose (’)T,CIOSQ (7 , +)) , close (yy,close (7 , +)) , add) EAN (H13S15-) -

Then by expanding £[-] in the premise and specializing as appropriate,
either:

1. Sl =S’ = Fail c Ac € OKERR and Hy = H'.
In this case, we have the left disjunct of (14).

vy, Wi O W. (51 =S,vi AHy: WlA(Wth) GVII ]])
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and
(H1 ¢ Sy 5 close (yr, close (vr,e2 ")), add) Iy (H'sS"g.) =
Expanding the definition of V[int] we have that
Vi = ng

for some ni. Applying Lemma A.0.2 again, there is jo < j — j1, Ho,So
such that

(Hy §Sq 5 close ('yr,close (fy , +)) , add) 3 (Ha5S95-) -

Then by expanding £[-] in the premise and specializing as appropriate,
either:

a) Sy =S’ = Fail c Ac € OKERR and Hy = H'.
In this case, we have the left disjunct of (14).

b)
dvo, Wo O Wh. (SQZS,VQ/\HQ: WQ/\(WQ,V2)€V[[ ]])

and o
(Ha§Sz5add) " 257 (H'3S'5-) —»

Expanding the definition of V[int] we have that
Vo2 = No

for some n,.

Recall that S; = S,ny, so Sy = Sy,n» = S,ny,ny. Then by the
operational semantics of StacklLang,

(Hs$S,n1,n23add) = (Ha3S, (n1 +no) ) =
so H = Hy and S = S,(n; +n3). Then we have the right
disjunct of (14) by taking v .= ny+ny and W' = >Ws,

noting that W C Wy C Wy C W’ by Lemma A.0.4 and that
(W' n1 4+ ny) € V[r] by definition.

Lemma A.0.31 (Compat )
[T ke: 7] = [0 F : |

Proof. As in Lemma A.0.19, exchanging 7, 7 where appropriate. O
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Lemma A.0.32 (Compat !e).
[T Fe: ] = [Ih0Fle: 7]

Proof. As in Lemma A.0.20, exchanging 7, 7 where appropriate.

Lemma A.0.33 (Compat ).
[0 F e N[ T Rey 7] = [0 F
Proof. As in Lemma A.0.21, exchanging 7, 7 where appropriate.

Lemma A.0.34 (Compat (e),).
[T Re:r]AT~7 = 150 F (e : 7]

Proof. As in A.0.22, exchanging 7, 7 where appropriate.
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B.l DYNAMIC LOGICAL RELATION

We first present various supporting lemmas, and then all of the compatibility
lemmas.

Lemma B.1.1 (Expression Relation Contains Value Relation).
V[[T]]p ce [[T]]P

Proof. All terms in the value relation are irreducible, and thus are trivially
in the expression relation. O

Lemma B.1.2 (Split Substitutions). For any world W and substitution
~v such that
(W,’Y) € g[[ﬂl () Slgﬂp

there exist substitutions ~y1,v2 such that v =y Wy and
(W) € G[u],

and
( W7 72) € g[[ﬂz]][)

Moreover, for any i,j € {1,2}, for any I'; Q3 AT e 7,
7'(e*) =7j(e")
and for any AT 15 Q5 Fe 7,
+) +)

P(eh) = 2i(e

Proof. First, we need to show that there exist substitutions v; and 3. This
follows from the inductive structure of G[(2],, where we can separate the
parts that came from G[€2:], and G[2>],. The second follows from the fact
that the statics means that the rest of the substitution must not occur in
the term, and thus 7¢(e™) = 44 (74(e™)) = 44 (e™) (for example). O

Lemma B.1.3 (World Extension).

1. If (Wl,vl,vQ) c V[[T]]p and W1 C WQ then (WQ,Vl,Vz) c V[[T]]p

195
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2. If (Wi,71,72) € G[I'], and W1 E Wa then (Wa,71,72) € G[I'],

Proof. We note that world extension allows three things: the step index
to decrease, the heap typing to add bindings (holding all existing bindings
at same relation, module decreasing step index), and add flag references
(ensuring existing flag references can go from UNUSED to USED, but not
the other way). In all cases, this is straightforward based on the definition
(relying on Lemma B.1.4 in some cases). O

Lemma B.1.4 (World Extension Transitive). If Wy C Wy and Wy C Wi
then Wi C Ws.

Proof. Straightforward based on the definition. O

Lemma B.1.5 (Heaps in Later World).  For any W € World and
Hl, Hy : W, 1t holds that Hl, Ho: >W.

Proof. Since heap typings map to relations that are by definition closed
under world extension, and world extension cannot remove locations, only
restrict them to future step indices, this holds by definition. ]

Lemma B.1.6 (Logical Relations for MiniML in T'yp). For any A, p €
D[A], and 7, if A+ 7, then V[7], € Typ.

Proof. By the definition of T'yp, it suffices to show, for all natural numbers
n, [V[7l,]n € Typrn. This requires us to show two things: first, that it is in
gAtomValn —and second that it is closed under world extension. The latter
holds by Lemma B.1.3. For the former, we note that we are required to

show that the worlds are in World,,, which holds by definition. O

Lemma B.1.7 (Compositionality). (W, vi,vp) € V[[T]]p[
(W7V17V2) € V[[T[T//(Yﬂ]p

V[,

Proof. Tt suffices to show V[[T]]p[ Ry V[r[r'/al],, which we will do
o P
by induction on 7. We show the interesting cases:

CASE T = «.

Vlla — 7], = V['], (by sub)
= pla — V[7'],](e) (by lookup)
= V[[a]]p[w_)v[vl]]p] (by def V[].)
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CASE 7 = [ # «.

Ve — 7181, = V[5], (by sub)
— 0(8) (by def V[1)
— plo = VIFLI(E) (by lookup)
= VIIBIIp[(M—)V[[T’]]p} (by def V[-].)

The other cases are straightforward by expanding the definitions of
V[].,€[]. and applying the induction hypotheses. O

Lemma B.1.8 (Expression Relation for Closed Types). For any MiniML
type T where - = 7 and any p,

Elrl, = £l71

Proof. Since £[7], is defined in terms of V[7],, this proof is analogous
to Lemma B.1.7, though since what we are substituting is not used, the
interpretation can be arbitrary. O

Lemma B.1.9 (Closing MiniML Terms). For any MiniML term e where
AT e s 7, for any Woar,yr,ya, p where p € DIA], (W,r) €
G, (W) € GII])., and (W,~0) € G[2]., it holds that

and

are closed terms.

Proof. Since free variables are compiled to free variables, and no other free
variables are introduced via compilation, this follows trivially from the

structure of G[I'],. O
Lemma B.1.10 (Closing Terms).  For any term e where
A9 F e o1, for any Woyr,yr,va, p where p € DIA], (W,r) €

G, (W) € GII])., and (W,~a) € G[€2]., it holds that

and

are closed terms.
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Proof. Since free variables are compiled to free variables, and no other free
variables are introduced via compilation, this follows trivially from the
structure of G[I'],. O

Lemma B.1.11 (Anti-reduction). If (W' e}, e5) € £&[r],, then

Vjerex W Hy Hy Hy HY. W E W/ Aj < W.kAH,Hy: WA (Hp,er) &
(HY, i) A(Ha, e2) 5 (Hb, eb) AHY HY : WIAW k> W .k—jAfreevars(er) =
freevars(ex) =0 = (W, e1,e2) € €[],

Proof. Expanding the expression relation, given
YHi, Ho: W, ef, Hi, 5/ < W.k. (Hi,er) & (Hf,ef) =
we must show either e] is fail CONV or there exist vo, H3, W* such that

(Ha,e2) = (H3,va) A W T W* AH HS . WA (W, ef,v2) € V[7],
By confluence, if (H,eq) EN (H),€}) and (Hy,e1) ER (H7,e}) -, then
(Hy.€)) = (Hi o) -

Thus, by applying (W', €}, e}) € E[r],, since j' —j < W.k—j < W'k,
we find either e] is fail CONV, in which case we are done, or there exist
va, H3, W* such that

(Hy,eh) 55 (Hi,vo) A W/ E W* AHT HS - W*A (W™, el,v0) € VIrl,

Now, since W T W’/ and W/ T W*, we have W C W* by Lemma
B.1.4. Moreover, since (Ha,ep) = (Hb, eb) and (Hf,eh) = (H3,va), we have
(Ha,e2) = (H3,vo). This suffices to finish the proof. O

Lemma B.1.12 (Conversions Evaluation Contexts). Cr, sy € K

Proof. By inspection of the conversions, which are either empty or have
shape if [[] ...orletx=[] ... O

Theorem B.1.13 (Convertibility Soundness). If 74 ~ 75 then

v (Waelve2) € g[[TA]]- - (W7CTA’—)TB(e1)7CTA’—>TB(e2)) €
8[[7‘3]]. AN VY (W,el,eg) € 5[[7’3]]. — (W,CTBHTA(el),CTBHTA(eg)) e
Elra]..

Proof. We prove this by simultaneous induction on the structure of the
convertibility relation.

There are two directions to this proof:
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V(Wae17e2) € g[[unit]]. = (chunit»—> (el)vcunit»—> (e2)) € 5[[ ]]
and:
V(W,ei,er) € E[unit]. = (W,C,,iisunit(€1); Conitsunit (e2)) € Efunit].

Both directions are trivially similar to each other, so we will only prove
the first direction. Expanding the definition of the convertibility boundaries,
we refine this to:

V (W,e1,e2) € Eunit]. = (W,e1,e2) € €| B

Since the expression relation is shared between the two languages, this
holds because V[unit]. = V[ . ={(W,0,0))}

There are two directions to this proof:

V (W, e1,e2) € €[int]. = (W, Cintrsnooi(€1), Cintmsnooi(€2)) € E[bool].
and:
V(Wae17e2) € g[[ ]] = (W’ C »—)int(el)vc r—>int(e2)) € gﬂint]]'

Consider the first direction. Expanding the definition of the convertibility
boundaries, we refine this to:

W (W,el,eg) € 5[[int]]. - (W,el,ez) S 5[[ ]]

Unlike the previous case, we cannot prove both directions by equality of
value relations, since our binary relation for V[ J. renders all non-zero
numbers equal (a unary relation would admit the same proof). However,
the first implication does follow, since V[int]. C V[ I

Next, consider the second direction. Expanding the convertibility bound-
aries, we must show:

V (W,e1,e) € &[ ] = (W,if e1 0 1,if e2 0 1) € E[int].
Expanding the expression relation, we must show that given

VHy, Ho: W, €, Hy, j < W.k. (Hi,if e; 01) % (H,,&}) =
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it holds that:

e = fail CONV V (FvaH,y W' (Hy,if e 0 1) 5 (H), vo)
AW T W AHLHY : WA (W€l va) € V[int],)}

By (W,e1,e2) € &[] J., we find that either (Hi,e;) either steps to
fail Conv, in which case (Hy,if e; 0 1) takes another step to fail CoNv and
we are done, or steps to an irreducible configuration (Hj,e}), in which case
(Ha,e2) steps to an irreducible configuration (H%,e5) and there exists some
world W’ such that W T W', Hf,H5 : W', and (W' e}, eb) € V[ I.-
There are then two cases:

1. e] = e5 = 0. In this scenario, we have
(Hy,if e; 0 1) 5 (H},if 00 1) — (H},0)
and
(Ho,if ep 0 1) 5 (H3,if 00 1) — (H3,0)

Then, we have from before that W T W’ and H},H5 : W', and one
can easily see that (W’,0,0) € V[int]., which suffices to finish the
proof.

2. e] = ny and €5 = np with ny,np # 0. In this scenario, we have
(Hy,if e 0 1) 5 (H%,if ny 0 1) — (H1,1)
and
(Ha,if ex 01) 5 (H5,if np 0 1) — (H3, 1)

Then, we have from before that W C W' and Hj,Hj : W', and one
can easily see that (W’ ;1,1) € V[int]., which suffices to finish the
proof.

‘ ~ T1 X Ty ‘ There are two directions to this proof:

V(W,el,eg)eg[[ ]]
= (W7C —T1 X 7—2(61),0 —T1 X Tg(e2)) S 5[[7—1 X 7—2]]'
and:

v (W761762) S g[[Tl X ’7'2]].
= (W70T1 X Tor (e1)70’7’1 X Tor (62))68[[ ]]
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Both directions are trivially similar to each other, so we will only prove
the first direction. Expanding the definition of the convertibility boundaries,
we refine this to:

A (W,el,eg) S 5[[7’] X Tz]]. —
(W,let x =-eq in (C, 7y (fst x), Crpsy (snd X)),
let x =ep in (Cr, 7y (fst x), Cruyry(snd x))) € E[11 ¥ 72].

By Lemma B.1.11 and the hypothesis (W, eq,e) € E[71 @ 72]., we can
reduce this to proving

( w’, (Cn'—>7'1 (fst v1), Cromry (snd v1)),
(Crisry (st vo), Cryisry (snd v2))) € E[1 x 12].

where W/ T W and (W', vq,v2) € V[r1 @ 72].. Now we again appeal
to Lemma B.1.11, relying on Lemma B.1.12 to focus the conversions on
values in V[7]., and Lemma B.1.1 combined with our induction hypothesis
to render the result.

‘Tl —0 To ~ (ul’lit — 7—1) — 7—2‘

There are two directions, we first prove the former implication, that is,
that:

v (Wae17e2) S g[[T] —o 7-2]]_ _—

(W, C. ro=(unit — 71) — Tz(el)’ O m2—(unit — 7)) — 7'2(62))
€ &[(unit — 11) — 7.

Expanding the definition of the convertibility boundaries, we refine our
goal to:

(W, let x = e1 in Mthnk-let Xconv = Crymry (Xehnk ()
in let Xaccess = Once(xconv) in CTm—)TQ (X Xaccess)7
let x = e in )\xthnk.let Xconv = CT1'—>71 (Xthnk ())

in let Xaccess = Once(xconv) in CTz’—>7_2 (X Xaccess))
€ EJ(unit — 71) — 7.

We appeal to Lemma B.1.11 to reduce this to

(WT, AXthnk-let Xconv = C7'1H>‘r'| (Xthnk ())
in let Xaccess = Once(xconv) in CTz»—)TQ (Vl Xaccess)a
MXthnk-let Xcony = CTlr—Wl (Xthnk ())
in let Xaccess = Once(xconv) in C7'2>—>7_2 (V2 Xaccess))
€ &[(unit — 71) — 2.
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where W C W and (WT,vi,v2) € V] ].. Since these are clearly
values, what remains to show is that these two values are related at W1 in
V[(unit = m1) — m]..

The definition of V[(unit — 71) — 73]. says that we need to take any
Wt W, vj, and Vv, that are in V[unit — 71]. and show that

(W', [xehnk—vilet Xconv = Crysry (Xehnk ()) in
let Xaccess = Once(xconv) in C —To (Vl Xaccess)a
[Xthnk'_>V,2]|et Xconv = Cle—> (Xthnk ()) in
let Xaccess = Once(xconv) in C —To (V2 Xaccess)) € 8[[7‘2]].

Where if we substitute, we get:

(W/7 let Xconv = CT1»—> (Vﬁ ()) in let Xaccess = Once(xconv) in C —To (Vl Xaccess)a
let Xconv = C71»—> (V/2 ()) in let Xaccess — Once(xconv) in C —To (V2 Xaccess))

S g[[’fg]].

Now we can expand the definition of once(-), to get:

(W', let Xcony = Cryrsry (V] () in let Xaccess =
(let rresh = ref 1 in A_{if Irfesh {fail CONV} {rfresh := 0;Xconv }})
in C —To (Vl Xaccess)7
let Xconv = Cryrsry (V5 () in let Xaccess =
(let reesh = ref 1 in A_{if Irfesn {fail CONV} {rresh := 0;Xconv}})
in C —To (V2 Xaccess))

S g[[’l'g]].

From our induction hypothesis, instantiated with W', we know that,
if they don’t run forever or fail, (W', Crsr, (v] (), Crymsr (vh ())) will
be in E[r]. if (W', v} (),v5 () is in E[71]. Since we got vj and v, from
V[unit — 71]., the latter holds, and thus we know the converted terms will
eventually run to related values vc; and vcy at some future world W of
W' in V[71]. We can further step, substituting those values and reducing
to a future world W that has in W"”.© a pair of fresh locations ({1, ¢2)
pointing to UNUSED. That means, by appeal to Lemma B.1.11, we reduce
our obligation to showing:

(W™, Croyry (v (AIf 10y {fail CONV} {£1 := 0;ve1 1)),
Crosro (Vo (A{if s {fail CoNV} {fs :=0;vca}}))) € E]m2].

Our induction hypothesis reduces this to proving that:
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Vl()\,.{if !51 {fail CONV} {Kl = 0;vc1}})

(w", va(Aif 165 {fail Conv} {€2 = O;vea}})) € E[r].

If we return to how we got v; and v, we know they are in V[ I
with world W', but via Lemma B.1.3, they are also related under W".
From that definition, we know that v; has the form A a.e;, and that:

(W*.k, WU, W*.© W (¢1,¢3) — UNUSED),
close({a — guard(vi*, ¢1)},e1), close({a — guard(va*, l2)}, e2)) € E[72].

Given any related values vi* and vo* at a future world W* of W', If
we expand out the definition of guard(-), we note that it exactly matches
the terms that we have, and thus our vc; and vcy are exactly vi* and vi*,
which we already know are related at V[71]., and due to Lemma B.1.3,
they are related not only at W’ but also at W*. Thus, we are done with
the first direction.

Now we have to prove the other direction, that is, that:

V (W,eq,e2) € E[(unit — 74) — ] =
(W, C(unit — T1) — Toms (e1); C(unit — T1) — Torms (e2)) € €]

Expanding the definition of the convertibility boundaries, we refine our
goal to:

(W,let x = e in Axhnk-let Xaccess = once(Cr, 7y (Xehnk ())) IN Crysry (X Xaccess),
let x = €2 in Axthnk-let Xaccess = OHCG(C —T1 (Xthnk ())) in C7—2’—> (X Xaccess))
ef| 1.

We appeal to Lemma B.1.11 to reduce this together

(VVTa/\Xthnk'Iet Xaccess — ODCG(C —T1 (Xthnk ())) in CTQ»—> (Vl Xaccess),
AXthnk-l€t Xaccess = Once(c —T1 (Xthnk ())) in CTQH (V2 Xaccess))
ef| I
where W C W and (W', vi,v2) € V[ — 73].. Since these are clearly
values, what remains to show is that they are in V[ 1.
The definition of V[ ]. says that we need to take any W' W/,

Vi, Vb, €1, by where (WT Vi vh) are in V[7]. and (1, ¢2) are not in either
W' W or W'.© and show that
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(Wla [Xthnnguard(Vlly El)]let Xaccess — Once(cﬁ —Tq (Xthnk ())) in C7—20—>T2 (Vl Xaccess)a
[Xthnk'_)guard(véa 62)]|et Xaccess — Once(CT] —T1 (Xthnk ())) in CTQr—M—z (V2 Xaccess))
S g[[TQ]].

Where if we substitute, we get:

(W/a let Xaccess = Once(CT1 —T1 (guard(vﬁjl) ())) in CTgb—M’z (Vl Xaccess)a
let Xaccess = once(Cr, 7y (guard(vh, £2) ())) in Crysry (V2 Xaccess))
S g[[Tg]].

First, let’s expand the definition of once(-):

(W', let Xaccess = let rfresn = ref UNUSED in ,
A_Aif Irresh {fail CONV} {ffresh := USED; C, 7y (guard(vy, 41) ())})
in CTQ*—)T') (Vl Xaccess)
let Xaccess = let reesh = ref UNUSED in )
A_{if rfresh {fail CONV} {rfresh := USED; C., sy (guard(vh, €2) ()))}
in CTgb—M’z (V2 Xaccess)

S g[[Tg]].

From Lemma B.1.11 we can take three steps forward: allocating a new
reference (¢}), substituting it for reesh, and then substituting all of Xaccess,
and thus suffices to show that:

(W1, Crysrn (v (A_{if 104 {fail ConV} {¢; := USED; C., 7, (guard (v}, £1) ()
Crysrs (Vo (A_{if 165 {fail Conv} {¢ := USED; C,, .7 (guard(vh, £2) ())}
S 5[[7'2]].

H);
)

Where W® has a new pair of references in W*.0© (set to UNUSED), a
smaller step index, but otherwise is identical to W'.

For this, we can appeal to our induction hypothesis, which requires us to
show that:

(We,vi (A_{if 144 {fail Conv} {¢} := USED; C,, 7, (guard(vy, (1) ()
vo (A_{if 1, {fail Conv} {¢, := USED; C., .7, (guard(vh, £2) ()}
S 5[[7'2]].

})?
)

Recalling that v; and vp came from V[(unit — 71) — 73]., we can proceed
by appealing to the definition of that relation, which tells us that for any
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arguments in V[unit — 71]., the result of substituting will be in E[7].. It
thus remains to show that:

(W*, X_{if 1} {fail Conv} {{] := USED; C., .7, (guard(v}, 1) ())},
A_{if 16, {fail Conv} {¢, := USED; C,, .7, (guard(vy, £2) ())})
S V[[unit — 7'1]].

Where W* is some future world of W¢°.  From the definition of
V[unit — 71]., we have to show that substituting () for the unused ar-
gument results in terms in £[74]., at some arbitrary future world W**.

We proceed first by case analysis on whether the affine flags (¢}, 45)
have been set to USED, which they can be in a future world. If they have

been, we can expand the definition of the expression relation, choose heaps
Hi*, H5* : W**, and show that

(Hy,if 10} {fail CONV} {€} := USED; C,, 7, (guard(v}, £1) ())) = (H, fail Conv)

At which point we are done.

Thus, we now consider if (¢}, ¢5) are still set to UNUSED. If that’s the case,
we instead appeal to Lemma B.1.11, taking three steps to move into the
else branches and update the affine flags to USED. That means we reduce
our task to showing that in a world W*** which now has those locations
marked used in O, we need to show:

(W***,C —T1 (guard(vllagl) ())7C —T1 (guard(vé7£2) ())) € 8[[7—1]]'

We now again appeal to our induction hypothesis, expanding the definition
of guard(-) at the same time to yield the following obligation:

(W (A_A{if g {fail Conv} {¢1 := USED;V}}}) (),
(A_{if Wy {fail CoNV} {l2 := USED;V,}}) () € ][]

We can appeal to Lemma B.1.11 to take one step, eliminating the pointless
beta-reduction (for simplicity, we use the same name for the world, even
though it is a future world):

(W if 141 {fail Conv} {{1 := USED; V] }},if 16 {fail CoNV} {5 := USED;V4}) € E[m].

Now we again do case analysis on whether (¢1,f2) is USED in W**.©.
If it is, then, as before, we trivially reduce the left side to failure and are
done. If it is not, then we update those affine flags and reduce both sides to
the values v; and vj, at a future world W/™. Now we knew, originally,
that those values were in V[7]. at world W, but since, through many
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applications of Lemma B.1.4 and Lemma B.1.3, that also means that they
are related at W/ we are finally done.
O

Lemma B.1.14 (Compat unit).
QAT H() = () :unit
Proof. Expanding the conclusion, given
YW ¥pyryrva.p € DIAINW,4r) € GITI,A(W 1) € GIT]A(W,70) € G2
we must show
(Wt (1 (0 (0N 22 (2 (A(0)))) € Eunit],

()" = () is a closed term, so the closings have no effect. Ergo,

One can easily see (W,(),()) € V[unit],, which suffices to show
(W,(),()) € E[unit], by Lemma B.1.1. This suffices to finish the proof.
0

Lemma B.1.15 (Compat int).
A T'HZ <7 int

Proof. Expanding the conclusion, given
YW .¥pvryr va.p € DIAIAW,4r) € G[TTAN(W 1) € GINT AW, 7o) € GIO.

we must show

(Wt (7 (76, (07))), 9E (72 (18, (7)) € Ellint],
nt = nis a closed term, so the closings have no effect. Ergo,
O (6@")) =R (E(A@Y)) =n

Since n € Z, one can easily see (W, n,n) € V[int],, which suffices to show
(W,n,n) € [int], by Lemma B.1.1. This suffices to finish the proof. [J

Lemma B.1.16 (Compat x).

AFTAx:Tel = T ATFx=<x:T
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Proof. Expanding this conclusion, given
YW Npr yr va.p € DIAIAW ,41) € GIT], AW, yr) € GIV]LA(W,70) € G[O].
we must show

(W At (v &) AR (R (0, (1)) € 7D,

Notice that x™ = x. Then, since x ¢ (2 and (W,~5,) € G[2]., we have

Next, since x ¢ I' and (W, 1) € G[I']., we have

Finally, since x : 7 € I' and (W, ~r) € G[I']., there must exist vy, vo such
that
’)/F(X> = (vl,v2) A\ (W,Vl,VQ) S V[[T]]p

Thus,
YE(x) = vi AYE(X) = va

Ergo, since (W,v1,v2) € V[7],, this suffices to show that
(WAt (it (0, ()R (R (08, () € VI,

By Lemma B.1.1, V[7], C €[7],, which suffices to finish the proof. [

Lemma B.1.17 (Compat x).

;AT ey Zegimy
AL AT Fey <ey:im
— ) ;A;Fl—(el,eg) j (91762)27'1 X To

Proof. Expanding the conclusion, we must show that given
YW.par e ya.p € DIAINW, ar) € GIUTpANW, 1) € GITT AW, 70) € G
then
(Wt (v (0 ((e1, 2) ), 1 (E (v (o1, 2) ) € E[m x 7],

Notice that both of the expressions have no free variables by Lemma
B.1.9. We can push the compiler and substitutions through the pair to
refine that to:
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(W, (Ot (v (e ), A (0 (v (e2))),
(VR(E(Z(er™)) .2 (VE (WA (e2h))))) € Elmt x 72],

We now appeal to Lemma B.1.11, which combined with our hypotheses
and Lemma B.1.1 is sufficient to complete the proof.
O

Lemma B.1.18 (Compat fst).
A TRFe<e: X = IO A 'Ffste<fste: Ty
Proof. Expanding the conclusion, we must show that given
VYW .Nprr yr ya.p € DIAINW 1) € G[TI, AW 1) € GITTA(W,70) € G[].
then
(Wt (7 (v (Est 7)), 72 (R (VA (Est eT)))) € Elnl,

We can push the compiler and substitutions through fst to refine that
to:

(W, fst 41 (7 (ver (7)), st (47 (72 (Ve (™)) € Elmll,

We then appeal to Lemma B.1.11, using our hypothesis to first reduce
the problem to:

(W', fst vq,fst vo) € E[],

where W C W’ and (W', vi,v2) € V[r1 X 72],. We can then complete
the proof by appealing again to Lemma B.1.11, since we know v; are pairs
and from Lemma B.1.1, their first projections are in E[74],. O

Lemma B.1.19 (Compat snd).
A TFe<e:imp X = 150, A;T'Fsnde <snde:7y

Proof. This proof is essentially identical to that of fst. O

Lemma B.1.20 (Compat inl).
AFR AT A TFe<e:nn — IO A;'Finl e<inle:m + 7
Proof. Expanding the conclusion, we must show that given

VYW Nprr v ya.p € DIAJANW 1) € GITT, AW, 1) € GITTA(W,v0) € G[2].
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then

(W2t (7 (v (inl e¥)), 77 (9 (v (inl &) € E[r + 7],

We can push the compiler and substitutions through inl to refine that
to:

(W, inl v (v (v (e))), inl R (72 (v (eM)))) € Elm1 + 72l

We complete the proof by appealing to Lemma B.1.11, our hypothesis,
and Lemma B.1.1. O

Lemma B.1.21 (Compat inr).

AF AT AT Fe<e:imm = [ A;'Finre<inre:m + 7
Proof. This proof is essentially identical to that of inl. O
Lemma B.1.22 (Compat match).

QA TFe<e:m +7
AL Qo AsT[x i) Feg eyt 7
AL Qo ATy i o] Feg <eg: 7
= I} W Qo; A;T Fmatch e x{e;1} y{ea} < match e x{e1} y{ea}: 7

Proof. Expanding the conclusion, we must show that given
VW Npyryr va.p € DIAINW,yr) € GILI AW, yr) € GITTA(W,v0) € G221 w02].

then
(W, (vF (v, (match e x{e1} y{e2}T))),
(7 (v, (match e x{ei} y{e2}T)))) € E[7],

We can push the compiler and substitutions through the match to refine
that to:

(W, match v (v (v, (e )Xt (vh (v, (es TN vt (v (v, (e2)))
match 2 (72 (V4 (eT)))X{vE(VE (v (er )} y{rE (E(vE (e2)))}, € El71,

In order to proceed, first notice that, by applying Lemma B.1.2 twice, we
find that vo, = 71 W 72 where

(W,m) € G[01]. and (W,72) € G[€22].
and for any i € {1,2},
)

716(e¥) = 7i(e™) and 76, (e) = v3(e)

Thus, we can rewrite our goal to:
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(W, match 7t (v (v (e ))x{rt (v (13 (es )N} y{rt (v
match 72 (72 (73 (e)x{2(7E (13 (e1 ™))} YR (VE (S (e2)))}, € El7],

Now we appeal to Lemma B.1.11 to reduce this to

(Wi, match ef x{7vt(v- (13 (e )} y{rt (v (13 (e2)))},
match ef x{72(72(13(es™)))} y{r2(12 (3 (e2)))}. € El7],

For some future world W; where W T W; and (W1, €], eI) € V[r + 2],

Given (W, €7, ei) € V[r1 + 2], there must exist vy, VI such that either

el =inl v, eJ{ inl VI, and (Wl,vl,vJ{) € V[ri], or e} =inr vj, ei inr v?[,

and (Wl,vl,vl) € V[r],.

First, consider the case where e] = inl vj and e1 inl vl, the other case
is analogous. We complete the proof by appeal to Lemma B.1.11 using
our first hypothesis, noting that the substitution of vi and VJ{ satisfy the
extended substitution. O

Lemma B.1.23 (Compat —).
ATz FexRe:mn = IO ATHF A e x:T.e:7y > T
Proof. Expanding the conclusion, we must show that given
VYW ¥pryryr ya.p € DIAJAMW ) € GIT] AW, yr) € GITTA(W,70) € G
then
(W, (vt (v, (A 71.69))), b (7E (08 (A = 71.T)))) € Elm = 7,

We can push the compiler and substitutions through the lambda to refine
that to:

(W, A (rE (16 (7)), AR (VB (VB (e 7)) € Elr — 72,

Since these are already values, from Lemma B.1.1 it suffices to show that
they are in V[ry — 72],. Consider arbitrary vi,vo, W’ where W C— W' and
(W' v1,v2) € V[71],. Then, we must show

(W', [x = vyt (rF (v, (7)), [x = va R (vE (2, (7)) € El7],

Notice that yr[x — (vi,v2)] € G[I'[x : 74]], because (W' ,yr) € G[I'],
(by W C W’ and Lemma B.1.3) and (W’,vi,v2) € V[71],. Then, we can
instantiate the first induction hypothesis with W', yp[x — (vi,v2)], vr, 70, 0
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because W T W’ and G[I'],, G[I']., G[(2]. are closed under world extension
by Lemma B.1.3. Therefore,

(W' el = (vi, v2)] (v (v (€M), 1 lx = (vi, v2)P(12 (2, (e 7)) € €l

Which, after rearranging substitutions is exactly what we needed to
show. 0

Lemma B.1.24 (Compat app).

; A THey ey i — AT AiTFey ey i1y —
; ;AN -eg epg <egepim

Proof. Expanding the conclusion, we must show that given
VW .¥pyryr vo.p € DIAJANW, 1) € GITT,AN(W 1) € GITTA(W,70) € G[01d

then

(W, (rE (v (e1 e21))), 72 (V2 (Ve (o1 e2T)))) € Elm,

We can push the compiler and substitutions through to refine that to:

(Wﬁr(v (76, (e1 )))7(1(( )
1 (E(A () (v (v (e2T))) € El 2],

In order to proceed, first notice that, by Lemma B.1.2, v, = 1 W~ where
(W,m) € G[©2]. and (W,72) € G[2:].
and, for any i € {1,2}
vh(er) =7i(e™) and 76, (e2™) = 75(e2™)
Thus, we can rewrite our goal to:

(Wt (v (v (e1))) 4t (v (v3(e2))),
H(E(ME (i) (R (E(e2™)))) € Elnal,
We proceed by appealing to Lemma B.1.11, using our first hypothesis to
reduce our obligation to:

(Wi, e v (v (va(eah))),
el 12(12(12(ex™)))) € El72],

Where for W T Wh, (Wl,e’{,eJ{) € V[r1 — 72],. And then again, using
our second hypothesis to reduce our obligation to:
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(Wo,ef e5,e] e}) € €[],

Where for Wi C W, (Wg,eg,eg) e V],

Then, instantiate (Wi, e], eJ{) € V[r — 7], with e’g,eg, > Ws. Because
Wi C Wy and Wy T > Ws, it follows that W7 T ©>Ws. Moreover,
(> Wg,eg,eg) € V[ri], (because (Wg,eé,eg) € V[n], and Wa C > W),
so we find that there exist e}, el such that

el = \x.ep,
and

ei = Ax.el
and

(> Wa, [x = e3]e), [x — eblel)) € €[,

By appeal to Lemma B.1.11, this is sufficient to complete the proof.
O

Lemma B.1.25 (Compat ).
A aT'Fe<e:7 = IO A T'F Aae < Aae - Vaur
Proof. Expanding the conclusion, we must show that given
VW.¥prr e va.p € DIAJAW, ar) € GITT, AW, 1) € GITT AW, 70) € G
then

(W, (0t (v (Aee ), B (R (v (Aae ™)) € E[Va.T],

We can push the compiler and substitutions through the pair to refine
that to:

(W At (0 (v5(eM)), At (R (03 (e1)))) € Elvant],
Since these are already values, by Lemma B.1.1, it suffices to show that

(W, At (7 (v (), At (R (v (eT)))) € VIvanr],

Consider some arbitrary R € Typ and W' such that W = W’. We must
prove that

(W7t (7 (v (e, R (R (v (eT))) € ElT] sy

Since R € Typ and p € D[A], it follows that p[a — R] € D[A, a]. Thus, we
can instantiate the first induction hypothesis with W', vy, vr, v, pla — R],
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because W T W' and G[I'],, G[I']., G[2]. is closed under world extension
by Lemma B.1.3. This suffices to prove the above fact. O

Lemma B.1.26 (Compat [7/a]).
AFTAT; QAT Fe <e:Var = T;0 AT Felr] <e[r]: 7] /o]
Proof. Expanding the conclusion, we must show that given
VW .¥pyr e ya-p € DIAJANW , yr) € GITT AW, yr) € GITTA(W,v0) € G[2].
then
(WAt (v (0 ([T R (R (R (el 1)) € Elrlr' /all,

We can push the compiler and substitutions through the type application
to refine this to:

(W vt (r(02(e))) 0:7E(E(A(eT))) 0) € Elrlr'/all,
Expanding the expression relation definition, we find that given
VHi, Ho: W, €}, Hi, 7 < W.k.

(Hi, 7t (7 (0,(e7))) 0) = (HYeh) =

we must show either €] = fail CONV or there exist v, Hj, W’ such that:
(H2, 72 (72 (78, (e7))) () = (Hy,va) A W E W/ AH Hy - WA (W, €h,v2) € V[rlr'/al],

To proceed, we must find what €} is. From the operational semantics, we
know the application will run its subexpression using H; until it reaches a
target value or gets stuck. From the induction hypothesis instantiated with
W, yr, v, v, p, we find that:

(Wt (- (vh(eN), (R (vA (7)) € EVanr],

By instantiating this fact with Hy, Ha, we find that (Hi, i (vL(7d,(e™))))
either reduces to fail CoNv, in which case the entire term reduced to
fail Conv, or it will reduce to some (Hj,e1*), in which case the other
side with Hy will reduce to some (H3,e;t) and

(Wh,er*,e1l) € V[Va.],

for some world W; where W & Wy and HY, H5 : Wy.
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Then, we can instantiate this fact with V[7'], and >W;. (Note that
V[7'l, € Typ by Lemma B.1.6.) Since W C >W; (as W T W; and
Wi C > W), we find that there exist ej, eE such that

e] = A_.ej,
ei = )\,.el

and
(> Wi, ey, ez) € 5[[7']]p[

a—=V[7'],]

Ergo, by the operational semantics, the original configuration with heap
H; steps to (Hi, A\_.e{ ()) and, on the other side, the configuration with
Hy steps to (H3, /\,.ef ()). Next, both of these configurations take a step
to (Hi,ef) and (H;,eT>, respectively. (Notice that () is not substituted
anywhere because the binding in the lambda values are unused.) Next,
since H},H5 : Wi, by Lemma B.1.5, it follows that H},H5 : > W, so we
can instantiate the above fact with H}, H3 to deduce that either the first
configuration steps to fail CoNv, in which case the original configuration
with Hy steps to fail CONV, or the first configuration steps to some irreducible
configuration (H7*,ef), in which case the second configuration also steps to
some irreducible configuration (H%*, e;r ), and there exists some W where
> Wy C Wa, Hi* H5* : Wa, and (Wa,ef,el) € VI oo

by Lemma B.1.7, (Wa, e}, eI) e V[r[r'/a]],. Ergo, €] = el, so this suffices
to show €] is in the value relation at 7[7’/a| along with the value stepped
to by the configuration with He on the other side. Finally, since W C Wy,
Wi C Wy, and > W) C Wy, we have W C W, (by Lemma B.1.4), which
suffices to finish the proof. O

Therefore,

Lemma B.1.27 (Compat ref).
A TFe<e:7T = IO A;'Fref e <ref e:ref 7
Proof. Expanding the conclusion, we must show that given
VW .¥pyr v va.p € DIAIANW, 1) € GITT,AW, 1) € GITLA(W,v0) € G
then

(Wt (v (v (et eT))), 2 (VR (Ve (ref e1)))) € Efret 7],

We can push the compiler and substitutions through the type application
to refine this to:

(W, ref (v (v (e 1)), ref A2 (77 (2 (eT)))) € Elret 7],
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We appeal to Lemma B.1.11 and our hypothesis to reduce our proof to:

(W', ref vy, ref vo) € E[ref 7],

Where W T W' and (W', vi,v2) € V[7],. At this point, the result follows
from another appeal to Lemma B.1.11 and Lemma B.1.1, since each will
take a single step to fresh locations that point to values v;. O

Lemma B.1.28 (Compat !).
A TFe<e:ref 7 = IO A TFlele: 7
Proof. Expanding the conclusion, we must show that given
YW .Npyryrva.p € DIAJAW, 1) € GIT] AW, yr) € GIE]A(W,70) € G]

then
(Wt (vt (vh(le™)), R (R (A (le ™)) € €N,

We can push the compiler and substitutions through the dereference to
refine this to:

(W, 9t (7 (v6r (7)), E (2 (8 (e)))) € €7D,

We appeal to Lemma B.1.11 and our hypothesis to reduce our obligation
to:

(W' vy, o) € &M,

Where W T W' and (W', vq,v2) € V[ref 7],. From the definition of
V[ref 7],, we know that v; are locations that point to values in V[7],, and
thus the result follows from Lemma B.1.11 and Lemma B.1.1. O

Lemma B.1.29 (Compat :=).

QA T Fey Repiref TALT; Qo AjTTFey <eg: 7
= I AT Fep:=ey R eq :=ey:unit

Proof. Expanding the conclusion, we must show that given
VW .¥pryrva.p € DIAINW, 1) € GITTpA(W,r) € GIE AW, 70) € G
then
(Wt (v (v (o1 = e21))), R (97 (v (o1 = e2™)))) € E[unit],

We can push the compiler and substitutions through the assignment to
refine that to:

215

I.
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(W, (O () == (it (i (e2T))),
RORE(A (™)) = R(E(A(e2™)))) € E[unit],

In order to proceed, first notice that, by Lemma B.1.2, v, = 1 W~s where
(W,m) € G[€2]. and (W, 72) € G[2:].
and, for any i € {1,2}

i

vh(e1t) =vi(er™) and 76 (e2™) = vi(e2™)

This means we can rewrite our obligation to:

(Wt (vE(vi(er™)) == (it (s (e2™))),
(E(E(er™))) == B(E(E(e2)))) € E[unit],

We now appeal to Lemma B.1.11, using the first hypothesis to reduce our
obligation to:

(Wi,ef = (v (v (e2))) el == R(1E(13(e2™)))) € E[umit],

Where W T W; and (W, ej, eI) € V[ref 7],. We then appeal again to
Lemma B.1.11, resulting in the following obligation:

(Wa, e = ez,el = e;) € EJunit],

Where W7 C W5 and (Wg,ez‘,eg) € V[7],. Since our value relations
are closed under extension (Lemma B.1.3), we can reduce again using
Lemma B.1.11 to step to a future world with unit values, which by
Lemma B.1.1 are in £[unit],, thus completing the proof. O

Lemma B.1.30 (Compat (c),).
AT, T Q F T AT~ T = DA TR (e) S (e)riTAiT~T
Proof. We must show that given
VW.¥paryr va.p € DIAJANW 1) € GILT AN (W) € GIETA(W, v0) € G[O].
then
(WAt O (0, ((e)- ) 2R (0 (v (e ) € €Dl

We can push the compiler and substitutions through to refine that to:

(W, Crisr (- (v6(€))), Crisr (R (3 (30,2 (€7)))) € €7,
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Now, by instantiating our induction hypothesis with W ,~r, vyr, v, p, we
find that:

(Wt (e (0 (€Nt (vE (A (e 1)) € El7].
Therefore, by Theorem B.1.13, we have

(W, Crosr (i (v (0,6 F)))s Crnr (RO (7 (e1))))) € El7].
Finally, by Lemma B.1.8, we have
(W, Crosr (vt (it (v,(e))), Crsr (R (V2 (B (7)) € €7,
as was to be proven. O
Lemma B.1.31 (Compat ).
AT T Q F
Proof. Expanding this definition, given
VYW ¥par yr ya.p € DIAINW, 1) € GITTpMW, 1) € GITT AW, 70) € G[].
we must show

(WA (O, R (R E0T)))) € E[unit].

* = () is a closed term, so the closings have no effect. Ergo,

One can easily see (W,(),()) € V[ J., which suffices to show
(W,0,0) €€l J. by Lemma B.1.1. This suffices to finish the proof. [

Lemma B.1.32 (Compat true).
AT Q F
Proof. Expanding this definition, given
VYW .Npyryr va.p € DIAIANW, 1) € G[IT,A (W, 1) € GITTA(W, v0) € G[9].
we must show
(Wt (v (v (true ™)), AR (72 (4 (truet)))) € E[bool].

T =0 is a closed term, so the closings have no effect. Ergo,



218 VALUE INTEROPERABILITY: AFFINE FUNCTIONS

One can easily see (IW,0,0) € V[ ]., which suffices to show (W,0,0) €

&l J. by Lemma B.1.1. This suffices to finish the proof. O
Lemma B.1.33 (Compat ).

AT Q F
Proof. This is very similar to the proof for true, except T =1, and
since 1 # 0, (W,1,1) € V[ J. by the second clause. O

Lemma B.1.34 (Compat int).
ATk
Proof. Expanding this definition, given
VW .¥pyryrva.p € DIAINW ,4r) € GILT,AW 1) € GITLA(W,v0) € G2
we must show
(Wt (7 (v, (1)), 92 (R (v (0F)))) € Efint].
T = nis a closed term, so the closings have no effect. Ergo,
(i (7 (0)) =R (7 (1) =n

Since n € Z, one can easily see (W, n,n) € V[int]., which suffices to show
(W,n,n) € E[int]. by Lemma B.1.1. This suffices to finish the proof. [

Lemma B.1.35 (Compat a).
€ = AT QF
Proof. Expanding the conclusion, given
VW.¥pyrarya.p € DIAJAW, yr) € GIT,A(W,qr) € GITT AW, 70) € G[4].
we must show
(WAt (i (7,(a))) 2R (07 (42.(2T)))) € €7

We can push the compiler and substitutions through this expression to
refine this to:

(Wt (11 (74:(a)) 0,97 (72 (08(a))) () € EL7.
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Since (W, v0) € G[€2]., there must exist (¢1,¢2) € W.O and values vy, v,
such that

74, (a) = guard(vy, £1) = A_if ; {fail Conv} {¢; := USED;v;}}
and
72,(a) = guard(va, £o) = A_if 10 {fail CoNV} {fs := USED;v2}}

and (W,v1,v2) € V[7]..

Ergo, we must show

(W, A_if 141 {fail CONV} {{1 := USED;v1}} (), A_.if [l {fail CONV} {l5 := USED;V2}} ())
e &[]

We appeal to Lemma B.1.11, noting that any heaps that satisfies W
will map ¢; to either USED or UNUSED. If it is USED, then we reduce
our obligation to (W', fail Conv,fail Conv) € &£[7]., which is trivially

true. Otherwise, we reduce to heaps where ¢; := USED and reduce our
obligation to (W' vi,v2) € E[7]., but that follows from Lemma B.1.3 and
Lemma B.1.1. O

Lemma B.1.36 (Compat x).
el = A OF
Proof. Expanding the conclusion, given
VYW .¥pyr v yo-p € DIAJANW 1) € G[TT, AW 1) € GITTA(W,70) € G[].
we must show
(WAt (1 (b N, R (R (A ) € €7

Notice that x* = x. Then, since x ¢ 2 and (W, ~q,) € G[{2]., we have

Then, since x : 7 € I' and (W,~r) € G[I']., there must exist vi, v, such
that

(%) = (v1,v2)
and (W,vy,v2) € V[7].. Ergo,

() = vi A (x) = va
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Since (W,v1,v2) € V[7]., this suffices to show that

(W2t (1 (7, 00)), 72 (7 (hE () € VI

By Lemma B.1.1, V[7]. € &[], so this suffices to finish the proof. O

Lemma B.1.37 (Compat —).
AT T F : = A0 F
Proof. Expanding the conclusion, given
VW Nprr v ya.p € DIAJAMW 1) € GITT, AW, y1) € GITTA(W,v0) € G[O]-
we must show
(Wt (7 (s )t (R (A ( ) €l Ik
We can push the compiler and the substitutions to refine that to:
(W, 2t (71 (76, (e7))), At (VR (2, (eT)))) € €1 I
Since these are clearly values, by Lemma B.1.1, it suffices to show
(W, Aant (v (v, (1), Aant (72 (2, (e 1)) € VI I

Expanding the value relation definition, given
YWive W W WA (W,,Vl,VQ) € V[[ ]]

we must show

(W' k, W. W, W.OW ({1, l2) — UNUSED),
[amrguard(ve, £1)]71 (v (76, (7)),
[a—guard(va, L2)]vE (v (72, (e 1)) € E[72].

Notice that W = (W'.k, W' . &, W'.© W ({1, l2) — UNUSED) is a world
extension of W’ because it has the same heap typing as W’ and has all the
affine flags as W' plus one new affine flag which is disjoint from any affine
flag in W’. Ergo, since W C W' and W' C W"”, we have W C W”. Next,
notice that:

(W" yola— (guard(vy, £1), guard(va, £2))]) € G B

because ({1, 42) € dom(W".0), (W" vi,vz) € V[71]. because (W,v1,va) €
V[71]. and Lemma B.1.3, and (W",~0) € G[(2]. because (W,~0) € G[2].
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and Lemma B.1.3. Therefore, we can instantiate the first induction hypoth-
esis with W” vp,vr,vo[a — (guard(vy, ¢1), guard(va, £2))], p to find

(W 4t (0 (v la = (guard(vi, £1), guard(va, £2))]' (e 1)),
V(2 (yala = (guard(vy, £1), guard(va, £2))]*(e™)))) € E[72].

which is equivalent to what was to be proven. O
Lemma B.1.38 (Compat )

AT 0500 B : AVACHEH RPN
= AT - :

Proof. Expanding this definition, given
VW . Npyryr va.p € DIAIANW ,yr) € GILI AW, qr) € GITTA(W,v0) € G[
we must show
(WAt (it (v (er e2™)), AR (B (e1 e2)))) € E[r2].

We can push the compiler and substitutions through the application to
refine this to:

(W, (E (v (1)) (let x = At (9t (v, (e2T))) in once(x)),
VE(E(Z(e1h))) (let x = E(V2 (73 (e2T))) in once(x))) € E[72].

First, notice that, by Lemma B.1.2, v = 1 W 2 where
(W) € G[4]. and (W,72) € G[€2].
and, for any i € {1,2}

o (e1™) =7i(er™) and 76 (e2F) = (e ™)

.

We proceed by appealing to Lemma B.1.11, using our first hypothesis to
reduce our obligation to:

(Wi,ef (let x = 7-(vk (7, (e27))) in once(x)),
el (let x= 12(v2(72(e2™))) in once(x))) € E[7].

For some W; where W C W, and (Wl,e’{,ei) eV] J.- And then
again, using our second hypotheses to reduce our obligation to:

(Wa, et once(e}), el once(el)) € E[7].

For some W5 where W; C Wy and (Wg,ez,eg) e V[r]..

221
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Then, instantiate (Wi, e’{,ei) e V] J. with e, eg, > Ws. Because
Wi C Wy and Wo T > Ws, it follows that Wi T > Ws. Moreover,
(>W2,e§,e£) € V[m1]. (because (Wg,eﬁ,ez) € V[m]. and Wa C > W,
so we can apply Lemma B.1.3). Ergo, there exist e}, e;r) such that

e] = \a.ej,

and
ei = /\a.elt

and, for any (¢1,/2) ¢ dom(>W5.¥) U dom(r> W5.0),

((l> Wo.k,>Wo W, >W5.0 W (51,52) — UNUSED),
[a > guard(e}, f2)]ef, [a > guard(el, 41)]el) € E[7].

In particular, we choose ¢1, 5 to match those that arise due to reducing
the once()s, and thus complete the proof by appeal to Lemma B.1.11. [

Lemma B.1.39 (Compat !).
AT T - T = AT
Proof. Expanding this definition, given
YW Npar v ya.p € DIAJANW 1) € GITT, AW, 1) € GITTA(W,v0) € G[2].
we must show
(Woar,t (E (v (V) 2 (R (A (V) € €[]

Note that !vt = v*. Thus, the result follows immediately from our
hypothesis. O

Lemma B.1.40 (Compat )

AT T [ ST ANA T ; =
= A; 1T +

Proof. Expanding the conclusion, we must show that given
VW Npvyr e ya.p € DIAIANW 1) € GIT AW, 4r) € GITTA(W,v0) € G

we must show

WA (v (v ( ),
2 ( ) € €]
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We can push the compiler and substitutions through the expression
and refine this to:

(W let x = YL (7 (76, (e1))) in 9 (vF (v, (e27T))),
FOE(A (™) in R (17 (v (e2))) € EL7].

let x = (v (7
Then, by Lemma B.1.2, we find that yo = 71 W 2 where
(W,m) € G[<2]. and (W,72) € G[<22].

and, for any i € {1,2}

We appeal to Lemma B.1.11, using the first hypothesis to reduce this to:

(Wi, let x = e} in vE (v (v (e2™))),
let x = el in v2(12(13(e2T))) € E[7].

For some W; where W T Wy, Hi, HS : Wy, and (Wl,e’{,ei) € V[!7].. By
expanding the value relation definition, we find (W1, €7, e{) € V[r].. That
means that we can appeal to Lemma B.1.11 again, reducing our problem
to exactly what is provided by instantiating our second hypothesis with
substitutions extended with x — (ef, el). O

Lemma B.1.41 (Compat &).

AT Q- : ANAT T QO F
= AT QR

Proof. Expanding the conclusion, we must show that given
VYW .¥pr v yo.p € DIAJANW 1) € G[TT,A(W, 1) € GITTA(W,70) € G[2].
we must show
(W2 (o (7 ( DI CHRICE M) € Elr&er].

We can push the compiler and substitutions through the product expres-
sion and refine this to:

(W, At (v (v (e1)), At (vh (v, (e2T)))),
AR (3 (™)), AR (VR (VA (
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Clearly, this is a target value. Thus, it suffices to show

(W, At (it (v (e1))), Aot (v (v (e2))),
( VRO (™)), AR (E(A(e2T))))) € VI I

First, we can instantiate the first induction hypothesis with W, ~vr, yr, v, p
to show that

(W, (vt (v, e17))) 2 (72 (8 (1)) € V]

and we can instantiate the second induction hypothesis with
W, 1,91, Y0, p to show that

(Wt (1 (v (e2N), 2 (E (v (e27)))) € VI,

This suffices to show that the pairs of lambdas are in the value relation
at , as was to be proven. ]

Lemma B.1.42 (Compat .1).
AT Q2 - : = A0 -
Proof. Expanding this definition, given
YW .¥pyryr yo.p € DIAINW 1) € G[T],A (W, 1) € GIT]A(W,70) € G[].
we must show
(WAt (i (v (e 1)), 7R (E (v (e.17)))) € 7).

We can push the compiler and substitutions through the projection to
refine this to:

(W, (st 4t (v (vr(e))) 0, (Fst A2 (E (v (7)) 0) € E[m].

We can appeal to Lemma B.1.11 to reduce this to:

(W, (fst ) (), (fst e})) € E[71].

For some world W, where W T Wj and (Wy,e*,el) € V[ I
Ergo, there exists some eJ, eI, es, eg such that

e* = (Aef,\.e}) and e = ()x,.ei, )\,.eg)

and
(Wl,e{,ei) € &[] and (Wl,ez,eg) € &[]
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We can thus complete the proof by appeal to Lemma B.1.11, since the
terms take two steps to the former, which suffice to complete the proof. [

Lemma B.1.43 (Compat .2).
AT T F : = A; 150

Proof. This proof is essentially identical to that of .1. O

Lemma B.1.44 (Compat ).

AT T F : ANA T T H
= A; [T H

Proof. Expanding the conclusion, we must show that given
VW .¥pyryr vo.p € DIAJANW 1) € GITT,AN (W 1) € GITT AW, 7o) € G
we must show
(WAt (v (v, ( )RR (A ) €€l J.

We can push the compiler and substitutions through the product expres-
sion and refine this to:

(Wt (i (v (e )t 271(;1( )

Then, by Lemma B.1.2, we find that yo = 1 & 2 where
(W,m) € G[<]. and (W, 72) € G[<2].
and, for any i € {1,2}
vo(e1™) =ai(ert) and 76 (e2") = 7a(e2)

Thus, we must show

We appeal to Lemma B.1.11 twice, using both of our hypotheses, to
reduce out obligation to:

(Wa, (e, €3),
(el,eb)) € €1 J.

225
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Where for some W; where W C Wy, (W7, el,ei) € V[r]., and for some
Wo where Wy T Wh, (Wg,ez,ez) € V[r].. By Lemma B.1.3, we have
(Wg,e’{,el) € V[]. and thus (Wa, (e],e}), (eJ{,ez) € V[r © 72]., which
suffices to finish the proof. O

Lemma B.1.45 (Compat let).

AT Fer Rer i @ AAT T, Qg,a: 1,8’ :obex Sex: T
= A;I;T;Q W Qo Flet (a,a’) = e; ineg <let (a,a’) = e ineq: 7

Proof. Expanding the conclusion, we must show that given

VW .¥paryr ya.p € DIA] A (W, qr) € G,
AW, yr) € G A (W, va) € G[2 & Q5]

we must show

(W

L(vh(vh(let (a,a’) = e in ex™))),
ROEAR(et (a,2) = o1 in 7)) € £,

We can push the compiler and substitutions through the let expression
and refine this to:

(W, let Xgesh =7 (E (v, (e17))) in let Xfrosh = fSt Xfresh in let x¢ 4 = snd Xgresh in
et 2 = e in let & = once(,) in 711} (74 (27)).
let Xgresh =Y2(Y2 (V3 (e1T))) in let Xt = fst Xgresh in let x{ ., = snd Xgresh in
let a = once(x},,) in let a’ = once(x{ ) in VE(v2(v3(e2T))), € E[7].

Then, by Lemma B.1.2, we find that yo = 71 U 72 where
(W,m) € G[<21]. and (W,72) € G[<2].

and, for any i € {1,2}

vh(er™) =~i(er™) and v (e2) = y4(e2™)

We appeal to Lemma B.1.11 using the first hypothesis, with the refined
substitutions, to reduce our obligation to:

(W1, let Xgresh = €7 in let xf, . = fst Xpesn in let X4 = snd Xgegh in
et 3 — once(x)ey,) in let o' — onco(x,) in 7 (v (13(2 "))
let Xfresh = e]; in let X{ ., = fSt Xfresh in let x{ = snd Xfresh in
let a = once(x},,) in let @’ = once(x{ ) in V2(v2(3(e2™)))) € E[7].

Where for some Wy where W C W; and (Wl,e’{,eJ{) eV[r ® 7]..
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By expanding the value relation, we find that e] = (v, v3) and eI = (VI, vg)
where (Wy,vi,vl) € V[1]. and (Wy,v3,v}) € V[7]..
Thus, we can appeal to Lemma B.1.11 again to reduce our obligation to:

(Wa, [e] = a, €5 = Iyt (7 (33 (e27))),
e} > a,e} = a2 (1R (13 (e2T)))) € €7
Where W5 only differs from W; by reduced step index. Now, note that

we can combine our substitutions and instantiate our second hypothesis to
complete the proof. O

Lemma B.1.46 (Compat (e),).
A TFe<e:TAT~T = AT 150 F (e e

Proof. Expanding this conclusion, we must show that given

227

VW .¥pr v ya.p € DIAJANW ) € GITT, AW, 1) € GITTA(W,70) € G[2].

then

(WAt (- (vh ()= ), R (R (R (le) - 1)) € EN7].

We can push the compiler and substitutions through the pair to refine
that to:

(W, Crosr (i (0 (0,6 7)))s Crsr (RO (7 (1)) € EN7].

Now, by instantiating our induction hypothesis with W,~r, vr, v, p, we
find that:

(Wt (v (0 (e™N)snE (vE (vE, ) € €N,
By Lemma B.1.8, it follows that:

(Wt (0t (v6,(eM)))s 1 (E (v (eT)))) € El7].
Therefore, by Theorem B.1.13, we have

(W, Crsr (W (v (e))), Crsr (R (E(A (D)) € EL7].

as was to be proven. O

B.2 STATIC LOGICAL RELATION

As before, we first present supporting lemmas, and then the compatibility
lemmas. Note that we omit many of the MiniML compatibility lemmas
because the differences between the proofs from the MiniML compatibility
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lemmas from the last case study and the corresponding compatibility lem-
mas in this case study are relatively straightforward; we do a selection of
representative cases to demonstrate that this is the case.

Lemma B.2.1 (Expression Relation Contains Value Relation).
Virl, € €l7],

Proof. All terms in the value relation are irreducible, and thus are trivially
in the expression relation. ]

Lemma B.2.2 (Values With No Flags Are In Expression Relation).
For all T, P, W7®17V1>¢27V2; Zf (W7(®7V1)7(®7V2)) € V[[T]][H then
(Wv ((1)17\/1)7 ((1)27\/2)) € g[[T]]P'

Proof. Expanding the definition of the expression relation, given:

V®,1, ®po, Hy, Ho: W, €], HY, j < Wk
D1 #P N\ Pro# P A P WP, Do Py 1 WA

(@1 W flags(W,1) 8@y, Hy,vi) -2s (F, H), e}) =

we must show that either €] is fail CONV or there exist
Dr1, g1, Pra, Pygo, va, Hy, W’ such that:

(B W flags( W, 2) & Bo, Ha, va) = (@0 & flags( W', 2) W &y & Dyo, Hh, v) -
VAN (13/1 =g Edﬂags( w', 1) () <I>f1 ) (I)gl/\

NWEs,, o, W’ A HII,HIQ W

A (W/a ((I)flae/l)v ((I)vaV;» € V[[T]]P)

Since vi,vo are in the value relation, they are target values, so the

configurations
(1 W lags(W, 1) W &y, Hy,ve)

and
(@2 W flags(W, 2) & @2, Ha, va)

are irreducible. Thus, @ is simply equal to the set of static flags in the
initial configuration, so ®| = ®,1 W flags(W,1) W ®;. Then, we can take
<I>f1 = @, (I)gl = (I)l, (I)fz = @, @92 = (I)Q, V; = V2, H/2 = HQ, and W' = W.
Since ®,1, ®,2 : W by assumption, we have W Cg , ,, W. Everything
else in the expression relation is trivial by assumption, so this suffices to
finish the proof. O

Lemma B.2.3 (Expressions With No Flags Are In Expression Rela-
tion).  For all 7,p, W, ®1,e1, Do, €0, if (W, (0,e1),(0,e2)) € E[7],, then
(W, (®1,e1), (P2,e2)) € E[7],-



B.2 STATIC LOGICAL RELATION 229

Proof. Expanding the definition of the expression relation, given:

V0,1, Pro, Hi, Ho: W, €, HY, j < W.E.
D1 H#PL N Pro# P2 A D WPy, Do Py - WA

(B @ flags(W, 1) W &y, Hy,e1) -2 (@, H),¢}) =

we must show that either €] is fail CONv or there exist
Pri, g1, Pra, Pgo,va, Hy, W’ such that:

(@9 & flags(W,2) W Oy, Hy, €9) ~=» (@0 W flags( W', 2) W & o & B, Hh, vo) -
A (I)/l =dq 4 ﬂags( w’, 1) W (I)fl ] (fbgl/\

ANWEs, a., W' A Hll,HIQ W

AN (W' (Dg1,e1), (Pra,v2)) € V[7]))

Now, by expanding the expression relation in the assumption, we have
that, if

Vor, ®Fy Hi, Ho: W, €f, HY, j < W.k.
DL H#DNLADN T W0, 05 W0 WA
(®F, W flags(W, 1) W &1, Hy,e1) -2s (@) H,,€)) =

then either €] is fail CONV or there exist %y, p1s Dy Pyas Vo, H,, W’

gl =2 Tg2
such that:

(D, & flags(W,2) & ®a, Hy, e2) -~ (BFy 1 flags( W', 2) & By 1 B,
A @) = 0F Wilags(W', 1) W &%) W @7y A

ANW ECDIP‘D:Q W' A Hll,HIQ - W

A (W/7 (q)}lv e/1)7 ((I)}27 VZ)) € V[[T]]P)

HI27V2> -

Then, we can instantiate this fact with @} = &, W &1, Py = P W Po.
We then find that:

(Do W Py W flags(W,2) W Pg, Ha, e2) N (Do W Py W flags(W' 2) W @}2 W, Hy, vo) -
AP =P WPy Wilags(W/, 1) W % W DY A

N W E(I)::l,(bja W' A Hll, H/2 W

A (W7, (85 €0, (85, v2)) € V],)

Then, we can take ® 1 = @?1, Q= <I>;1 WPy, Ppp = @}22, Qo = @;2 W Ps.
Then, everything in the expression relation we have to prove trivially follows
from the above, so the proof is finished. O

Lemma B.2.4 ( Values Compile to Target Values).

Proof. By induction over the syntax: () compiles to (), compiles
to a target function, compiles to a pair of target functions, !v compiles
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to vt (which is a target value by the induction hypothesis), and

compiles to (v, v'T) (where both vt and v/* are target values by the

induction hypothesis). O

Lemma B.2.5 (Split Substitutions). For any world W, flagsets ®1, Po,
and substitution v such that

(W7q)17¢)277) EQ[[ & IIP

there exist flagsets ®q;, @1, Doy, Do such that &1 = ¢1;WDy,., Ps = Py WDy,
and substitutions 1,2 such that v = ~v1 W y2 and

(qu)llaq)Ql?’Yl) EQ[[ ]]p

and
(Waélrv(I)Q'r‘)/yZ) egﬂ ]]p

Moreover, for any i,j € {1,2}, for any I'; 2;; A;T e T,
7(e™) = (e)
and for any I'; 0 AT ,
) )

v (et) =i

Proof. First, we need to show that there exist substitutions v; and 2. This
follows from the inductive structure of G[(2],, where we can separate the
parts that came from G[{2], and G[€22],. The second follows from the fact
that the statics means that the rest of the substitution must not occur in
the term, and thus 7(e™) = 4 (74(e™)) = vi(e™) (for example). O

Lemma B.2.6 (No Static Variables in MiniML Terms). For any world W,
flagsets @1, P, and substitution v such that

(W7q>17(1)27’7) Eg[[ ]]P
then there exists a substitution 7' such that
(W7®7®77/) eg[[ ]]p

and, for all ;0 AsT'F et 7 and for all i € {1,2},

v(et) =7"(e")
Proof. Let be the set of all static variables in (2. Since (2 only contains
dynamic or static variables, {2 = W (2,, so by Lemma B.2.5, there exist

flagsets fi1, fir, for, for and substitutions v,y such that fi = fi; W fir, o =
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Ja® for, v =118 y2, (W, fu, for,11) € G[2 ], and (W, fir, for, 72) € G[2a] -

Since only contains dynamic variables, fi; = fo; = (). Thus, we can take
7 =7
Now, we must prove, for any I'; (2; A;T' - e : 7 and for any i € {1,2}, it

holds that y%(et) = 44 (e™). Since v = 71 W 2, we have
7' (™) = 7i(ra(e™))

Notice that 42 only contains variables annotated with . However, e™
contains no free variables annotated with e because, if it did, then there
would need to be a free static variable would under a (-), boundary, as
only static variables in get compiled to variables annotated with e
in the target. However, the typing rule for (-), does not allow for free
static variables, so this is impossible and thus e contains no free variables
annotated with e. Ergo, closing e™ with ~ has no impact, so

7)) = 7i(ra(e™)) = nile™)
as was to be proven. O

Lemma B.2.7 (Strengthening Logical Relation for MiniML).  For all
;AT Fe < e 7, if there exists some (W, ®1, o, v0,) € G[€2]., it holds

that:

VW.Npyr vy
p € DIAIA(W,0,0,4r) € GITTp A (W, 0,0,vr) € GII]. A (W, 0,0,v0, ) € G[2 ].
= (W, (0,7 (v (v, (™)) 0,72 (v2 (78, (e1))))) € 7],

Proof. Since (2 only contains dynamic or static variables, {2 = W (2,, so
by Lemma B.2.5, there exist flagsets fi;, fir, for, for and substitutions 1, y2
such that fi = fu® fir, o = fa W for, v =11 Wy, (W, fu, fa, 1) € G[2 ]

and (W;flrafZT‘a’YQ) S g[[ ]]p-
Now, consider the given hypothesis. Given

VW .Npyr yryo.
p € DIA]A(W,0,0,9r) € G[IT, A (W, 0,0,vr) € GII]. A(W,0,0,v0 ) € G[2 ]

we must show:
(W, (0,9 (- (v, (), (0,72 (V2 (E(e)))) € El71,

Since (W, fir, for,72) € G[]p, (W,0,0,70 ) € G[©2 ]., and © =
W ), it holds that (W, fiy, for, 72 Wye ) € G[2].. Thus, by apply-
ing I'; (; A; e <e: 7, we find

(W, @9 (vE (28, (€M), (0,72 (72 (2 W2 (7)) € €l
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As explained in the proof for Lemma B.2.6, e™ has no free variables anno-
tated with e, so closing e™ over with v has no impact. Ergo,

(W, (0,7 (v (v, (7)), 0,72(v2 (2, (7)) € El7L,
which suffices to finish the proof. O
Lemma B.2.8 (World Extension).

1. [f (Wl,((I)l,Vl),(‘I)Q,VQ)) c V[[T]]p and W1 E¢1,<1>2 Wg, then
(Wa, (®1,v1), (P2, v2)) € V[7],

2. If (Wh, @1, ®2,7) € G[I'], and Wi Co, .0, Wa, then (W, @1, P2,7) €
Glri,

Proof. We note that world extension allows three things: the step index
to decrease, the heap typing to add bindings (holding all existing bindings
at same relation, module decreasing step index), and add flag references
(ensuring existing flag references can go from pairs of sets of static flags to
USED, but not the other way). In all cases, this is straightforward based on
the definition (relying on Lemma B.1.4 in some cases). O

Lemma B.2.9 (World Extension Transitive). If W) Co, o, W2 and
W2 qul’cpé W3 then Wl Eq}lﬁélp‘bQﬂ@é W3

Proof. This holds trivially for step indices, the heap typing, and the mono-
tonicity of marking affine flags as USED. What remains is the side condition
that the world satisfies ®1, ®5. Since that is defined as being disjoint from
the set of flags in W and W', the set of flags that is disjoint from both W
and Wj is the intersection. ]

Lemma B.2.10 (Heaps in Later World).  For any W € World and
Hl, Hs : W, 1t holds that Hl, Ho: >W.

Proof. For Hi,Hs : > W, we need three things.

The first is that for any mapping (¢1,02)—R in ©>W.V,
(> W, H1(41),H2(¢2)) € R. Since R is drawn from Typ, we know it is closed
under world extension and thus the fact that (> W,Hi(¢1),H2(¢2)) € R
means this holds.

The other two conditions, which relate to W.0, are unaffected by the
shift of step index, and so hold trivially in > W. O

Lemma B.2.11 (Heaps in Later World).  For any W € World and
Hi,Ho : W, it holds that Hi,Hy : > W.

Proof. Since heap typings map to relations that are by definition closed
under world extension, and world extension cannot remove locations, only
restrict them to future step indices, this holds by definition. ]
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Lemma B.2.12 (Logical Relations for MiniML in UnrTyp). For any A,
p € D[A], and 7, if A+ 7, then V[7], € UnrTyp.

Proof. First, we show V[7], € Typ. By the definition of Typ, it suffices
to show, for all natural numbers n, |V[7],]|n € Typp, for which we must
show two facts: first, that it is in 24%™Valn and second that it is closed
under world extension. The latter holds by Lemma B.2.8. For the former,
we note that we are required to show that the worlds are in World,,, which
holds by definition, and that for any (W, (®1,v1), (P2,v2)) in the relation,
®q, Dy : W. For the latter, note that ®; = ®3 = () as shown earlier, and ()
is trivially disjoint from flags( W, 1) and flags(W,2).

Second, we show that for any (W, (®1,v1), (P2,v2)) € V[7],, @1 = @2 = 0.
This is trivial by the definition of V[7],, aside from the case for o, where it
holds because the relation is drawn from UnrTyp. O

Lemma B.2.13 (Compositionality).

(W, (®1,v1), (P2, v2)) € V[7] = (W, (®1,v1), (P2,v2)) € V[7[7' /],

pla—V[T'],)

Proof. The proof for compositionality in this case study is essentially verba-
tim the proof for compositionality in the last case study. O

Lemma B.2.14 (Expression Relation for Closed Types). For any MiniML
type T where - = 7 and any p,

Elrl, = £l7]

Proof. Since E[7], is defined in terms of V[7],, this proof is analogous
to Lemma B.2.13, though since what we are substituting is not used, the
interpretation can be arbitrary. O

Lemma B.2.15 (Closing MiniML Terms). For any MiniML term e where
) 7A7F Fe:T, fOT any Wa’YFa’Y » Vs P where pE D[[A]L (W7@7@77F) €
Glrl,, (W,0,0,vr0) € GII']., and (W, ®1, P2, v0) € G[2]., it holds that

and

are closed terms.

Proof. Since free variables are compiled to free variables, and no other free
variables are introduced via compilation, this follows trivially from the
structure of G[I'],. O
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Lemma B.2.16 (Closing Terms).  For any term e where
A7F7 ) Fe: 7f07"fmy Wa’YFvﬁY et 7pwherepep[[A]]7(W7@7®7’YF>€
Gy, (W,0,0,vr) € G[I]., and (W, @1, P2, v0,) € G[]., it holds that

and

are closed terms.

Proof. Since free variables are compiled to free variables, and no other free
variables are introduced via compilation, this follows trivially from the
structure of G[I'],. O

Lemma B.2.17 (MiniML Values Contain No Flags). If At 7, p € D[A],
and (W, (®1,v1), (P2,v2)) € V[7],, then &; = Oy = 0.

Proof. If 7 is not a type variable, then the theorem is trivially true because
all non-type variable interpretations of MinilML types are defined to only
contain tuples where the sets of static flags are ().

If 7 is some type variable «, then, since A + 7, o« € A. Thus,
since p € D[A], it must be that p(a) € UnrTyp. Then, for any
(W, (®1,v1), (P2,v2)) € V[7], = p(a), it must be that & = Py = 0

by the definition of UnrTyp. O
Theorem B.2.18 (Convertibility Soundness). If 74 ~ 75 then
v (Wa (@1,61),(@2,62)) € g[[TA]]' =
(Wv ((I)b CTA’—H'B (el))a ((I)Qa CTA'—WB (62))) S 5[[73]],

A A (W,(q)l,el),(@g,eg)) S g[[TB]]. =

(Wv ((I)lv Crpisra (el))’ (@2, Crpisra (62))) € g[[TA]]"

Proof. We prove this by simultaneous induction on the structure of the
convertibility relation.

There are two directions to this proof:

V (W, (®1,e1), (P2, e2)) € E[unit].
= (W, (%1, Cunitsunic(€1)); (P2, Cunityunic(€2))) € E[unit].

and:

V(W,((I)l,el),(q)g,eg)) Egﬂ ]]
= (W, (21,0, itunit(€1)), (P2, Civsunit (€2))) € Efunit].

Both directions are trivially similar to each other, so we will only prove
the first direction.
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Expanding the definition of the convertibility boundaries, we refine this
to:

V (W, (®1,e1), (Po,e2)) € Eﬂunit]]. = (W, (®1,e1), ((I)Q,ez)) S 5[[ ]]

From the expression relation, we first need to show e, e> are closed. This
follows directly from the fact the assumption that (W, (®1,e1), (P2, e2)) €
E[unit]., and all terms in the expression relation are closed. Next, we need
to show that given:

V@, $po, Hi, Ho: W, €, HY, j < Wk
q)rlaq)'rﬂ: WA

(@16 flags(W,1) B, Hi, ex) > (@, Hi¢f) =

Then it holds that:

e’l = fail Conv Vv (3‘1’f1 q)gl (I)fg (I)gg V2H/2 w'.
(®,9 & flags(W,2) & Oy, Hy, e9) ~=» (@0 W flags( W', 2) W & o & B, Hh, vo) -
AP =&, Wilags(W', 1) W Dpy W Dy A
ANWEs, o, W'A H H, W
A (W/’ ((I)flaell)> (q>f27v2)) € V[[ ]])}

By instantiating the assumption (W, (®1,e1), (P1,e2)) € E[unit]. with
q)rla @TQ, Hl, HQ, etc, we find that

e’l = fail Conv VvV (H(I)fl (I)gl (Pfg (I)gg V2H/2 w'.
(Bro & flags(W,2) W Bo, Ha, o) ~» (o 1 flags( W', 2) & B o & By, Hy, va)
A D) =0, W flags(W/, 1) W Dpy W gy A
N W E@Thq)ﬂ W' A Hll, HIQ - W
A (W,7 (q)fhe/l)? (®f2,V2)) € VIIT]])}

Ergo, it suffices to show that if (W', (®f1,€)), (P2, v2)) € V[unit].,
then (W', (®g1,€}), (Pr2,v2)) € V[unit].. However, this is trivial because
V[unit]. = V[unit]. = {(W, @, (), (0, ()))}-

There are two directions to this proof:

V (W, (®1,e1), (P2, e2)) € E[int].
= (W, (®1,Cing,s (e1)), (P2, Cintes (e2))) € €[ [
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and:

V (W, (®1,e1), (P2,e2)) € E[int].
— (W, (®,,C Hint(el))7 (@2,C —int (e2))) € E[int].

First, consider the first direction.
Expanding the definition of the convertibility boundaries, we refine this

to:

\ (W, (<I>1,e1), (<I>2,e2)) S 5[[1111:]]. - (W, (<I>1,e1), ((I)Q,ez)) S 5[[ ]]

From the expression relation, we first need to show e, es are closed. This
follows directly from the fact the assumption that (W, (®q,e1), (P2, e2)) €
E[int]., and all terms in the expression relation are closed. Next, we need
to show that given:

v®r17¢T27H17H2:W7 e{]_y Hll, ]< W k.
(I)rlaq)r2: WA

(@19 flags(W, 1) & @1, Hy, er) -*» (@4, HY,e)) »
Then it holds that:

6/1 = fail Conv VvV (H(I)fl (I)gl (I)fg (I)gg V2H/2 w'.
(@2 Wiags(W,2) W $g, Ha,e2)
2o (@0 W flags(W',2) & B o & Do, Hy, vo) -
A (I)ll = &, W flags( w’, 1w QDA
NWEs, &, W' A Hll, H/2 : W
A <W/7 ((I)fhe/l)ﬂ ((bf27v2)) € V[[ ]])}

By instantiating the assumption (W, (®1,e1), (P1,e2)) € E[int]. with
®,.1, P9, Hi, Ho, etc, we find that

e} = fail CONVV (3Bf) By @y o voHY W',
(Do W flags(W,2) W Oy, Ha, e2)
I (@0 W flags(W,2) & B gy W Dyo, HY, vo) -
AP =&, Wilags(W', 1) W Dpy W Dy A
N W E{)Tlﬁbrg W/ A Hll’ H/2 : W/
A (W', (D1,€)), (Dr2,v2)) € V[int].)}

Ergo, it suffices to show that if (W', (®y1,€}), (P2, v2)) € V[int],
then (W', (®f1,€}), (P2, v2)) € V] ].. However, this is trivial because
V[int]. C V[ I

Next, consider the first direction.

Expanding the definition of the convertibility boundaries, we refine this

to:
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V(W, (<I>1,e1), (@2,62)) € 8[[ ]] - (W, (q)l,lf e1 0 1), ((I)Q,If e 0 1)) S S[[int]].

Expanding the expression relation, we must show that given

V®,1, o, Hy, Ho: W, €, HY, j < WLk
D1 H#PL N Pro# P2 A D WPy, Do Py - WA

(@1 W flags(W, 1) W &y, Hy,if e 01) -Zs (@) H], &}) =

it holds that:

e} = fail CONVV (3P Dyy o Pya voH W',
<(I>r2 () ﬂags( W, 2) W Py, Ho,if e 0 1>
Do (@0 W llags(W,2) & B o W Byo, HY, vo) -
A D) =0, wiflags(W/, 1) W Dy 0 Dy A
N W E@Th@ﬂ W' A H’l,HIQ W
A (W/7 ((I)fla e/1)7 ((I)f2vv2)) € Vﬂint]]l))

By applying (W, (®1,e1),(P2,e2)) € E[int].,, we find that
(P W lags(W,1) W &, Hy,e;p) either steps to fail CONV, in which case the
original configuration with if e; 0 1 takes another step to fail CoNV, or steps
to an irreducible configuration

(®,1 W flags(W' 1) W Qs W Dyr, HY, €])

in which case (®,2 W flags(W,2) & ®o, Hy, e2) steps to an irreducible config-
uration
<q)r2 S ﬂags( Wl? 2) W (I)fQ W <I>g27 H;, e;)

and there exists some world W' such that W Co,, 5,, W', Hi,H5 : W,
and (W', (®f1,e7), (P2, e3)) € V[ l,- By expanding the value relation,
we find & = &y = @ and there are two cases:

1. e] = €5 = 0. In this scenario, we have

(®,1 W flags(W, 1) & &1, Hy,if eg 0 1) -=»
<<I)r1 ) ﬂags( W/, 1) () <I>f1 ) (I)gh HT, if 00 ].> -3
(@1 Wilags(W', 1) W @py & Pyy, HY,0)

and
(®,0 W flags(W,2) W o, Ho, if e, 0 1) 25
(Pro W flags(W',2) W @y ) Pyo, H3,if 00 1) --»
<(I>7~2 (] ﬂags( w’, 2) & (I)fg ) (I)gg, H;, 0>
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Then, we have from before that W Cg,, 3,, W’ and H},H5 : W', and
one can easily see that (W', (0,0), (0,0)) € V[int]., which suffices to
finish the proof.

2. e] =ny and €5 = np with ny,np # 0. In this scenario, we have

(®,1 W flags(W,1) W &y, Hy,if e; 0 1) -Z»
(®p1 Wilags(W', 1) W@ sy & Pyy, HY,if np 01) --»
<(I)r1 ] ﬂags( W,, 1) ) q>f1 ] (I)gly HT, 1>

and .
<(I)7«2 (U] ﬂags(W, 2) WP, Ho,if 2 0 1> -
<(I)r2 (] ﬂags( W’, 2) (] q)fg () (I)gg, H;, if no 0 1) -
(Do W flags(W',2) W @ o W Do, H3, 1)

Then, we have from before that W Cg , 3,, W' and H},H3 : W', and
one can easily see that (W', (0,1),(0,1)) € V[int]., which suffices to
finish the proof.

‘ ~ T1 X Tg ‘ There are two directions to this proof:

V(W, (<I>1,e1),((1>2,e2)) 65[[ ]]
= (W, (21,0, gramsry x 15(€1)), (2, Cr sy x 7p(€2))) € €[ X 2.

and:

A (W, (<I>1,e1), (@2,62)) S 5[[7‘1 X TQ]].
= (W, (@1,07—1 X Tors (e1)), ((1)2707'1 X Tors (e2))) € gﬂ ]]

Both directions are trivially similar to each other, so we will only prove
the first direction.

Expanding the definition of the convertibility boundaries, we refine this
to:

v W,(<I>1,e1),(<l>1,e2)) S 5[[ ]] =
w

(
(W,
(®1,let x =ey in (Cr\sry (fst x), Cryry (snd X)),

(®o,let x =ep in (Cr\ 7y (fst ), Cryiyry(snd x)))) € E[1 x 12].

From the expression relation, we first need to show the two expressions in
the conclusion are closed. This follows from the fact that eq, e> are closed,
by the assumption that (W, (®q,e1), (P2,e2)) € &[ ]., and that the
new expressions do not introduce any new free variables. Next, we need to
show that given:
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V®,1, @po, Hi, Ho: W, €, HY, j < Wk
Dy, Pro: WA
(®,1 Wiags(W,1) WPy, Hy,let x =eq in (Cr, 7y (fst ), Cryisry (sNd X))

J
- <<I>/1> Hllve/1> -

Then it holds that:

e} = fail CONV V (3Pf1 gy o Pyo voHL W',
(Do W flags(W,2) W ®o, Ho, let x = ep in (Co,iyry (fst ), Cryisry (snd x)))
X (@0 W llags(W',2) & B o W Dyo, HY, vo) -
A D) =0, wflags(W/, 1) W Dpy W Dy A
ANWEs,, ., W’ A Hll, HI2 W
N (W' (@1,€1), (Dra, v2)) € VT x 1))}

First, since the let expression in the first configuration terminates to
an irreducible configuration, by inspection on the operational semantic, it
must be the case that (@, W flags(W,1) W ®1,H;, e1) terminates to some
irreducible configuration (®7, H7,e}). Then, by assumption, it follows that
either e] = fail CoNv, in which case the whole let expression steps to
fail CoNvV, or that e} is a value, in which case (®,o W flags( W, 2) W @3, Ha, e2)
also steps to some irreducible configuration (@3, H3, e3) and there exists
some world Wy where ®7 = ®,; wflags( W1, 1) ErJCIDZT, W Cs,,.9,, Wi, H],H3 :

Wi, and (Wl,(q)J{,e’l‘),(@;,eE)) e V] J.. By expanding the value
relation definition, we find that ef = (vi,v3) and &5 = (VI,V;) where

(Wla (¢1a7vi)7 (q)Q(IaVI)) € V[[ II and (Wla (@1b7V3)7 (q)Qb?V;)) € V[[ ﬂ~7
where ®f = @y, W @1, and ) = By, & By
Thus, the first configuration steps as follows:

W,1) W @1, Hy,let x = eq in (Crysry (fst x), Crusry (snd X))

Wi, 1) 6 @ HE let x = (vi,v5) in (Cry sy (fst X), Crosry (snd X)) —
Wi, 1) 6 @1 HE (Cry iy (fst (VE,V3)), Crasry (snd (v, v3)))) —

Wi, 1) 8 1 HE, (Cryory (V) Crasry (V3)))

r1 W flags

-1 W flags

(®
(P, W flags
(D
(P, W flags

A~ A~~~

By a similar argument, the configuration on the other side with Hy steps
to
(@2t flags( W1, 2) W @, H3, (Cryisry (v]), Crarory (V)))

Since (Wl,(éla,vi‘),(q)za,vi)) e Vil C  &[n]. and
(Wl,(q)lb,v;),((bgb,v;)) € V[r]. € &[], by the induction hypoth-
esis, we have that

(W1, (P1a, Crimsry (VD)), (B2, Cryinry (v]))) € E[1].
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and
(Wi, (@13, Crosrs (v3)), (P2, Crasry (V1)) € E[ 2]

By the first fact, either (9,1 W @y, W flags( Wi, 1) W P4, HY, Cr\sry (V1))
steps to fail CONV (note our choice of “rest” of flags includes those owned
by the other half of the pair), in which case the original configuration with
H; steps to fail CONV, or it steps to an irreducible configuration

(D1 1 By, W flags(Wa, 1) & & HI, vi™)

la>

in which case (@9 W oy W flags( W1, 2) W $oq, HE, Cor sy (VD> also steps
to an irreducible configuration

(Pro W Doy W flags(Wa, 2) W @ga, H;, VJ{T>
and there exists some world Wo where W1 Eo,.,wa,, &,.00,, W2, HI, H; :
Wa, and (Wa, (81, vi%), (®4,,vi) € V[n]..

Once the first component of the pair in the configurations above have
stepped to values vi* and VIT, the pair will continue reducing on the second
component. Then, by Lemma B.2.8, since Wi Co,,we,, 0,050, W (which
includes @15 and Pqp),

(Wa, (P19, Crorsry (v3)), (P2, Crarsry (v1))) € E72]-

Thus, either (®, & @{a W flags(Wa, 1) & Oy, HL Crosy(v3)) steps to
fail CoNv, in which case the original configuration also takes a step to
fail Conv, or it steps to an irreducible configuration

(B & B W flags( W3, 1) w &, HI v5*)

in which case (9,9 ¥ <I>£a W flags(Wa, 1) & Do, H;, Cromry (v£)> also steps
to an irreducible configuration (®,o & <I>£a W flags( W3, 1) W q)gb, Hg, vy> and
there exists some world W3 where

Wo Ty uaf, o), Wor HIHE : Wi, and (Ws, (@f,,v57), (25,,41) €

V[[TQ]]..

Thus, the original configuration with H; and ®; W &5 steps to
(P, wilags(Ws,1) W @{a t (I){bv H{, (vi*,v3*)) and the original configuration
with Hy steps to (@, W flags(W3,2) W @ga S q)gb, Hg, (vr, vy)>. We have

fnl . ;
Hi{,H) : W3 and, since W Co,, 0, Wi, Wi Co, 00!, 0,000l Wa, and
Wo E<I>T1L+J¢’{a,<1>rzw<1>£a Ws, it follows from Lemma B.2.9 that W Co,, 5,, Ws.

Moreover, since Wa Eg s B, 00], W3 and (Ws, (@{a,vi‘*), (q)ga»VIT)) €

la’
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V[r1]., we have (Ws, (@{a,vi‘*), (q)ga,vy)) € V[r].. Finally, we also have
(W37 (q){lﬁvz*)? ((I)gbavy)) € V[[TQ]]" EI’gO,
(W, (0], @1y, (vi",v3"), (4, 8 @3, (vi',vI)) € Vs x ]

which suffices to finish the proof.

‘ ~ (unit — 74) — 7—2‘

There are two directions, we first prove the former implication, that is,
that:

V (W, (®1,e1), (P2,e2)) € &] ] =
(W, (@1,C ~(unit — ) — Tg(el))’
(P, C o (unit — 1) — 7 (e2))) € E[(unit — 11) — 72

Expanding the definition of the convertibility boundaries, we refine our

goal to:

(W, (‘I’l, let x = e1 in )\xthnk.let Xconvy = C7—1,_> (Xthnk ())
in let Xaccess = once(Xeony) in Corpyroy (
((132, let x = (Sh) in )\Xthnk'let Xconv = C7-1._> (Xthnk ())
in let Xaccess = Once(xconv> in C —To (X Xaccess)))
€ &[(unit — 1) — 1.

X Xaccess))a

From the expression relation, we must show first that the terms are closed,
which follows from out hypothesis given we did not introduce any new free
variables. Then, we need to show that given:

V®,1, o, Hy, Ho: W, €], HY, j < WLk
(I)rlycbrﬁ : WA
(®,1 Wilags(W,1) W @1, Hy, let x = e in Axhnk-let Xconv = Crysry (Xehok () in )
let Xaccess = once(Xeonv) iN Criy 7y (X Xaccess)

J
- <(I),1’ H/la e/1> e

Then it holds that:
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e’l = fail Conv Vv (Hq)fl (I)gl (I)fg (I)gg V2H/2 w'.
(o W flags(W,2) W @g, Ha, let x = €2 in Ax¢hnk-let Xconv = Cryisry (Xthnk () in )
let Xaccess = Once(xconv> in C —To (X Xaccess)
2 (Do W flags( W', 2) W B o & Do, Hy, vo) —
NP =@ Wilags(W, 1) WDy & Py A
NWEs,., e, W’ A Hll, HIQ W
N (W' (Ps1,€)), (Pra,v2)) € V[(unit — 71) — 72])}

To figure out what €] is, we know from the operational semantics that
first we will evaluate e; until it is a value and then will substitute. From
our hypothesis, which we can instantiate with ®,1, ®,2, H1, Ha, etc, we know
that either e; will run forever, in which case the entire term will and we are
done (trivially). Otherwise, we have that:

(®,1 W flags(W, 1) & @1, Hy,eq) -2 (1, H ef) =

And that:

el = fail CoNv Vv (3Bf; g1 By Byo voH, W',
(Pro W flags( W, 2) W &gy, Ho, e2>
25 (@ W flags(WT,2) W w @9, HI el) -
A D =D W flags(WH 1) W&l W oA
AW Co,a, WA HIHL: Wi
AW (@], el), (®h,e])) € V] D}

Where if e; is fail CONV then the operational semantics will lift that to
the entire term and we will be done. Note also that from the definition of
V[ I., we know <I>ZT = 0.

Now, returning to our original reduction, we will take another step and
substitute e;! for x, which results in the following term:

)\Xthnk-let Xconv = CT1»—> (Xthnk ()) in let Xaccess = Once(xconv) in C —To (e;f[ Xaccess)

This is clearly irreducible (it is a value), so we now need to show that the
other side similarly reduces to a value, which follows in the same way from
our hypothesis, and thus what remains to show is that these two values are
related at W in V[(unit — 74) — 7]. (we choose WT because no changes
to heap or flags happened in the substitution).

The definition of V[(unit — 71) — 75]. says that we need to take any
world W', where WT Cyg W', (W', (0,V}), (0,v5)) € V[unit — 71]. and
show that
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(W', (0, [xthnk—>Vi]let Xeconv = Crysry (Xthnk () in let Xaccess = once(Xconv)
in CT;;’—)TQ (ei Xaccess))a
(@, [xthnkr—>v’2]let Xconv = C71.—>7-1 (Xthnk ()) in et Xaccess = once(xconv)
in CT;,HTQ (eg Xaccess))) € 5[[7’2]].

Where if we substitute, we get:

(W7, (0, let Xconv = Crysry (V] () in let Xaccess = once(Xeonv)
in CTQ’—>7_2 (e]i Xaccess))v
(0,let xcony = Cryisry (V5 () in let Xaccess = once(Xeony)
in CTQ*—)TQ (eg Xaccess))) € 5[[7-2]]'

Now we can expand the definition of once(-), to get:

(W/, ((Z), let Xcony = CT1'—>T1 (V{l ()) in let Xaccess =
(let riesh = ref 1in A_{if Irfesh {fail CONV} {rfresh := 0;Xconv } })
in Csz—)TQ (ei Xaccess))a
(@, let Xconv = CTp—)T] (V,2 ()) in let Xaccess =
(let reresh = ref 1in A_{if Irfesh {fail CONV} {rfresh := 0;Xconv}})
in CTZ._>7'2 (eg Xaccess)))
< g[[TQ]].

From our induction hypothesis, instantiated with >W’ we know
(W', (0, Crisr (v 0)), (0, Crinr vy ())))  will be in E[n]. if
(W' (0,v] (), (@,v5 () is in E[r1]. But, since (W', (0,v]),(0,v5) €
V[unit — 71]., by definition the latter holds, since the only values in
V[unit]. are ().

This means we can unfold the definition of £[7]. and know that for any
(I)rl,q)rg : DW/, H1, Hs : > W'

<(p1“l U] ﬂagS(D le 1) W 07 H17 C71'—>T1 (V;_ ())> _‘z') <(}Tlv Hcl7vc1> -
Assuming v¢; is not fail CoNv:

Do Pg1 Pea Py veoHea W
(Pro Wiags(> W', 2) W0, Ha, Cry s, (v ())))
N (Do W flags(W€,2) W Pep & Pyo, Heo, Vo) =
A @y = Dpq W flags(W", 1) W P W Py1 A
A>W! E¢T17¢T2 W A Hei, Heo w"
A (W”, (@61, Vcl), ((I)CQ, ch)) S VIITl —o 7-2]])}

243
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If we return to our original obligation, we need to show that for some
11, @y, HY HS - W that if:

rl»

(@, Wilags(W’', 1) W0, Hi, let xconv = Crysry (V) () in let Xaccess =
(let rresh = ref 1in A_{if !rfesh {fail Conv}
{rfresh = O;Xconv}}) in
C HTQ(eJ{ Xaccess)

[
- <q)17 ,1/7ell> e

Then:

Bl Dy ol Dyo e’2H’2’ w.

et seony = Cryor, (V5 () in

let Xaccess = (let reesh = ref 1in >
)\,.{if !rfresh {fail CONV} {rfresh = O;Xconv}})

in C —To (V2 Xaccess)

BN (Pro W lags(W€,2) W P W Pgo, Heo, vea) =

A Dy =D W flags(W” 1) W By W Dyy A

AD>W! Co,,d,0 WA Hei, Heo : w"

A (WH’ (q)ChVCl)?(q)CQaV(Q)) € V[[ ]])}

<(b7“2 W ﬂags( le 2) & Q)v H27

If we choose @/ to be that chosen above, we know Cr,,, (v} ()) reduces
to v with @1, and thus the entire term takes a step to:

(®,1 W flags(W",1) W &y, He,
let Xconv = Ve1 in let Xaccess =
(let rresh = ref 1in A_{if !rfesh {fail CONV} {rfresh := 0;Xconv}}) in )

C —To (eJ{ Xaccess)

Which then takes two more steps to:

(D1 W flags(W",1) W &g, He,

C '—>Tz(e]£ )
(let rfresh = ref 1in A_{if !rfesh {fail CONV} {rfresh := 0;vc1}}))

To figure out where that steps next, we need to appeal to our induction
hypothesis. In particular, we instantiate it with W”, which then tells us
that:
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(W, (P, C HTQ(eJ{ (let reesh = ref 1in A_{if !rfesn {fail CONV} {rfresh := 0;ve1}}))),
(®u2, Cryvry () (let rhresh = ref 1 in A_if rgesn {fail CONV} {raesh := 0;ve2}})))) € E[72].

If we can show:

(W" (e, (ei (let rresh = ref 1in A_{if !rfesh {fail CONV} {rfresh := 0;vc1}}))),
(P2, (eg (let reesh = ref 1in A_{if rfesn {fail CONV} {rgesh := 0;ve2}})))) € E[72].

To show the latter, recall that (WT,((Z),eJ{),(@,e;)) e V[ |
We know that WT Cyy W', W Cyy >W/, and bW Co, 0,
W”, so via Lemma B.2.9, Wf Cpg W” and thus via Lemma B.2.8,

(W, (0, eI), (0, ez)) eV] J.. In particular, we know that each have
the form Ax.e".

That means, if we can show, for some ®.;, @5 and some world W'’ where
w” Co.0 W' that

(W (®e1,ve1), (Pe2, ve2)) € V[72]. (which we have from before) then

(WA, (0, [z—guard(ver, £1)]e}), (0, [z—guard(ves, £2)]es)) € E[71].

Where WA = (W" .k, W" U, W".© W ({1, ls)—(De1, D2)).
In particular, we let W' = W".

To connect these two together, we first unfold the former: the definition
means that for any @, ®”, : W and H{,HJ : W”, we need to show:

(@, Wwilags(W", 1) W @y, HY, (Ax.el) ( let reesh = ref 1 ))
in )\,.{if W fresh {fail CONV} {rfresh = O;Vcl}}
_z* (@7’1”, H/1///7e11///> -

The latter will give us the reduction, for @7, ®4, : W4 and H{!, Ha! : W4:

(@A & flags(W4, 1) W), HA, [z—guard(vey, 1)]e}) -2» (B4, HB eB) -

In particular, since W4 is identical to W” aside from gaining ®.;, ®.o,
we can use ®”, as @/ and flags(W") w &,y = flags(W4) W (.

Thus, the former takes one step to the latter, and the rest of what we
need follows.

We now return to our original goal, that is, showing how this reduces:
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(®,1 W flags(W", 1) W Ber, He, Cryry(el )
(let reesh = ref 1
in )\,.{if !rfresh {fail CONV} {rfresh = O;Vcl}}))

Since we now know:
(W//
(Per, Crusry (e (let riesh = ref 1in A_{if Irfesh {fail CONV} {rresh := 0;vc1}})))

T

1 ’
(P, C ,_>72(e£ (let reresh = ref 1in A_{if !rfesh {fail CONV} {rfresh := 0;ve2}}))))
S 5[[7'2]].

We can unfold the definition and get exactly what we need, as what we
were originally showing was that the term in question was in E[75]..

Thus, we are done with the first direction.

Now we have to prove the other direction, that is, that:

V (W, (P1,e1), (P2,e2)) € E[(unit — 7)) — 1. =
(

W, (@1, C(unit — Ty) = Toms (e1)),
(P2, C'(unit = T1) — Tom (e2))) € €[ J.
Expanding the definition of the convertibility boundaries, we refine our
goal to:
(W,
(q)la let x = e1 in Ax¢hnk-let Xaccess = ODCe(C —T1 (Xthnk ())) in CTQ»—) (X Xaccess))»
((1)2; let x = e in AXthnk-let Xaccess = ODCG(C —T1 (Xthnk ())) in CTQ»—> (X Xaccess)))
ef| B

From the expression relation, we must show first that the terms are closed,
which follows from out hypothesis given we did not introduce any new free
variables. Then, we need to show that given:

v(brl,q)TQ,Hl,Hz:W, e&, Hll, j< W .k.

(I)rlaq)TQ WA
(P W lags(W,1) W &g, Hy,
let x = e1 in AXthnk-let Xaccess = Once(c H>7'1(Xthhk ())) in >

CTgb—) (X Xaccess)
J

- <(I),1’ H,17e/1> et
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Then it holds that:
e’1 = fail Conv VvV (Elq)fl (I)gl (I)fg (I)gg V2Hl2 w'.
let x = e in AXthnk-let Xaccess = once(Cr, 7y (Xehnk ())) in

(@9 W flags(W,2) W ®o, Ho,

CTQ»—) (X Xaccess)

N (Do W flags(W',2) W @ o & Pyo, Hy, vo) -
AP =@ Wilags(W, 1) WPy & Py A
ANWCo., 0, WA H, Hy: W
A (W' (Rf1,€1), (Rra,v2)) € V] D}

To figure out what €] is, we know from the operational semantics that
first we will evaluate e; until it is a value and then will substitute. From
our hypothesis, which we can instantiate with ®,;, ®,9,Hy, Ho, etc, we
know that e; will run with either fail CONV (in which case this will lift
into the entire term running to fail CoONV) or will run to a value v; related
in V[(unit — 71) — 7] at a future world W where W Co,, 0., WT to
another value v, that e, will run to, where the heaps have evolved to
HJ{, H; : W1, and empty flag stores.

Now, our original term will take another step and substitute v; for x (note

that the operational semantics lifts steps on the subterm to steps on the
whole term), which results in the following term:

AXthnk-l€t Xaccess = Once(c —T1 (Xthnk ())) in C’l’gb—) (Vl Xaccess)

This is clearly irreducible (it is a value), so we now need to show that the
other side similarly reduces to a value vo, which follows in the same way
from our hypothesis, and thus what remains to show is that:

(WT, ((Z)v)\xthnk'let Xaccess — once(C —T1 (Xthnk ())) in CTQ»—) (Vl Xaccess))a

(@7)\Xthnk-|eJc Xaccess = OHCG(C —T1 (Xthnk ())) in CTQH (V2 Xaccess)))
eV I
The definition of V[ ]. says that we need to take any W' W/,

Vi, Vb, 01, by where (W, (®],V]), (®),V5)) are in V[71]. and ({1, s) are not
in either W/.¥ or W’'.© and show that

)
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(W'k, W0, WO W (L1, £)—(P], D)),
(@’ [xthnkr—>guard(v3J1)]|et Xaccess — Once(CT1 =Ty (Xth"k ()))
in CTQ»—M’z (Vl Xaccess))a
(@7 [xthnk»—>guard(vlz,€2)“6t Xaccess — Once(cﬂ'—ﬂ'l (Xthnk 0))
in CTQHTQ (V2 Xaccess)))
€ &[]

Where if we substitute (letting W* = (W'.k, W. ¥ W.O W
(61762)H(@3a (I)I2)))> we get:

(W*a (®7 let Xaccess = Once(Cle—ﬂ'l (guard(vlp El) ())) in CT20—>’7'2 (Vl Xaccess))a
(®7 let Xaccess = Once(CT1 —T1 (guard(v/27£2) ())) in CTgb—M’g (V2 Xaccess)))
€ g[[Tg]]

First, let’s expand the definition of once(-):

(W™, (0,let Xaccess = let rfresh = ref UNUSED in ’
A {if fresh {fail CONV} {Ffresh := USED; C.\ sy (guard(vh, £1) ())})
in CTQHﬁ (Vl Xaccess))
(0, let Xaccess = let rfresh = ref UNUSED in )
)\,.{if Ffresh {fail CONV} {rfresh ‘= USED; CTD—Wl (guard(vé,fz) ()))}
in CTQ._M—z (V2 Xaccess))

S 5[[7'2]].

To understand what happens, consider the operational reductions: allo-
cating a new reference (£}), substituting it for reesh, and then substituting
all of Xsccess, and thus suffices to show that:

(W, (0, Crypsra (vi (A_{if 1€y {fail ConV} {€} := USED; C., 7, (guard (v, £1) ()
(0, Crprsry (vo (A_{if 15 {fail CONV} {£4 := USED; C., 7, (guard(vh, £2) ())}
S g[[Tg]].

H));
)

Where WT has a new pair of references in WT.0 (set to (#,0)) but
otherwise is identical to W*.

For this, we can appeal to our induction hypothesis, which requires us to
show that:

(WT,(0,v1 (A_.{if 14} {fail Conv} {f} := USED; C,, .7, (guard(vy, £1) ()
(0,vo (A_{if ¢, {fail ConV} {¢} := USED; C., .7, (guard(vh, £2) ())}
S g[[TQ]].

H);
)
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Recalling that vi and vo came from V[(unit — 74) — 72]., we can proceed
by appealing to the definition of that relation, which tells us that for any
arguments in V[unit — 71]., the result of substituting will be in E[7].. It
thus remains to show that:

(W™, (0, \_{if 1¢; {fail ConV} {¢} := USED; C,, 7, (guard(vy, £1) ())
(0, A_{if ¢ {fail Conv} {¢} := USED; C., 7, (guard(vs, £2) ())}
€ V[unit — 71].

1,
)

Where W* is some future world of WT. From the definition of
V[unit — 71]., we have to show that substituting () for the unused ar-
gument results in terms in £[74]., at some arbitrary future world W**.
We proceed first by case analysis on whether the affine flags (¢, ¢5) have
been set to USED, which they can be in a future world. If they have been, we
can expand the definition of the expression relation, choose ®,; and heaps
HI*, H3* : W**, and show that
(®,1 W Hags(W**, 1), Hy,if 1] {fail Conv} {¢] := USED; C,, 7, (guard(vi, £1) ())) 2,
(P W flags(W**, 1), Hy, fail Conv)

At which point we are done.

Thus, we now consider if (¢}, ¢,) are still set to a pair of flag sets (®,, P/,).
If that’s the case, we instead take three steps to move into the else branches
and update the affine flags to USED. That means we reduce our task to
showing that in a world W*** which now has those locations marked used
in ©, we need to show:

(W***v (0’ C —T1 (guard(vlla el) ()))7 (@, C —T1 (guard(v'z, 62) ()))) € 8[[71]]~

We now again appeal to our induction hypothesis, expanding the definition
of guard(-) at the same time to yield the following obligation:

(W (@, (\_.{if 141 {fail ConV} {¢1 := USED;V}}}) (),
(0, (A_{if 165 {fail CoNV} {f := USED;V5}}) ())) € E[m1].
We can then take one step, eliminating the pointless beta-reduction (for

simplicity, we use the same name for the world, even though it is a future
world):

(W (0, if 141 {fail CONV} {f1 := USED;V]}}),
(0,if 1, {fail ConV} {2 := USED;V4,})) € E[7].

Now we again do case analysis on whether (¢1,¢3) is USED in W***.©.
If it is, then, as before, we trivially reduce the left side to failure and are
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done. If it is not, then we update those affine flags and reduce both sides to
the values v; and vj, at a future world W /ma
that those values were in V[7]. at world WT, but since, through many
applications of Lemma B.2.9 and Lemma B.2.8, that also means that they

. Now we knew, originally,

are related at W/™mal we are done.
O

Lemma B.2.19 (Phantom Steps Translate to Actual Steps). For any
expression e in the phantom LCVM language, let Z(e) be an expression in the
original LCVM language where every subexpression of the form protect(€’, f)
is replaced with €.

For any heap H in the phantom LCVM language, let Zg(H) = {{— Z(v) |
¢ —veH}.

For any sets of flags ®,®’, heaps H,H', and expressions e, €', if

m
-

(@, H,e) -=» (¥, H', )

then
(Zu(H), Z(e)) = (Zu(H), Z(€"))

where n s the number of steps in the first reduction sequence which are not
invoked by the following reduction rule

(@ W {f},H,proteci(e, f)) --» (®,H,e) (15)

Proof. There exists some natural number j such that (@, H, e) AN (P H,¢&).
We will prove the theorem by induction on j.

If =0, then ® = &', H=H’, and e = €. It is then trivial to show that
(Zp(H), Z(e)) 9 (Z(H), Z(e)), which finishes the proof for this case.

If j > 0, then there exist ®;,H;, e; such that

i1
<(I)7 H7e> Z_" <(I)j’ Hj7ej>

and
<q)]7 H]a ej> - <(I),’ H,a e,>

By the induction hypothesis, we have

(Zr(H), Z(e)) 2 (Zr(H;), Z(e))

i—1
where n; is the number of steps in the sequence (®,H,e) A (®;,H;,€j) not
invoked by (15).

Thus, by transitivity of —, it suffices to show

(Zu(Hy). Z(e)) B (Zu(H), Z(¢))
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where k = 0 if (®;,H;,e)) --» (®',H’,¢') is invoked by (15), and k = 1
otherwise.

We will prove the above by induction over the derivation of (®;,H;,ej) --»
(' H',€’). Most cases of this proof by induction are trivial because most
reduction rules in --» come from the original —. Thus, we prove the three
non-trivial cases where the reduction rule is not derived from — and then
show three of the trivial cases which comes from —.

1. Consider the reduction rule
(P W {f},H,protect(e, f)) --+ (P, H,e)
Then, we must show
(Za(H), Z(protect(e, f))) = (Zu(H), Z(e))
However, notice that Z(protect(e, f)) = Z(e). Then, we trivially have
(Zi(H). Z(e)) = (Zu(H), Z(e))
which finishes the proof for this case.

2. Consider the reduction rule

f fresh
(P,H,let ag = v ine) --» (D W {f},H,[ag — protect(v, f)]e)

Then, we must show
(Zi(H), Z(let ag = v in €)) = (Z1(H), Z([ae + protect(v, f)]e))
Factor the Z function through the expressions:
(Zi(H),let ag = Z(v) in Z(e)) N (Zr(H), [ag — Z(v)]Z(e))

Since Z(v) is still a target value, the above reduction follows from the
normal reduction rule on let.

3. Consider the reduction rule

f fresh
(®,H, Nag.e v) --» (P W {f},H,[ag — protect(v, f)]e)

Then, we must show

(Z(H), Z(Aag.€ v)) N (Z(H), Z([ae > protect(v, f)]e))

251
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Factor the Z function through the expressions:
(Z11(H), Nae.Z(€) Z(v)) > (Zu1(H), [ae = Z(v)]Z(e))

Since Z(v) is still a target value, the above reduction follows from the
normal reduction rule on A.

4. Consider the reduction rule

fresh ¢
(®,H,ref v) —-» (D, H[l—V], ()

Thus, we must show

(Zi(H), Z(ref v)) = (Zu(H[E = V), Z(0))
Factor through Zy and Z:

(Z(H), ref Z(v)) = (Zu(H)[0 = Z(v)], £)

Since Z(v) is a target value, the above reduction follows directly from
the normal ref reduction rule.

5. Consider the reduction rule

H[¢] = v
(@, H,16) —» (@, H,v)

Thus, we must show
(Zu(H), 200)) = (Zn(H), Z(v))
Factor through Z on the left side:
(Zu(H),10) = (Zn(H), Z(v))

By the definition of Zy, if H[¢] = v, then Zg(H)[¢{] = Z(v). Thus, the
above follows directly from the normal ! reduction rule.

6. Consider the reduction rule

(®,H,e) --» (D, H' ¢)
(®,H,Kle]) --» (@, H' | K[e'])
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By the induction hypothesis, we have (Zg(H),Z(e)) LA
(Zy(H"), Z(€")), where k =0 if (®,H,e) --» (P, H’, ¢') was invoked by
(15) and k = 1 otherwise. Then, we must show

(Zu(H), Z(K[e)) & (Zu(H'), Z(K[€]))
Factor Z through K:
(Zu(H), Z(K)[Z(e)]) 5 (Zu(H'), Z(K)[Z(¢)])

If k£ = 0, then by (Zy(H), Z(e)) LN (Zy(H), Z(€')), we must have
Zg(H) = Zy(H') and Z(e) = Z(€'), in which case the above is trivial.
Otherwise, if kK = 1, the above follows directly from the evaluation
context reduction rule in the target.

O

Lemma B.2.20 (Phantom Steps Bounded). If
(H,e) = (H',¢) =

then for any set of static flags ®,1, there exists some set of static flags
@), m < 2n, and expression €} such that

<CI)7“17 H7e+> JP” <(I)/17 llvell> e

where, if €] is a value, then H' = Z(H}) and ¢’ = Z(€})

where, as defined in the previous Lemma, let Z(e) be an expression in the
original LCVM language where every subexpression of the form protect(€’, f)
18 replaced with €

and, for any heap H, let Zg(H) ={{— Z(v) | £ — v € H}.

Note that we write e™ to indicate that we are proving this with respect
to compiled terms. The only constraint we actually need is that H and e
1 a valid heap and expression, respectively, in the original LCVM language
and thus does not include any subexpressions of the form protect(-), as it is
not intended to be written by programmers (or compilers), but rather arise
through reduction in the phantom operational semantics.

Proof. Suppose that (®,.1,H,e™) U (®,H},€]) for some m. Then, by
Lemma B.2.19,

’

(Zn(H), Z(e")) = (H,e") = (Zu(H1), Z(e)))

where n/ is the number of steps in the original reduction sequence not
invoked by protect(-). Since (H,e") terminates in n steps by assumption,
n' < n.
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Consider that, since protect(-) does not occur in H or e*, protect(-)
instructions are only introduced by let and A, and they are substituted for
variable occurrences. Further, note that, for the reduction to have succeeded
in the phantom semantics, out of each set of variable uses (that share a
flag), only one protect(-) term could have been evaluated. This means
that each reduction of protect(-) corresponds to a reduction of the let or
A that introduced it, so the number of reductions of protect(-) is at most
the number of reductions not of protect(-), which means m —n’ < n’. Ergo,
m < 2n' < 2n.

This suffices to show that (®,1,H,e™) can not take more than 2n steps,
so there is some m < 2n such that (®,1,H,e") -T> (@), Hi,el) ».

To finish the proof, suppose that €] is a value. Then, as shown above,

(H,e™) LA (Zp(HY), Z(€})). If €] is a value, then Z(e}) is also a value, so
(Zg(HY), Z(e})) is irreducible. Ergo, since (H,e*) = (H’,¢/) ~ and (H,e*)
can only possibly step to one irreducible configuration, H' = Zg(H}) and
e = Z(e)). O

Lemma B.2.21 (Compat —).
s UATx:m|Fe<e:imm = ;A TFAx e R Ax:T.e: 71 — T

Proof. Expanding the conclusion, given

VW . Npyryr yo.
pED[[AH/\(W7®7®a71)Gg[[FHPA(W’@a@v'.Y )eg[[ ]]/\(qu)laq)%’y )egﬂ ]]

we must show
(W, (@7 (vt (v, (Ax = 71.67)))), (0,92 (VB (12, (Mx  71.eT))))) € E[r — 7).

Notice that both of the expressions have no free variables by Lemma
B.2.15.

We can push the compiler and substitutions through the lambda to refine
that to:

(W, (@, At (v (v, (€M), (0, At (vE (78, (e 1)) € Elm — 72,

Then, by Lemma B.2.6, there exists a 4/ such that (W,0,0,+") € G[<2 ].
and closing over et with 4/ is the same as closing with v¢,. Thus, we refine
the above to:

(W, (0, At (vE (Y (€M), (0, xR (72 (72 (eF))))) € Elm — 72,
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Since V[ — 7], C &1 — 72], by Lemma B.2.1, it suffices to show
that:

(W, (0, At (- (7 (), (0, A2 (72 (Y2 (™)) € V[ — 72,
Expanding the value relation, given
Wive W.W Tog WA (W, (0,v1),(0,v2)) € V[n],

we must prove:

(W0, vyt (v (01 (€)))), (0, [xeva R (2 (Y2 (e 1)) € Ell2],

By W Eypp W' and Lemma B.2.8, we have
( le ®7 ®7 71‘) € g[[F]]p

(W,a®a®a7 )Eg[[ ]]P
(W,’Q))@?’)/) € g[[ ]]P

Notice that
(W, 0,0,7rx = (vi,v2)]) € G[T[x : ],

because (W',0,0,7r) € G[I'], and (W', (0,v1),(D,v2)) € V[71],. Then,
we can instantiate Lemma B.2.7 with the first induction hypothesis and
Wl/yl‘ [X - (Vla VZ)]’ v 7;)/’ p- Therefore,

(W', (@, rfx = (v, v2) (vE (" (€)))), (0,71 [x = (vi, v2)2 (72 (v2(eT))))) € €l

We can simplify the above statement by bringing x — v; out on the left
side and bringing x — v, out on the right side. This suffices to finish the
proof. O

Lemma B.2.22 (Compat app).

; A TFey e iy > AT A Fey<ey:y =
; ;A eg eg <egepim

Proof. Expanding the conclusion, given

VW .Npyryr yo.
p € DIA] A (W,0,0,9r) € GII'], A (W,0,0,4r) € G[I].
A(W7¢1)¢277 )Eg[[ ﬂ

we must show

(W, (0,7 (v (v (o1 €2)))), (0,92 (72 (W (o1 e27))))) € €]
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Notice that both of the expressions have no free variables by Lemma
B.2.15.

We can push the compiler and substitutions through the application to
refine that to:

—~
—
=
2
=
—~
2
—
/-\
,_.

: Y (er™))) (1t (v (e27)))),
@42 (2 (72 (el+))) (R (A (e2))) € Elml,

Next, by Lemma B.2.5, we have that vo = v1 W y2, &1 = &1, ¥ &4, and
Dy = Py; W Dy, where

(W, @15, Py, 1) € G[O].

and
(W7(I)17‘7(b21“772) S g[[ ]]

and for all i € {1,2},
vo(er®) =71(er™)

and

)

Yo le2™) )

=1i(es
Thus, we refine the statement we need to prove to:

O ))) F(rt(r2(e2%)))),
(1)) (3 (e27))))) € Elml,

(W, (@7 (v (
@7 (v (v
Let e; and ey be the first and second expressions, respectively, in the

above tuple. Expanding the definition of the expression relation, given:

V®,1, P9, Hi, Ho: W, e’l, Hll, 7 < W.k.
O HON Do HDN D WO, Do : WA

(119 flags(W, 1) 0, Hi,e1) 7> (4, Hfef)

we must show that either e’1 is fail CoONv or there exist
Dr1, g1, Pra, Pgo,va, Hy, W’ such that:

(Do W flags(W,2) W0, Ha, ep) N (Pro W lags(W’,2) & ®po W Pyo, Hy, vo) -
A (I)ll =0, ﬂags( I/V/7 1) ] <I)f1 &) (1)91/\

NWEs,, o, W' A Hll, H,2 s W

A (Wla ((I)flae/l)v (q)f27v2)) € V[[T]]P)

Next, we need to know what €/ is. From the operational semantic, the
application will run the first subexpression using the heap Hy until it reaches
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a target value or gets stuck. By appealing to our first induction hypothesis,
instantiated with W, ~r, vr, 71, p, we get that:

(W, (0,41 (v1 (71 (1)), 0,72 (47 (v (e D)) € Elml,
Therefore, the configuration

(@71 & flags(W, 1), Hi, 71 (41 (1 (e1))))

either steps to fail CoNv, in which case the whole application expres-
sion steps to fail CONV, or steps to some irreducible configuration
(1 Wiags(Wi,1) W ®@pyy W yyy, HY, €]), in which case the configuration

(@2 & flags(W,2), Ho, 72 (77 (77 (e17))))

steps to some irreducible configuration
(Pro W flags(W71,2) & @ pop W Doy, HE, eJ{) and there exists some world
W1 such that W Ce,, 9,, Wi, H,H3 : Wi, and (W, (@fu,e{), ((I)fQZ,eJ{)).
By Lemma B.2.17, ® ¢y = $po = 0.

Since terms in the value relation are target values, the original appli-
cation will continue reducing on the second subexpression according to
the operational semantics. Then, we can appeal to the second induction
hypothesis instantiated with Wi, yr,vr, 72, p, because W Co,, #,, Wi and
G, Gir].,al ]. are closed under world extension by Lemma B.2.8.
Thus,

(W1, 0,7 (v (92 (e2)))), (0,72 (v (13 (e27))))) € El2],
Therefore, the configuration:
(@1 @ gy @ flags( Wi, 1), HT, 71 (1 (12(e21))))

either reduces to fail CoNv, in which case the whole expres-
sion steps to fail CONv, or to some irreducible configuration
(Pr1 & Qg W flags(Wo, 1) W @1, 6 Py, HT®, €5), in which case on the other
side, the configuration

<q)7’2 2 q’g?l &2 ﬂags( Wla 2)7 sz 712(72 (722(62+)))>

reduces to some irreducible configuration
(Pro W O gop W flags(Wo, 2) W @ o W Do, HF™, e£>, and there exists
some W5 such that Wj Cp,y w1, @00 Wa, HI*,H3* : W, and
(Wa, (®f1,,€5), (@ f2r, €b)) € V[71],. By Lemma B.2.17, ®f1, = fop = 0,

Then, instantiate (Wi, (0,e%), (0,e])) € V[ — 7], with e}, eb, > Wa.
Because W1 Cgg Wo and Wa Cyg > Wa, it follows that Wy Ty > Wa.

257
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Moreover, (>Wa, (0,€3), (0,e})) € V[ri], (because (Wa, (0,€3), (0,e))) €
V[mi], and Wz Eg g > Wa), so we find that there exist e, elT) such that

e] = \x.ep

and
eJ{ = )\x.el

and
(> Wa, (0, [x > e3leg), (0, [x — e}]el)) € £,

Now, by the operational semantic, the original configuration with heap
H. steps to

(P W Bgyy W Dy, W flags(Wo, 1), H*, Ax.ef €5) --»
(Pr1 & Py & Oy o flags(Wo, 1), HY*, [x = ebleg)

and, on the other side, the original configuration with Ho steps to

(B W Doy & Do, flags( W, 2), H*, Ax.el eb) --»
(P W B oy W Do, W flags( W, 2), H3*, [x = eg]ez)

Then, since H*, H5* : W5, by Lemma B.2.11, it follows that H}*, H5* : > Wa.
We also have flags( W, 1) = flags(t> Wa, 1) and flags( Wa, 2) = flags(>> Wa, 2),
since > does not change the dynamic flags in the world. Thus, we can
instantiate the above fact to deduce that either the first configuration steps
to fail CoNv, in which case the original configuration with H; steps to
fail Conv, or the first configuration steps to some irreducible configuration

(‘1%1 ] (bgll % (bglr W ﬂags( Wi, 1) ] (I)flf ] (I)glfa H{, e}k>
in which case the second configuration steps to some irreducible configuration
(B W Doy 18 Do, ) flags( Wa, 2) W B pop W Dyor, HY el

and there exists some W3 such that > W, 0,1 WP g1 WD g1, BroWD o WP g, Wi,
HI RS . W3, and

(W, (@s15,¢F), (Bra.ef)) € VIral,
Then, since W Cos,,0,, Wi, W1 Co,0,, Wo, Wo Lo, 0, >Ws,

>Ws Cs,,.6,, W3, we have W Lo, ¢,, W3, which suffices to finish the
proof. O

Lemma B.2.23 (Compat V).

A a'Fe<e:7 = IO A; T'F Aae < Aae : Vaur
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Proof. Expanding the conclusion, given

VW .Npyr v vao.
pGD[[A]]/\(W,Q),Q),'yr)EQ[[F]],)/\(W,@,@,’y )Eg[[ ]]/\(Waq)l)q)%’y )Egﬂ ]]

we must show

(W, (0,7 (71 (v, (Aee ™)), (0,72 (hE (v (Mee™))))) € E[VaT].

Notice that both of the expressions have no free variables by Lemma
B.2.15.

We can push the compiler and substitutions through the pair to refine
that to:

(W, (0,21 (v (7,(7)))), (B, AnP (R (VA (7)) € Elvant],

Then, by Lemma B.2.6, there exists a o/ such that (W,0,0,~") € G[<2 ].
and closing over et with +/ is the same as closing with ~v¢,. Thus, we refine
the above to:

(W, (0, A1 (vE (Y1), (0, A2 (72 (42 (7)) € ElVar],

Then, since V[Va.7], C E[Va.7],, it suffices to prove:

(W, (0,21 (v (7 (), (0, A-nP (72 (2(€7))))) € VIVarr],

Consider some arbitrary R € UnrTyp and W' such that W Cyg W'. We
must prove that

(W', @41 ( (" (€N, 047 (E(2(e))))) € ElTDpfamsr

Since R € UnrTyp and p € D[A], it follows that pla — R] € D[A, a].
Thus, we can instantiate Lemma B.2.7 with the first induction hypothesis
and W', yr,yr, 7, pla = R], because W Ty W' and thus by Lemma B.2.8,
the substitutions are still in the interpretation of G[I'],, G[I']., G I,
respectively, with the world W’. This suffices to prove the above fact. O

Lemma B.2.24 (Compat [7/a]).
AFTAT; QAT e Re:Var = ;AT Fel[r] e[| : 7] /a]
Proof. Expanding the conclusion, given
VW .Npyryr .

p e DIA]A(W,0,0,r) € G,
AW, 0,0,v0) € G[T]. A (W, @1, ®2,70) € G[O].
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we must show
(W, (0,9 (v ([T, (0,92 (R (B (e[711) € Elrl7 /al].

Notice that both of the expressions have no free variables by Lemma
B.2.15.

We can push the compiler and substitutions through the type application
to refine this to:

(W, (0,7 (v (32(e)) 0), 0,7E (47 (v.(e7))) 0)) € Elrlr' /o,

Let e; and ey be the first and second expressions, respectively, in the
above tuple. Expanding the definition of the expression relation, given:

Vq)rl,q)rg,Hl,HQ:W, e’l, Hll, ] < W.k.
O H#DN Do HDN D, B0, Do : WA

(@1 10 flags(W, 1) W0, Hi,e1) - (@1, H],ef) =

we must show that either €] is fail CONvV or there exist
Pr1, Py1, Pro, Pya,vo, Hy, W' such that:

<q>r2 ) ﬂags( W, 2) ] @, Ho, 62> —f-) <<I>T2 () ﬂags( W/, 2) () (I)fg ) q)gg, HIQ,V2> —
A D) =&, wWilags(W', 1) WDy W Dy A

N W Co,q,d0 W' A H/l,H/Q W

AN (W' (@f1,€1), (Rg2,v2)) € V[T]))

To proceed, we must find what €/ is. From the operational semantic, we
know the application will run its subexpression using H; until it reaches a
target value or gets stuck. From the induction hypothesis instantiated with
W, yr, v, v, p, we find that:

(W, 0,72 (7L (v (€™ (0,42 (7E (VA (e1))))) € Elvar],
Thus, the configuration

(@1 W flags(W, 1), Hi, vt (v (76, (€7))))

either reduces to fail CoNv, in  which case the entire
term reduced to fail CoNnv, or it will reduce to some
(Pr1 W Hags(Wi,1) W P pyy W Pyyy, HY e1*), in which case the configu-
ration

(@2 @ flags(W,2), Ha, 7E (72 (72, (e))))
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will reduce to some (P, W flags(Wi,2) W Do W Doy, H3, er’) and there ex-
ists some world Wy where W Cs,, 5,, Wi, H,H3 : Wi, and

(W1, (®fu,er”), (Pra,erl)) € V[Va.r],

By expanding the value relation, we find ® ¢ = @9 = 0.

Then, we can instantiate the above fact with V[7'], and > W;. (Note that
V[7'], € UnrTyp by Lemma B.2.12.) Since W C >W; (as W Co,, 0,, Wi
and Wi Co,,.0,, > W) since W; and > W; have the same dynamic flags),
we find that there exist ef, el such that

el = e
eI = )\,.el

and
(> W, (0,€5), (0,¢])) € E[7]

Notice that flags( Wy, 1) = flags(t> W1, 1) and flags( Wy, 2) = flags(> W1, 2)
because > does not change the dynamic flags in the world.

pla—=V[7'],]

Ergo, by the operational semantic, the original configuration with heap
H, steps to

<(I)r1 ) (I)gll ) ﬂags(b Wi, 1), HT, )\,.e; ()> -3
(Pr1 W Py W flags(> Wi, 1), HY, ef)

and, on the other side, the configuration with Hy steps to

(B 0 B oy 1 flags (> W, 2), H, Ael ()) --»
(Pro W @ gop W flags(> W1, 2), H3, el)

Next, since H},H3 : Wi, by Lemma B.2.11, it follows that H}, H3 : > W7,
so we can instantiate the above fact with HJ, H5 to deduce that either the
first configuration steps to fail CoNV, in which case the original configu-
ration with Hy steps to fail CoNvV, or the first configuration steps to some
irreducible configuration (®,1 & @41, W flags(Wa, 1) W O pip W &gy p, HY* €f),
in which case the second configuration also steps to some irreducible
configuration (®,o W ® o W flags(Wo,2) W Ppop ) yor, H3*, eI), and there
exists some Wy where > W; C,qwd,,0,06d, Wa, H*,H3* = Ws, and
(Wo, (®rif,€f), (Prag, e;r)) € v[[T]]p[a%V[[T/ﬂp]' Therefore, by Lemma B.2.13,

(Wa, (®f15,€3), (Brap,el)) € VIr[r'/a]],. Finally, since W Co,, 0., Wi,
W1 E@Thq)ﬂ > Wl, and > W1 E@Thq)ﬂ WQ, we have W E‘:Pﬂ,(brz WQ, which
suffices to finish the proof. O
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Lemma B.2.25 (Compat (e);).

AT T QB t T ANOg(S2) A7 ~T
= AT F(e), 2 (e)r:7A_iT~T

Proof. We must show that given

VW .Npar e yo.
p € DIAJA(W,0,0,vr) € G[TTp A (W,0,0,vr) € G[UT. A (W, @1, o, 7y0) € G[].

we must show

(W, 0,7 (v (v (€)= 7)), (0,97 (R (VA ((e)-)))) € €7D,

We can push the compiler and substitutions through the pair to refine
that to:

(W, (@, Crmr (O (1,7, (0, Crsr (R (E(Z(eT)))) € L7

Now, by instantiating our induction hypothesis with W,~r, vr,vq, p, we
find that:

(W, (21,71 (v (7,(6)))), (@277 (R (VA (7)) € EL7]-

However, since nog({2), there are no static affine variables in (2, because

C Q. Ergo, since (W, ®1, P2, v0,) € G[2]., it must be the case that
<I>1 = q)g = @

Therefore, by Theorem B.2.18, we have

(W, (0, Crr (Ot (7)) (0, Crsr (R (E(V2()))))) € EN7].
Finally, by Lemma B.2.14, we have

(W, (@, Crsr (v (7,(eT))), (0, Crsr (R (VE(Z(eT)))))) € €7D

as was to be proven. ]

Lemma B.2.26 (Compat )
AT Q F
Proof. Expanding the conclusion, given

VYW Npryryryo.p € DIA]A (W, 0,0,7r) € G[1'],
AW, 0,0,v0) € GIU]. AW, @1, P2,70) € G[O].
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we must show

(W, (21,7 (41 (1,00, (2,72 (E (42(0T))))) € Eumit].

* = () is a closed term, so the closings have no effect. Ergo, we must

show:

(W, (@1,()), (P2, () € E[7].

This trivially follows from (W, (0,()),(®,()) € V| ], and Lemma
B.2.2. O

Lemma B.2.27 (Compat ).
AT QF
Proof. Expanding the conclusion, given

VW .Npr yr va.p € DIA]A(W,0,0,~r) € G[TT, A (W,0,0,7r) € G[I'].
/\(W7q)17(b27’y )Gg[[ ]]

we must show

(W, (@171 (v (v, (true™)))), (@2, 7 (1 (78 (true™))))) € E[bool].

T =0 is a closed term, so the closings have no effect. Ergo, we must
show:

(W, (®1,0), (®2,0)) € E[bool].
This trivially follows from (W, (0,0), (0,0) € V[ [, and Lemma B.2.2.

O
Lemma B.2.28 (Compat )-
AT T QR
Proof. This case is trivially similar to , since * = 1 and
(W, (0,1),(0,1) € V[bool],. O

Lemma B.2.29 (Compat int).
AT T F

Proof. Expanding the conclusion, given

VW .Npyr v vao.
p € DIATA(W,0,0,7r) € GITT, A(W,0,0,7r) € G[T]. A (W, @1, ®a,70) € G[2].
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we must show

(W, (21,71 (71 (76,(0)))), (22,7 (4E (4, (n))))) € E[int].

T = nis a closed term, so the closings have no effect. Ergo, we must
show:

(Wa ((I)lyn)v ((I)2a n)) € 5[[ ]]

This trivially follows from (W, (0,n), (0,n) € V[int], and Lemma B.2.2.
O

Lemma B.2.30 (Compat x).
el = A0
Proof. Expanding the conclusion, given

VW .Ypryr e vo.
p € DIATA(W,0,0,9r) € G[TTp A(W,0,0,7r) € GIT]. A (W, @1, P2,70) € G[].

we must show

(W, (21,7 (71 (75, (), (R2,7E (47 (72,())))) € E7]-

Notice that x™ = x. Then, since el'and (W,0,0,7r)), we have

Yr(x) = (v1,V2)

where (W, (0,v1), (0,v2)) € V[7]..
Thus,

O () =vi
and
(R OEET)) = v
Ergo, we must show
(Wa (q)l,Vl), (@2,V2)) € g[[ ]]
This trivially follows from (W, (0,v1), (0,v2)) € V[7]. and Lemma B.2.2. [
Lemma B.2.31 (Compat a ).
e = AL T;QR
Proof. Expanding the conclusion, given

VYW Npryryryo.p € DIA]A (W, 0,0,7r) € G[1'],
AW, 0,0,v0) € GIU]. AW, @1, P2,70) € G[O].
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we must show:

(W, (21,71 (v (76, (2 D)), (R2,7E (47 (2 (2 ) € E7]:

We can push the compiler and the substitutions through this expression
to refine this to:

(W, (21,71 (v (7,())) ), (@277 (12 (42())) () € E[7].

Since (W, @1, ®a,v0) € G[1]., there must exist (¢1,f2) € W.O and
values vi, vy such that:

~vo(a) = (guard(vy, £1), guard(va, £2))
where either W.0(¢1,02) = USED or W.0 = ©' W ({1, ls) — (P}, 3) and

(W.k, W.T,0),(2],v1), (3,v2)) € V[7].

Ergo, we must show:

(W, (@1, guard(vy, £1) ()), (P2, guard(va, £2) ())) € E[7].
which we can expand to:

(W, (@1, (A_if 141 {fail Conv} {¢1 := USED;v1}) ()),
(Do, (A_if 10y {fail ConV} {f := USED;v2}) ())) € E[7].

Notice that both expressions have no free variables because v and v, are
closed, as they are in the value relation.

Let e; and ey be the first and second expressions, respectively, in the
above tuple. Expanding the definition of the expression relation, given:

V@, $pp, Hi, Ho: W, €, HY, j < Wk
D H# PN PP N D WD, Qg Py 2 WA
(®1 W flags(W, 1) W &y, Hy,eq) -2s (@) H e}) -

we must show that either e’1 is fail CoNv or there exist

D r1, Pg1, P2, Pgo, vo, Hy, W’ such that:

(B W flags(W, 2) W By, Ho, e2) = (Dpp & flags( W, 2) W @y & Do, HY, vo) -

A D) =0, wflags(W', 1) W Dpy W gy A
AW I S W' A Hll,le s W
AN (W' (@g1,e1), (Pra,v2)) € V[7]))

265
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Then, by application, we have

<‘I’T1 H ﬂags(W, 1) H q)l, Hl, ()\,If '61 {fal| CONV} {61 := USED; Vl}) ()> -—>
(1 WiHags(W, 1) W &y, Hy,if 141 {fail CONV} {{1 := USED;v1})

and

(Do W flags(W,2) W o, Ha, (A_if 1y {fail CONV} {/s := USED;va}) ()) --»
(Do W flags(W,2) W g, Ha, if 14 {fail CONV} {l2 := USED;v>})

Then, as mentioned before, we have two cases: either W.O(¢y, f2) = USED
or W.0(l,0s) = (97, D).

If W.©({y1,¢2) = USED, then since Hy,Hq : W, it follows that Hy(¢;) =
Ha(f2) = USED. In this case, the configuration steps to fail CONV, so we are
done.

If W.0(4y,4) = (97, P%), then since Hy, Ha : W, it follows that Hy(¢1) =
Ha(¢2) = UNUSED.

<(I)T1 ] ﬂags( I/V7 1) ] (I)l, H1, if '61 {fall CONV} {61 = USED;V1}>
-3 <(I)r1 &Jﬂags(W,l) WP, Hy, by = USED;V1>
-—2 <(I)r1 &Jﬂags(W,l) H’J(I)l,Hl[fl — USED],V1>

(o W flags(W,2) W Oy, Ha, if 14y {fail CONV} {l2 := USED;Vv>})
<¢)7‘2 %) ﬂags( W, 2) W ®o, Ho, £ := USED; V2>
--3 <(I)7~2 ] ﬂags( W, 2) W Po, H2[€2 — USED], V2>

+

Now, consider
W' = (W.k, W.W, W.0O[(l,l2) — USED])

Notice that for all ¢ € {1,2}, flags(W,i) = flags(W’,7) & ®F. This is
because the dynamic flags in W' are the exact same as W, except (¢1,¢3)
has been switched to USED, meaning ®] has been removed from the left side
and ®5 has been removed from the right side. Ergo, since ®,1,®,o C W
and flags(W', i) C flags(W, 1) for all i € {1,2}, it follows that ®,1, .o : W'.
Since W and W' also have the same heap typing, we can then conclude
that W Co,,.9,, w'.

Next, notice that Hy[¢; — USED], Ha[¢5 — USED] : W’ because Hy, Ha : W
and the only change from W to W' is that W'.©({1,{2) = USED, which is
satisfied by both of these new heaps.

Moreover, let W, = (W.k, W.¥,©’). The only difference between W,
and W’ is that the dynamic flag store in W}, does not contain the locations
(£1,03) whereas W'.© contains ({1, ¢2) — USED. Furthermore, since for all
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i € {1,2}, flags(W,i) = flags(W’,4) W ®F, we find that flags( W', 7)#®; and
thus (I)T,‘I)é W EI‘gO, Wb Ecpf{’q% w'.

Finally, for all ¢ € {1,2}, let &4 = ®; and let &4 = ;. We have by
assumption that (W, (®7,v1), (®5,v2)) € V[7]., so since W, Cor a5 W/,
by Lemma B.2.8, we have (W', (®7,v1), (®5,v2)) € V[7]., which suffices to
finish the proof. O

Lemma B.2.32 (Compat a,).
€ = AT QF
Proof. Expanding the conclusion, given
VW Npyr v va.p € DIAIAW,0,0,vr) € GITT AW, 0,0,vr) € GIE]A(W, @1, P2, v0) € G[2].

we must show

(W, (21,71 (7 (76, (2))), (P2,77 (72 (78 (2.T))))) € €7,

Notice that a,™ = a,. Then, since € O and (W,v0) € G[].,
then there exist @), ®},v1,va, fi, fo such that

v, (ae) = (protect(vi, fi), protect(va, f2))

where (W, (@4, v1), (85,v2)) € V[r], @ U {} C @1, BU (£} C B,
fi ¢ @, and fo ¢ ®,. Thus, we must show

(W, (®q, protect(vy, f1)), (P2, protect(va, f2))) € E[7].

Let e; = protect(vy, fi) and e, = protect(va, fo). Expanding the definition
of the expression relation, given:

V@1, ®po, Hi, Ho: W, €], HY, 5 < Wk,
D1 H#P1 N Pro# P2 A D WP, Ppg Py - WA

(D1 W flags(W, 1) W &y, Hy,eq) -Zs (D) H e}) -
we must show that either €] is fail CONv or there exist
D r1, Pg1, P2, Pgo, vo, Hy, W’ such that:

<(I)T2 W ﬂags( W? 2) & @2’ H27 e2> _f') <(I)7”2 S ﬂags( W,’ 2) & (be W @92) Hl27 V2> -
A (I)Il =0 ﬂags( W/, 1) Y (I)fl W <I>gl/\

AW I S W' A Hll,le s W

AN (W' (Rf1,€1), (Rp2,v2)) € V7))
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Since fi € &4,

(1 W flags(W, 1) W &1, Hy, protect(vy, fi)) --+ (P W flags(W, 1) w &1\ {fi},H1,v1)
and since fo € ®o,

(Pr2 W flags( W, 2) © @y, Ha, protect(vz, f2)) -+ (Pro W lags(W,2) W @2\ {fo}, H2,v2)
Then, since | C ®; and f; ¢ P, we have &) C &; \ {fi}. Similarly,

P, C Do\{fo}. Ergo, forall i € {1,2}, let ®¢; = O} and let &gy = ®;\{fi}\ P.

Then, we can re-express the above configurations as

(®r1 Wiags(W,1) WPy \ {fi},Hi,v1) = (P Wiags(W,1) Wy 6 Py, Hy,ve)

and

<(I)7«2 W ﬂags( W, 2) W Py \ {fg}, Ho, V2> = (@rg ] ﬂags( W, 2) H CI)fQ O] (1392, Ho, V2>

Finally, we have (W, (®1,v1), (P2, v2)) € V[7]. because ®y; = @) for
all 7 € {1, 2}, which suffices to finish the proof. O

Lemma B.2.33 (Compat ).

AT T H : T2 A nog(£2)
= A; 15150 F :

Proof. Expanding the conclusion, given

VW .Npar e yo.
p € DIA]A(W,0,0,vr) € G[TTp A (W, 0,0,7vr) € G[U]. A (W, @1, Pa,70) € G[].

we must show

(W, (@191 (71 (v ( s (P2, (72 (v ( M) €l

Notice that both of these expressions have no free variables by Lemma
B.2.16. Moreover, notice that since nog({2), ®; = &5 = 0.

We can push the compiler and the substitutions to refine the above to:
(W, (@0, 2t (v (v (), (0, AanE (77 (v2,(eT))))) € €] J.
Since V[ l. €€l ]., it suffices to show:

(W, (0, At (v (v, (e))), (0, AanE(v2 (v2,(e7))))) € VI I
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Expanding the value relation, given:
V(I)ll \%1 q’é Vo W/W [@7@ W/ A\ (W’,( ll,Vl), (q)IQ,VQ)) S V[[ ]]

we must show that:

(W' ke, WO, W.OW ({1, 0s) — (q>’l,<1>’)),
(0, [aguard(vi, £1)]y+ (v (v, (e1)))), (0, [asguard (va, £2) Y2 (72 (2, (e1))))) € E[72].

Notice that W = (W'.k, W&, W'.O W ({1, ) — (P}, P})) is a world
extension of W' because it has the same heap typing as W’ and has all the
affine flags as W’ plus one new affine flag which is disjoint from any affine
flag in W'. Ergo, since W Cyg W' and W' Cpg W"”, we have W C W".
Next, notice that:

(W",0,0,v0[a — (guard(vy, £1), guard(va, £2))]) € G I

because (¢1,£2) € dom(W".©), (W",(0,v1), ((Z) v2)) € V[71]. (by Lemma
B.2.8 and (W, (0,v1),(D,v2)) € V[7:].), and (W",0,0,v0) € G[2]. (by
Lemma B.2.8 and (W, 0,0,v0) € G[2].). Therefore, we can instantiate the
first induction hypothesis with

Wl/a’yl‘aly 7Y [a = (guard(vlaél)vguard(v2a€2))]?p

to find
(W", (0,9 (71 (vo[a = guard(vy, &1)]' (7)),
(0,72 (v (yola = guard(va, £2))]*(e1)))) € E]72].
which is equivalent to what was to be proven. OJ

Lemma B.2.34 (Compat o ).
AT T F : = A 1050 F
Proof. Expanding the conclusion, given

VW .Npyryr yo.
peD[[A]]A(W7®a®371‘)Eg[[r]]PA(W7@7®77 )Eg[[ HA(W7¢1,@2’7 )Gg[[ ]]

we must show
(W, (@1, 71 (v (v ( ), (P2, 72 (V2 (VA ( ) €€l I

By pushing the compiler and substitutions through the lambda expression,
we can refine this to:

(W, (@1, Aae- 7 (71 (7,(€)))), (@2, Nag 2 (V2 (42, (eT))))) € €] I
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Since V[ . €€] ]. by Lemma B.2.1, it suffices to show:

(W, (@1, Aae 1 (71 (7,(67)))), (B2, Aae A2 (72 (72,(T)))) € VI I

Expanding the value relation definition, we find that we need to show
that given:

V(I)/l <I>/2 f1 fg Vi V2 W' w Coq,d, w'
A (W' (D),v1), (Bh,v2)) € V[T ] A1 NP =Dy Nd, =10
AL ¢ @1wd) Wilags(W/ 1) A fo ¢ $o W O W flags(W',2)

it holds that:

(W', (2191 W {fi}, [aerrprotect(vi, fi)]e1),
(P2 W D) W {fo}, [agrprotect(va, f2)]e2)) € E[72].

By Lemma B.2.8, since W Cg, o, W', we have (W', @1, D2, v0) € G[2]..
Moreover, we have (W' (®],v1), (P4, v2)) € V[71]., 1 NP = Py N DL, = 0,
fi ¢ @1 WP, and fo ¢ P W P, Therefore,

(W 210 ®) W {fi}, Pow @y W {fo},
v [ae > (protect(vi, f1), protect(va, f2))]) € G[ B

Then, we can instantiate the first induction hypothesis with

W', Ar, 91,70 [ae — (protect(vi, fi), protect(va, f2))], p
to find that:

(W', (@16 @) W {fi}, 7 (7 (v0[2e — protect(vi, A)]'(e1)))),
(P2 & @5 W {f2},72 (7} (1[ae — protect(vz, £)]*(e1))))) € E[72]-

We can simplify this by bringing the [ag — protect(vi, fi)] and [ag —
protect(va, f2)] outside of the closings, which suffices to finish the proof. [

Lemma B.2.35 (Compat ).
AT T H : ANAT T =
= AT F

Proof. Expanding the conclusion, given

VW.Vpyryr yo.p € DIA] A (W,0,0,97) € G[L],
/\(W,@,@,’Y )eg[[ ]]/\(W7¢11q)277 )Eg[[ ]]

we must show

(W, (@1,91 (v (v, (61 €27)), (R2,92 (72 (78, (1 27))))) € E[72].
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Notice that both of these expressions have no free variables by Lemma
B.2.16.

We can push the compiler and substitutions through the application to
refine this to:

(W, (®1,7F(vE(v(e1T))) (let x = AL (v} (7, (e2T))) in once(x))),
(2,72 (V2 (73 (e1T))) (let x = AE(vE(WE (e2T))) in once(x)))) € E[72].

Next, by Lemma B.2.5, we have that vo = v W y2, &1 = ®1; W &4, and
&y = Oy, W Py, where

(W, @y, Poy,71) € G[O].
and

(W, @1, Pop,72) € G[Q22].
and for all i € {1,2},

and

Thus, we refine the statement we need to prove to:

(W, (@1 W 1,y (71 (1 (017))) (let x = (v (72(e27))) in once(x))),
(Por W @ar, yE (77 (VE(17))) (let x = (72 (12(e2™))) in once(x)))) € E]72].

Let e; and ey be the first and second expressions, respectively, in the
above tuple. Expanding the definition of the expression relation, given:

V@1, @po, Hi, Ho: W, €], HY, 5 < Wk,
D H#DPy WP A DpoHDPy W Do APy WD WDy, Do Doy 0 oy 0 WA

<(I>r1 & ﬁags(W, 1) WPy WDy, Hy, e1> —Z-) <(I),1, H'l,e’1> —>

we must show that either e’1 is fail CONV or there exist

Qri, g1, Pra, Pgo,va, Hy, W’ such that:

(®,9 & flags(W,2) W Dy & Doy, Ha, €2) —=> (B W flags( W', 2) & B o 1 B o, HY, vp) —
N (I)ll =0, W ﬂags( w’, 1) W (I)fl (] (I)gl/\

ANWEs, a5, WA H Hy : W

A (W' (@f1,€1), (P2, v2)) € V[T]p)

Next, we need to find €]. From the operational semantic, the applica-
tion will run the first subexpression using the heap H; until it reaches a
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target value or gets stuck. By appealing to our first induction hypothesis,
instantiated with W, ~p,vr,v1, p, we find that:

(W,
(@1, (1 (1 (1)), (a2 (VE (R (e17)))) € €] I

Therefore,
(@1 W flags(W, 1) & @1, & By, Hi, vt (v (7] (e17))))

either reduces to fail CoNv, in which case the original expres-
sion steps to fail CONv, or to some irreducible configuration
(©yq Wilags(W,1) W @y, W Dy 0 Dyyy, HY, €]), in which case on the other
side, the configuration

(o W flags(W,2) W Bo, & Doy, Ha, 72 (V2 (1 (e17))))

reduces to some irreducible configuration
(Oro W flags( W7, 2) & Pop W D poy 1 By, H3, eD and there exists
some W1 where W E<I>T1L+J‘I>1,~,¢’T2Ed<1>2r Wl, T, H; : Wl, and
(Wi, (Pruser), (Pra, e;{)) e V[ J].. By expanding the value
relation, we find that ®1; = ® 9 = 0.

Since terms in the value relation are target values, the original application
will continue reducing on the second subexpression according to the opera-
tional semantics. Then, we can appeal to the second induction hypothesis
instantiated with Wi, ~yr,vr, 72, p, by Lemma B.2.8 because W Co,, &, Wi.
Ergo,

(W1, (@1r, v (71 (12 (22))), (R 7R (VE (V3 (e2))))) € E[].

Therefore,
(®,1 W flags( Wi, 1) W @1y W &1,y HY, A7 (Y (13 (e27T))))

either reduces to fail CoNnv, in which case the original expres-
sion steps to fail CoONV, or to some irreducible configuration
(®r1 W flags(Wa, 1) W @gyp 0 @pyp 6 Pgrp, HY, €3), in which case on the other
side, the configuration

(@9 W flags( W7, 2) W Dy W Doy, H AR (VE (13 (e2T))))

reduces to some irreducible configuration
(Pro W flags(Wa, 2) W Do ) @ o W Pgop, HE*, eg) and  there  exists
some Wz where Wi Eo,wdg, 0000, We, HIHZ® : W, and

(Wa, (D11, €5), (B rar, €))) € V[71].-
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Then, instantiate (Wl,ei,ei) eV ]. with <1>f1,,e;,<1>f2r,e§, > Ws.
Because W1 Cpg W2 and Wo Cgg > Wo, it follows that Wy Cpg > Wo.
Moreover, (> Wa, (P f1,,€5), (P ror, eg)) € V[71]., because ® ¢y, @ o, : Wo by
Lemma B.2.8, which implies ®f1,., @ 2, : Wo and thus Ws Capy, 05, > Whs.
Ergo, there exist ey, e;E such that

e] = Aa.e,

and
_ T
= Aa.e,

and, for any (¢1,¢2) ¢ dom(>Ws.¥) U dom(> W2.0),

(> Wok, > Wo W, > We.O W ({1, 02) — ((I)fh«,q)fgr))
(0, [a — guard(ej, l2)]ef), (0, [a — guard(e2,€1)]eb)) € &[]

Let W3 = (> Wa.k, > Wo. U, > We.O W (41, 02) — ((bflTu @f}r)).

Thus, the original configuration in Hy steps as follows:

(Pr1 W ﬂags( W, 1) e &y W &y,Hy,
YO (e ) (let x = (7 (7 (21))) in once(x))) -+

(@1 W Hags( Wi, 1) W &1, W B gyy, HY, Aacef (let x = v (vE (v, (e2T))) in once(x))) N
(O W flags(Wa, 1) W @y 6 P ppp W By, HY, Aasef (let x = €5 in once(x))) --»
(@, @ flags(Wa, 1) & By B 1, W By, HE*, Aavel once(el)) -
< r1 @ ﬂags( W, 1) ) (I)gll ) (I)flr () (I)glr, H’{*,

Aa.ef let riesh = ref 1in A_{if !rfesh {fail CONV} {rfesh := USED;€5}} --»
(®r1 Wags(Wa, 1) W Pgyp ) @ gy W Pgyp, HY* [ — UNUSED),

a.ef A{if 161 {fail CONV} {f; := USED;e}}} --»
(O W flags(Wa, 1) W @y 6 @ gy, W By, HY*[¢1 — UNUSED], Aa.ef guard({y,e5)) --»
(®,1 Wiags(Wa, 1) W @gy & P pyp W Py, HT* [ — UNUSED], [a +— guard(fq,e5)]e})

for some ¢; ¢ H}*. Similarly, the original configuration in Hy steps to
(Bro 0 B(Wa, 1) W Dyoy & o, ) Doy, Hy [l — 1], [a > guard(£a, eb)]el)

for some 0o ¢ H3*. Since Hi*, H5* : W, this implies (¢1,¢2) ¢ dom(Wo. W) U
dom(W5.0), and thus (¢1,¢3) ¢ dom(>W. W) U dom (> W5.0).

Therefore, by expanding the value relation for , we find:
(W3, (0, [a — guard(¢1,e3)]ep), (0, [a — guard(£a, e2)]eb)) e &[]

Moreover, since H}*,H3" : Wa, we also have H}*,H5* : > W5. Therefore,
H3}*[¢1 — UNUSED], H3*[¢3 — UNUSED| : W3, because the only difference
between > Wy and W3 is that W3 has a new affine flag (€1, 42) — (® 11, P 1),
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and both of the above heaps indeed have /1 and /5, respectively, set to
UNUSED.

Finally, notice that, for all i € {1,2}, flags( W3, ) = flags( Wa,7) W ® 4,
because W3 has the exact same dynamic flags as Wa, except for (¢1,¢3) —
(®f17, Pf2r), which has the affect of adding ® ¢, on the left side and @ fo,
on ther right side. Thus, we can rewrite the above configurations as

(@1 W Pgyy W Dy, W flags( W3, 1), H*[¢; — UNUSED], [a — guard ({1, e5)]ef)

(Bro ) B oy ) Do, W flags( Wa, 1), H5*[la — UNUSED], [a > guard(fa, eb)]el)

Ergo, we can instantiate the fact that the above expressions are in E[75].
in the world W3 to find that either the first configuration steps to fail Conv,
in which case the original configuration with Hy steps to fail Conv, or the
first configuration steps to some irreducible configuration

<<I)7~1 (] q)gll (] (I)glr ) ﬂags( Wy, 1) ] (I)fln ] (I)gln; HT**, e}‘>
in which case the second configuration steps to
(Cbrz G} Cbggl ] @927« G ﬂags( Wy, 2) ] (I)fgn ] (I)ggn, Hg**, eI>

and there exists some W, such that W3 1 0By 0P g1, oD g W gy Wy,
HT**v HE** : W47 and (W47 ((I)flna e:)y (q)ona e:)) € VII ]]

#* s0 €] is indeed in the value relation

This suffices to show that €] =e
at 7 along with the value stepped to by the original configuration on the
right hand side. Ergo, since W Co,y &0 Wi, W E‘Drlﬁbm Wo, W ;QThq)TQ
>Ws, >Wa Co,, @,, W3, and W3 Co,, ., Wi (note that these are weaker
statements of what we learned above, but hold — and in particular, via

transitivity, will be what hold), it follows that W Cg,, @,, Wa, which suffices

to finish the proof. O
Lemma B.2.36 (Compat ).
AT T H : NN T T F
= AT +

Proof. Expanding the conclusion, given

VW .¥pr v yo.p € DIA]A (W, 0,0,7r) € G[T'],
/\(W7®,®,’Y )Eg[[ ]]/\(W,¢laq)2”y )Eg[[ ]]

we must show

(W, (@171 (v (v, (01 €27)), (R2,72 (47 (72, (e1027))))) € E[72]-
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By pushing the compiler and substitutions through the application, we
can refine this to:

(W, (@1, (v (7, (e170))) O (7, (e2))))s (B2, (72 (A (1)) 7R (72 (vE (e2))))) € El72].

Next, by Lemma B.2.5, we have that yo = v1 Wy, &1 = ®1; U ®y,., and
Py = Py, W Dy, where

(W, @1y, Poy,71) € G[C2].

and
(W, @1, P2y, 72) € G,

and for all ¢ € {1,2},

and
760 ( )

(W, (@10 @1, 7L (v (11 (e171))) Y (L (13 (e2T)))),
(P & Do, 12 (VE(VE (1)) 7 E(VE (3

Let e; and ey be the first and second expressions, respectively, in the
tuple above. Expanding the definition of the expression relation, given:

V@, @po, Hi, Ho: W, €, HY, j < Wk
P #P WPy AP Po W Do APy 0 Dy Py, Dpp W Doy 1 Doy 1 WA

(P1 W Hlags(W, 1) W &y W Py, Hyyeq) N (@), H},e}) »

we must show that either €] is fail CONv or there exist
D1, Py1, Pro, Pyo, vo, Hy, W’ such that:

(2 flags(W,2) & @y W or, Ha, ep) =5 (B W flags( W', 2) W Do W Do, Hy, vo) =
A D) =0, 0 flags(W/, 1) WDy W Dy A

/\ W ECDTL(DTQ W, /\ H/17 H/2 : W,

AN (W' (Qf1,€1), (Rg2,v2)) € VI[7]p)

By instantiating the first induction hypothesis with W, ~yr, v, 71, p, we
find that:

(W, (@1, (VE (v (€15 (P1r, 72 (1E (V01 1)) € €] I
Thus,

(@, & Dy, W flags(W, 1) W By, Hi, v (vE (11 (e17)))
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either steps to fail Conv, in which case the whole expression
steps to fail CoONv, or steps to an irreducible configuration
(P W @y, & flags( Wi, 1) W O pyp W Dy, HY, €]), in which case

(@1 W Do, W Hags(W,2) W @oy, Ho, v (vE (V1 (€1 7))

also steps to an irreducible configuration
(Pr1 W Do, W flags( W1, 2) W Py W Doy, H,e5)  and  there exists some
world W1 where W E@leq:.lm@mw@% Wl, T, H; : Wl, and
(W1, (®r,e1), (Pra,e3)) € V[ J.. By expanding the value re-
lation, there exist expressions e;;, e;, such that e] = Aag.e;; and
€5 = Aag.€p,.

Then, by the operational semantic, the original application expression
continues reducing on the second subexpression. By instantiating the second
induction hypothesis with Wiy, yr, v, v2, p, we find that:

(W1, (®ar, vt (v (2 (e2))), (P2r, Y2 (V2 (5 (e2T))))) € E[71].
Thus,
(D1 WPy W Oy W flags( W, 1) W @1, HY, AE (9 (13 (e21))))

either steps to fail CoNv, in which case the whole expression
steps to fail CONv, or steps to an irreducible configuration
(Pr1 W Py Py W flags(Wa, 1) W @ pyp & Py, HJ{, eJ{), in which case

(Do W D oy W oy W lags( W, 2) & @oy, HE, A2 (72 (13 (e2T))))

also steps to an irreducible configuration
(Pro W P oy ) Doy W flags(Wa, 2) W @ pop & Dyoy, H;, ez) and there ex-
ists some world W5 where Wy o, 0D 51001, Braw® o), B g Wa, H]i, H; s Wo,
and

(W, (11r,e1), (Bg2r,€h)) € V7],

Thus, the original configuration with Hy steps to
(D1 W Ppy W Py Wilags(Wo, 1) W D pyp 6 Py, HL Aaq.-€h; eI}
which steps to
(B & D pyy & By W flags(Wa, 1) W By, & By1, W {fi}, HI, [ag — protect(el, fi)]el;)

for some fi & @1 W Pyyy W Dgy W Hags(Wo, 1) W B pyp & Py
Similarly, the original configuration with Hy steps to

(Do W B pop 6 Pyoy W flags(Wa, 2) & P rop ) Py, & {fo}, H;, [ag — protect(ez,fg)]e&)
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for some fo ¢ ®ro W D ro W B ooy W flags( Wo, 2) W O o, & Doy

We can instantiate the fact that (Wy, (® 1, Aae-€f;), (a1, Aae-€fy)) €
V] ]. with 1., ® o, fi, fos €, b, Wy to find that:

(Wa, (@1 W @ g1, W {fi }, [ag—>protect(el, fi)]efy ),
(®ror W ®pop W}, [ae — protect(eh, h)lef,)) € E[r2].

Given HI, HI : Wy, it follows that
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(Pr1 & Pyyy W By W flags(Wa, 1) W P pyy W P ypyp W {fi ], HJ{, [ag — protect(ei,fl)]eéﬁ

either steps to fail CONv, in which case the original configuration with H;
steps to fail CONV, or steps to an irreducible configuration

<(I)T1 W (I)gu W CI)ng W ﬂags( Ws, 1) (] CI’flf (] ‘bglf, HT*, e’{*)

in which case the configuration

(Pro W Pgoy W By, W flags(Wa,2) W P rop W D pop W { o}, H£, EP PYOteCt(e;fz)]eﬁﬁ

also steps to an irreducible configuration
<(I)r2 ] (I)ggl W (I)QQT W ﬂags( Ws, 2) (] q)fgf (] ‘ngf, Hé*, e§*>

and there exists a world W3 such that Wy Co,q0®,1 0P 1, rod o6 go Ws,
Hi*, HS* © Wa, and (Ws, (Pfif,e7%), (Prag,e5*)) € V[r2].. Finally, since
W Cs,,,0,, Wi, Wi Co,,,8,, Wa, and Wo Co, , s,, W3, it follows that
W Cs,,.9,, W3, which suffices to finish the proof. O

Lemma B.2.37 (Compat !).

AT Ry = AL F

Proof. Expanding the conclusion, given

VW .Npyryr yo-
p € DIA] A (W, 0,0,90) € G[T, A (W,0,0,4r) € G[L].
/\(W7¢17®27fy )eg[[]]

we must show

(W, (21,9 (v (76, (V ), (@272 (B (A (V))))) € ELL7].
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Notice that both of these expressions have no free variables by Lemma

B.2.16. Moreover, since (W, ®1, P2, v0,) € G[]., we have &1 = 9 = () and

vo = -. Furthermore, !v™ = v*. Thus, we can refine the above to:

(W, (0,7 (vt (v)), (0,72 (hE (vF)))) € €N

Let e; and ey be the first and second expressions, respectively, in the
above tuple. Expanding the definition of the expression relation, given:

V&1, Pro,Hi, Ha: W, ell, Hll, 7 < W.k.
O H#DN P H#DN P WO, Do : WA

(@1 flags(W,1) & 0, Hy,e1) - (@1, Hef) =

we must show that either €] is fail CONV or there exist
Pr1, g1, Pra, Pgo,va, Hy, W’ such that:

(Do W flags(W,2) W), Ha, en) . (Pro W flags(W',2) W @ o & Pgo, Hy, vo) =
VAN @/1 =P, ﬂags( w', 1) (%) (I>f1 W (I)gl/\

N W E‘Pﬂ,@ﬂ WA H/17H/2 W’

A (W (@g1,eh), (Rra,v2)) € V[!I7]))

Next, consider Wy = (W.k, W.¥,0'), where dom(©’) = dom(W.0) and
for all (¢1,42) € dom(W.0), ©'({1,¢3) = USED. Thus, since all dynamic
flags in W) have been used flags( Wi, 1) = flags( W1, 2) = 0, so we trivially
have ®,1, ®,o : Wy. It then follows that W Cs,, ,, Wi because W and W
have the exact same heap typing and all of the locations in W have been
switched to USED in Wj.

Thus, by Lemma B.2.8, we have (W1, 0,0,vr) € G[I'], and (W1,0,0,~r) €
G[I'].. We also trivially have (W1,0,0,-) € G[-].. Thus, by instantiating the
first induction hypothesis with Wy, ~r, yr, -, p, we find:

(Wi, 0,91 (7E (v)), 0,72 (v (v)))) € L7

Thus, since flags( W1, 1) = flags( W1, 2) = (), the configuration
(@1 W flags(W, 1) W 0w 0, Hi, v (v (v1))))

must either step to fail Conv, in which case the proof is done, or steps
to some irreducible configuration (®,1 W flags(W,1) WO W @5y W $y1, HY, e]),
in which case the configuration

(®o W flags(W,2) WO W0, Ha, (0,42 (42 (v))))
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steps to an irreducible configuration (®,o W flags(W,2) W 0 & @ o & Pyo, HY, €3),

and there exists some world Wj such that Wi Cg, wiiags(W,1),@,owflags(W,2)
Wo, HY, HS : W, and (Wa, (®y1,e7), (Pro,e3)) € V[7]..

However, from Lemma B.2.4, we know both the original configurations
above are indeed irreducible and do not step. This means the set of static

flags in the original configurations equal that in the final configurations.
Thus,

P, Wiags(W,1) WO W0 = 0, Wiags(W,1) WO Ppy WPy
and

.o Wilags(W,2) WO W0 = Opo W flags(W,2) W0 W Do & Py

This implies &y = ®5 = @ and Py = Py = 0. Ergo,
(W, (0,€3), (0,e%)) € V[7]., from which it follows that (Wa, (0, e7), (0,e})) €
V['r]..

Finally, since W Co,, ¢,, W1 and W1 Cos,, @,, W2, we have W Lo, ..,
Wa, which suffices to finish the proof. O

Lemma B.2.38 (Compat )

AT T = T ANA T ; [
= AT F

Proof. Expanding the conclusion, given

VW.¥pyryryao.
p € DIAIA (W, 0,0,v0) € G[TT, A (W,0,0,4r) € G[I].
/\(W,(I)l,q)g,’}/ )Eg[[ ﬂ

we must show

(W, (@1, 71 (71 (7 ),
(@2, 77 (72 (74 ( M) € ElD

Notice that both of these expressions have no free variables by Lemma
B.2.16.

We can push the compiler and substitutions through the expression
and refine this to:

(W, (®1,let x = AL (vL (v, (1)) in At
(o, let x = 7%(72 (72 (

(7t (v (e21)))),
) in 2 (vE (VA (e2T))))) € E[].

279
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Next, by Lemma B.2.5, we have that v = 1 Wy, @1 = &1; U ®y,,, and
dy = Py, W Py, where

(W, @15, Poy,71) € G[O].

and
(W, ®1,, Doy, 72) € G[Q22].

and for all i € {1, 2},
and

Thus, we must show

(W, ((I)ll O] (1317», let x = ’yl‘("yl
(Poy W Py, let x = AA(Y2 (V3 (

Let e; and ey be the first and second expressions, respectively, in the
above tuple. Expanding the definition of the expression relation, given:

V<1>,,1,<I)r2,H1,H2:W, e’l, Hll, j < W.k.
D #P WDy A ProF Do W Pop A Dy WO 0 Dy, Do W Doy 1 Doy 1 WA
(®p1 & flags(W, 1) W &y & By, Hyeq) -2 (@, HY L €)) -

we must show that either €] is fail CONvV or there exist
Pr1, Py1, Pro, Pya,vo, Hy, W' such that:

(o W flags( W, 2) W By ) Doy, Ho, ) = (Do W flags( W', 2) W Pro ) Dyp, Hy,vo) =
N O =@ Wilags(W, 1) W Dy & Py A

N W Cd,,d0 W' A Hll,H/Q W

A (W,a (q)flaegl_)a ((I)anV2)) € V[[T]]P)

Next, we need to find €}. From the operational semantic, the applica-
tion will run the first subexpression using the heap H; until it reaches a
target value or gets stuck. By appealing to our first induction hypothesis,
instantiated with W,~p,vr,v1, p, we find that:

(W, (@1, v+ (v (01 (1)), (@1, 7R (R (R (1)) € ENN7].
Therefore, the configuration
(®r1 & 1y W hlags(W, 1) & By, Hi, v (v (71 (17))))

either reduces to fail CONv, in which case the original expres-
sion steps to fail CONv, or to some irreducible configuration
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(Pr1 & Py W flags( Wi, 1) W Py & Oy, HY, €]), in which case the configu-
ration
(Bro & oy W flags( W, 2) & Boy, Ho, 72 (77 (77 (e17))))

also reduces to some irreducible configuration
(Pro W Do, W flags( W1,2) W D poy 6 Dy, H, eJ{) and there exists
some Wl where W E@rl&d@lh@mw@% Wl, HT, H; : Wl, and

(Wl,(q)fu,e’{),(@flr,ei)) € V[!7].. By expanding the value relation
definition, we find ® 1, = ® 1, = 0 and (Wi, (0,€1), (0,e)) € V[7]..

Since terms in the value relation are target values, the original configura-
tion with Hy steps as follows:

let x = ~& (7t (’711( *))) in *
®,.1 WHags(W,1) W &1 W @y, Hy, ! -
< (W,1) AL (1 (e2 ) >
(@1 & Py, W flags( W, 1) W &gy, HY let x = €] in (v (13(e27)))) —
(@1 W 1, W flags( Wi, 1) W gy, HY, [x = et (vE (va (e2™))))

and similarly, the original configuration with Hy steps to:

(Bro W Do, flags( W1, 2) & Do, H, [x > el |72 (12 (12 (e2T))))

Next, notice that (Wy,0,0,yr[x — (e’{,e{)]) € g[ . because
(W1, (0,€7), (@,e{)) € V[7]. and (W1,0,0,~r) € G[I']. (which follows from
Lemma B.2.8 because W g9 Wy and (W,0,0,7r) € G[I'].). There-
fore, by instantiating the second induction hypothesis with Wi, vy, yr[x —
(e7, eJ{)], ~2, p, we find that

(W1, (@17, [x = €701 (35 (e21)))), (@2, [x > el R (32(33 (e21)))) € €]

Then, since H], H5 : Wi, we can instantiate the above fact with H} and
H5. Ergo, the configuration

(®,1 W Byyy & flags( Wy, 1) & Dy, HE, [x = €]t (v (13 (e27)))

must either step to fail CoNv, in which case the origi-
nal expression steps to fail CoNv, or it must step to some
<<I>r1&J@QllEdﬂags(Wg,l)LﬂCI)flrErJ(I)glr,HI,e’{*% in which case the
configuration on the other side

(@ro W Doy 18 flags( W1, 2) & oy, H3, [x 1 el |72 (47 (13 (e2T))))

must step to (P,o W P yop W flags(Wa,2) & @ o, W P o, H;, eH) for some heap
H; and world Wy where Wi Co,,we,,,,8,,0d,, W2, Hl,HE : W, and
(Wa, (®rar,e1"), (Qng,eJ{T)) € V[7'].. Finally, since W Co,, 3,, W1 and

281
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Wi Co,,,9,, Wa, we have W Lo, , ,, Wo, which suffices to finish the
proof. O

1,

Lemma B.2.39 (Compat &).

AT T QF T AN T T Q-
= AT QF

Proof. Expanding the conclusion, given

VW .Npr e yo.
pED[[A}]/\(W,(Z),@,fyr)GQ[[T]]p/\(W,Q),Q),fy )Egﬂ HA(W7®17@277 )eg[[ ]]

we must show
(W, (@1, 7L (v (v ( NN, (@2, 72 (vE(FA( M) €€l I

Note that both of these expressions are closed by Lemma B.2.16.

We can push the compiler and substitutions through the product expres-
sion and refine this to:

DN e VI I

First, we can instantiate the first induction hypothesis with
W, vr, 9,70, p to show that

(W, (1,9 (v (v (e1)))), (2,772 (v (VA (e11))))) € V]

and we can instantiate the second induction hypothesis with
W, v, 9, Ya, p to show that

(W, (1,91 (71 (v (e2T)))), (@2, 72 (vE (VR (e2T))))) € V2]

This suffices to show that the pairs of lambdas are in the value relation
at , as was to be proven. ]

Lemma B.2.40 (Compat .1).

AT Q : = A0
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Proof. Expanding the conclusion, given

VW .Npyr v vao.
pGD[[A]]/\(W,Q),Q),'yr)EQ[[F]],)/\(W,@,@,’y )Eg[[ ]]/\(Waq)l)q)%’y )Egﬂ ]]

we must show
(W, (21,9 (v (v (e 1)), (B2, 7R (72 (VD (e-11))))) € Em ]

Notice that both of these expressions have no free variables by Lemma
B.2.16.

We can push the compiler and substitutions through the projection to
refine this to:

(W, (@1, (fst 71 (v (v, (e1)))) (), (@2, (st vE(E(72,(eT)))) 0)) € E[1].

Expanding the definition of the expression relation, given:

V.1, Pro, Hi, Ho: W, €, HY, j < W.E.
D1 H#PL N Pro# P2 A D WPy, Do Py - WA

(B W flags(W, 1) W &y, Hy,e1) -2 (@), H),¢}) =

we must show that either €] is fail CONv or there exist
Dr1, Dy, Pro, Pyo,va, H/2, W’ such that:

(@2 & flags(W,2) W §a, Ha, ) ~=» (D W flags( W', 2) & g & Byp, Hh, v2) -
A D) =0, 0 flags(W', 1) WDy W Dy A

/\ W E®'rl»q)'r2 W/ /\ H/17 H/2 : W/

N (W' (Rf1,€1), (Rg2,v2)) € V7))

To proceed, we must find out what €] is. First, by instantiating the first
induction hypothesis with W, ~r,vr, v, p, we find

(W, (@1,70 (71 (72 (€T (P22 (E (A (eF))))) € €] I
Therefore, the configuration
(@1 Whlags(W, 1) W @1, Hi, v (v (74,(e7))))

either steps to fail CoNv, in which case the original expression
steps to fail CoNv, or steps to some irreducible configuration
(1 Wiags(Wi,1) W ®@py W Dgy, HY, "), in which case the configuration

(@2 & flags(W,2) & @2, Ha, 77 (72 (78, (e))))
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also steps to some irreducible configuration
(®,0 W flags(W7,2) W o W Do HE ef) and there exists some world
Wy where W Co,,0,, Wi, Hi,H5 : Wi, and (Wy, (@1,e%), (Rfo,e)) €
V[ |

Ergo, there exists some ej, eJ{, e, eg such that

e = (A_.el, A_.e3)

and
el = ()\,.eJ{, A,.eg)
and
(W1, (Py1,€7), (‘I’f2aei)) € &[]
and

(W, (Df1,€3), (R2,eh)) € E[72].

Thus, the original configuration with H; steps as follows:

(D1 W flags(W, 1) W @1, Hy, (fst A (v (785 (e1)))) () =
(®r1 W Hags(Wi,1) W sy 6 Py, HY, (fst (A_ef, A_e3)) () —
<(I)7~1 G} ﬂags( Wi, 1) &} (I’fl ] (I)gl, HT, )\,.e’l‘ <)> —

<(I)7«1 ] ﬂags( Wi, 1) & (I)fl G| (I)gl, HT, ef>

and on the other side, the original configuration with Hy steps to:

(B W flags( Wi, 2) & o ) o, HE, el

Then, since (W1,(<I>f1,ef),(®f2,e1)) € &[r1]., we find that the first
configuration either steps to fail CoNv, in which case the original expression
steps to fail CONV, or steps to some irreducible

(@1 W gy W flags(Wa, 1) W @y W Dy, H, ef*)

in which case the second configuration also steps to an irreducible
(@2 W o W flags(Wa, 2) W &y W &y, H, ell)

and there exists some world Wy where W; Eo,wd,,0000. Wo, H]{, H; : Wa,
and (Wi, (®f1,e), (D 9,el")) € V[71].. Finally, since W Ca,, 3,, Wi and
Wi Co,, ®,, Wa, it follows that Wi Co,, ®,, W2, which suffices to finish the
proof. O

Lemma B.2.41 (Compat .2).

AT Q : = A0
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Proof. This proof is essentially identical to that of

Lemma B.2.42 (Compat ).

AT T F : ANAN T T H
= A; [T H

Proof. Expanding the conclusion, given

VW .Npyryrva.p € DIA]A(W,0,0,r) € G[1,
ANW,0,0,vr) € GIL]. A (W, @1, P2,70) € G]

we must show

(W, (@1, 7L (v (v ( s (@2, 72 (vE (VA

Notice that both of these expressions have no free variables by Lemma

B.2.16.

We can push the compiler and substitutions through the product expres-

sion and refine this to:

(W, (@1, (Vv (v (e DAt (F (v (e27)))),
(‘1’2,(’712( 2 (v&( 2 (v (

Next, by Lemma B.2.5, we have that v = 71 Wy, &1 =

Py = Oy W Dy, where

(W, @1y, Por, 1) € G[OU].

and
(W, @1y, Por, 72) € G[22].
and for all ¢ € {1,2},

and

Thus, we must show

(W, (@1 W @1, (v (VL (v (e1))) v (V1 (13 (e27))))),
(o ¥ oy, (VE(VE(VE (1)), 72 (VR (3 (e2)))))) € €T

1.

) €€l

O

P WDy, and

285
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Let e; and ey be the first and second expressions, respectively, in the
above tuple. Expanding the definition of the expression relation, given:

V&1, Pro, Hi, Ha: W, e’l, Hll, ] < W .k.
D1 # D P A PpoF Do 0 Pop A Dy WPy Dy, Prgp W Doy 0 Doy - WA

<(I)r1 ) ﬂags( W, 1) ) (I)ll ] (I)lra Hl, e1> —Z-) <‘1>/1, Hll, e/1> -+

we must show that either e’l is fail CoNv or there exist

Dr1, g1, Pra, Pgo,va, Hy, W’ such that:

(@2 W flags(W,2) W Boy & Boy, Ha, ) ~— (Byp 1 flags( W', 2) W @ o W Byo, Hy, vo) -
A D) =0, wWilags(W', 1) W Dpy & Dy A

AN W E¢T17q>r2 W' A Hll,HIQ s W

AN (W' (®f1,€)), (Pr2,v2)) € V] Io)

Next, we need to find ). From the operational semantic, the tensor will
run the first subexpression using the heap Hj until it reaches a target value
or gets stuck. By appealing to our first induction hypothesis, instantiated
with W, ~pr,vr,v1, p, we find that:

(W, (@1, (v (v (1)), (Pary (12 (Ve ) € ELm].
Thus, the configuration
(@1 & @1, & flags(W, 1) Py, Hi, i (41 (71 (e17)))

either reduces to fail CoNv, in which case the original expres-
sion steps to fail CONv, or to some irreducible configuration
(Pr1 & Py W flags( Wi, 1) W @ gy W Py, HY, €]), in which case on the other
side, the configuration

(D0 W Do, W flags( W, 2) W By, Ho, vE(YE(YE(e1 1))

reduces to some irreducible configuration
(Pro W Po, W flags( Wi, 2) & @ poy 0 Doy, H, eD and there exists
some W; where W Lo, we,, &0wd,,. Wi, HI,H3 : Wi, and

(Wi, (®f11,€), (Brarsel)) € V]

Since terms in the value relation are target values, the original pair will
continue reducing on the second subexpression according to the operational
semantics. Next, we can instantiate the second induction hypothesis with
Wi, yr, v, 72, p, which we can do because G[I'],, G[I']., G[(2]. are closed
under world extension (Lemma B.2.8). Thus:

(W, (@1, 91 (7 (2(e27)))), (D2, 72 (77 (13 (e27))))) € E[72]-
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FErgo, the configuration

(B W By W Dy W flags( Wi, 1) W By, HE, At (v (7 (e27)))

either reduces to fail CoNv, in which case the original pair
steps to fail Conv, or to some irreducible configuration
(D1 WPy W Py W lags(Wo, 1) & @ pyp 6 Py, HJ{, e5), in which case
on the other side, the configuration

<(P7n2 O] (I)fgl ) (I)ggl ) ﬁags( Wi, 2) W Py, H;, GD

reduces to some irreducible configuration
(Pro W @ poy W Pyoy W flags( W, 2) & @ o 6 Do, H;, eE} and there ex-
ists some Wy where W; C,1 0 10 g1, 8ol o WP gy Wa, HL H; : Wh
and

(Wa, (@ 117,€5), (®far, eb)) € V[72].

Thus, the original pair With Hq steps to
<(I)r1 (] ﬂags( Wa, ) W (I)fll (] (I)flr ) (I)gu ] (I)glr; Hl? (el, e2)) which is
a value and thus an irreducible configuration because both e]
and e; are values. Similarly, the original pair with Ha steps to
(Pro W Hlags(Wa,2) W P rop W D pop W Pyoy 6 Pyop, H; (eJ{, ez)) —. Ergo, since
(Wa, (®p11,€7), (®p1r,e))) € V] (because (Wi, (@71, ep), (Prarel)) €
V[m]. and Wy Cay,dp W2) and (W27(q)f1me§) ((I)f%veg)) € V[r]., so

(WZa (éfll & ¢f17’a (ET, e;)) ((prZ & ®f27"7 (61]:, 62)) € V[[ ]] Fina‘uya
since W Co,,.6,, W1 and W Lo, , o, W2, we have W Co,_, @,, Wa, which
suffices to finish the proof. O

Lemma B.2.43 (Compat let).

AT [ : ANA T T Qg =
= AT H

Proof. Expanding the conclusion, given

VW.Npyryr vao.
p € DIA] A (W,0,0,4r) € GII', A (W,0,0,4r) € G[I].
/\(W,‘I)l,q)g,’}/ )Eg[[ ﬂ

we must show

(W, (@1,71 (v (76, ( N,
((1)2771 (v 2(72 (

287
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By pushing the compilers and substitutions through the let, we can refine
this to:

(W7 (‘blv let Xfresh = '711“(71 ('71 ( +) ) in let de — fst Xfresh
in let aj, = snd Xgesh in V(7R (75 (e27)))),

(CI)% let Xfresh = 712‘(’72 (72 ( +)>) in let de = fst Xfresh
in let a = snd xfresh in Y2(V2 (73 (e2T))))) € E[7].

Next, by Lemma B.2.5, we have that v, = v1 Wy, &1 = &3, 0 ®4,, and
®y = Py, W Py, where

(W, @y, Poy,71) € G[O.

and
(W, @1, P2y, 72) € G,

and for all i € {1,2},

and ' '
vo(e2) = (e2™)

Thus, we refine the statement we need to prove to:

(W7 (q)ll W q)l’f) let Xfresh = '711 (71 ('711( +))) in let de = fst Xfresh
in let aj, = snd Xgesh in YA (7 (13 (e27)))),
((1)21 W (1)27“7 let Xfresh = '712 ('72 ('7%( +))) in let de = fst Xfresh
i let &), — snd e in 7212 (13(c2))) € 7],

Let e; and ey be the first and second expressions, respectively, in the
tuple above. Expanding the definition of the expression relation, given:

vq)r17(1)r27HlaH2:W7 ella Hlla j< W.k.
D1 # P W Py A DpoFPoy W Do A Py W P W Py, Dpg W Doy W Py 0 WA
(O Wilags(W, 1) W &y W Py, Hyyeg) AN (P, H},el) »

we must show that either e’1 is fail CONv or there exist

Dr1, g1, Pra, Pgo,va, Hy, W’ such that:

(B0 W flags(W,2) & Boy W Do, Ha, e2) = (g W flags( W, 2) & B o ) B o, Hh, vo) =
VAN (I)ll =0, W ﬂags( I/V/7 1) ] cl)fl ] (1)91/\

NWEs,, o, W' A Hll, H,2 W

A (Wla ((I)flae/l)v (q)f27v2)) € V[[T]]P)

Therefore, we find that

(@, & @y, W flags(W, 1) W By, Hi, v (vE (71 (e17))))
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either reduces to fail CONV, in which case the original expres-
sion steps to fail CONv, or to some irreducible configuration
(P & @y, W flags( Wy, 1) W P gy & Byyy, HY, €7), in which case

(Do ¥ Do, b flags( W, 2) W Doy, Ho, v (V2 (47 (1))

also reduces to an irreducible configuration
(Pro W Do, W flags( W1, 2) W By W Doy, H, e{) and there exists some
world W1 where W E¢T1Lﬂ¢lr7q}r2w¢'2r Wl, HT, H; : Wl, and
(Wi, (®f11,€}), (B ra,e))) € V] I

By expanding the value relation, we find that
Dryy=Ppy WPy

e] = (v1,V2)
Doy = Ppoy W Proyy
eJ{ = (VI,V;)
where
(W, (1 v7), (@, 1)) € VI ]
(Wi, (@ p1rs V3), (P gour, vh)) € V[72].

Thus, the original configuration with H; steps as follows:

<(I)7"1 W ﬂags( W7 1) 2 (I)ll W (1)17‘7 H17 let Xfresh = '711(71 ('711( +))) in

let ag = fst Xfresh in let ) = snd Xgesh in V(Y1 (V5 (e2T)))) --»
<(I)r1 CROIPC! ﬂags( Wl, 1) ] (I)flll ] (I)fllr ] (I)gllv HT, let Xfresh = (Vi‘, VS) in

let ag = fst Xfresh in let ) = snd Xgresh in V& (VL (72 (€27)))) 25
(P16 @y Wlags(Wr, 1) W @pyyp W Ppyyp W Syyy W { iy, fr}, HY,

[ae — protect(vi, fui)][ag — protect(v3, fo)]yi- (v (12 (e21))))
where fi; # for and fiy, for € Pri & @1 W g1y 0 Ppyge W Dy
By similar reasoning, the configuration on the other side with Ho steps to:
(Pro W o, & flags(W1,2) W D poy & P pop W Pyoy & { fir, for b, H3,
[26 = protect(vi, fir)][ag = protect(v3, fa)ln (7 (13 (e21))))
where fi, # for and fi,, for € Pro W Pop W D poy & O oy & Py
Next, notice that:
(W1, @1, & Dy W Dy W { frg, fr}, Por W Ppog W P g & { fir, for }

v2]ae —> (protect(vy, fil), protect(v{,flr))}[a’. — (protect(vy, fa), protect(vg,fgr))])
c gl [
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Thus, we can instantiate the second induction hypothesis with

Wi, 9,1,
v2[ae — (protect(vy, fir), protect(vi,flr))][a’. — (protect(vy, fa), protect(v;fgr))], P

to find that:

(W,

(@1 & Py & Pprye W { fir, fr }s

[ag — protect(vi, fi)]lal — protect(vs, fa) vt (v (v3(e21)))),

(Do W D poyy W Doy WA fir, for },

[3e = protect(v], fir)][a} = protect(v], for) 72 (Y2 (33 (e2T))))) € E[7]

Then, consider again the above configurations:

(Pr1 & D1 W flags( W1, 1) W @ py & Ppyg W Py W { fir, fr }, HY,
[ag > protect(vi, fu)][a, — protect(vs, fa) vt (v (v3(e21))))

(Pro W Po W flags( W1, 2) W @ poy & @ pop W Doy W { fir, for }, H3,
[ae — protect(v], fir)][ay +— protect(v), fr) 72 (42 (43 (e2T))))

By applying the above fact, we find that the first configuration either steps
to fail CoNvV, in which case the original configuration steps to fail CoNv, or
steps to some irreducible configuration

(Bp1 W Dyyy W fags(Wa, 1) W @y, 0 By, H eh)

in which case the second configuration also steps to some irreducible config-
uration
(B W Doy & flags( Wa, 2) W @ o, & Doy, HI, eh)

and there exists some world W5 such that W; Ca,qwd,,,0,060, Wa, HJ{, Hg :
Ws, and
(Wa, (@17, 63), (D 2r€3) € V7],

Finally, since W E@rhq)m W1 and W1 Eq%h(pm WQ, we have W E@rl,cpm
Ws, which suffices to finish the proof. O

Lemma B.2.44 (Compat (e), ).

A TRFe=e:TA_:T~T
= A0 (e e),:

Proof. Expanding the conclusion, given

VW .Npr e yo.
p € DIA]A(W,0,0,~vr) € GIT], A(W,0,0,vr) € GIT]. A (W, D1, P2, 70) € G
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we must show

(W, (21,71 (v (78, (le) = )))), (2,7 (4E (42.((e)- 7)) € EL7].

We can push the compiler and substitutions through the pair to refine
that to:

(W, (@1, Crisr (v (1 (7, (€7 (B2, Cris - (R (V2 (92 (e1)))))) € EL7]-
By Lemma B.2.3, it suffices to show:
(W, (0, Crsr (F(rE (0, (e)))), (0, Crosr (R (12 (2,(e7)))))) € EL7].

Now, by instantiating our induction hypothesis with W,~r, vr, v, p, we
find that:

(W, 0,70 (72 (02 (€M) (0,42 (v (A (eF))) € €7D,
By Lemma B.2.14, it follows that:

(W, 0,70 (v (v (e (0,42 (12 (WA (eT))))) € €7D
Therefore, by Theorem B.2.18, we have

(W, (0, Crsr (vt (rE (v, (7)),
(0, Crsr (VEE (VA (M) € EL7].

as was to be proven. O

291



VALUE INTEROPERABILITY: MEMORY
MANAGEMENT AND POLYMORPHISM

Lemma C.0.1 (World Extension Weakening). If W Ty, W', then for any
L" such that '.j C L.j for all j € {1,2} and for anyn’ Cn, W Crr,y W'.

Proof. Let W = (k,¥) and W' = (j,¥'). From W T, W', we have j < k.
We also have L.1#dom((¥’)!) and LL.2#tdom((¥’)?). Since L’.1 C L.1 and
/.2 C IL.2, this implies L".1#dom((¥’)!) and L'.24dom((¥’)?). Moreover,
for all (41,42) € n, W'(€1,02) = |V(41,¢2)];. Since  C 7, it follows that for
all (01,€2) €', W'(€1,43) = |V(l1,43)];. Ergo, W Cps,y W', as was to be
proven. O

Lemma C.0.2 (World Extension Transitive). If Wi Cp, ., Wo and
W2 v, W3 then

Wi (L, 1010111 .2000.2) e W3

Proof. Let L = (1.1 NLy.1,L;.2NLs.2) and n = 13 N1z By Lemma C.0.1,
Wi [ Wy and Wy ELy W3. We would like to show W; [ Ws.

Let W1 = (kl,\pl), W2 = (k‘g, \112), and W3 = (k‘g, \113).

We know from world extension that k1 < ks and ks < ks, so by transitivity,
k‘l < k‘g.

By W, Cr,, W3, L.1#dom(¥3) and L.2#dom(¥3).

Finally, by both world extensions, for all (¢1,¢5) € n,

W3 (b, 62) = [Wa(lr, l2) [ky = [[W1(€1,€2) [y ks

Then, since k‘Q S k‘3, we find that \1/3@1,52) = I_L\Ifl(fl,fg)JkQJ]% =
| Wy (ly,02)]k,. This suffices to show that Wi Cr, W3, as was to be
proven. ]

Lemma C.0.3 (World Extension).

1. If (W, (Hi,v1),(H2,v2)) € V[rl,, and W Cu,Honave W', then
(W/a (H17V1)7 (H27V2)) € V[[T]],D'

2. If(W, Hl, Hz,’}/L.F) € g[[F]]p and w EHI,HZ,'YLl-‘l(-)y'YL-FZ(-) W,, then
(W,’ H17 HQ,VL'F) € g[[r]]p

3. If(W,’}q‘) € g[[r]]p and W E(D,@,’yllx(.),’yﬁ(.) W,, then (W’,’}/l‘) € g[[F]]p.
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Proof. 1. By induction on 7. Most cases are trivial, relying on
Lemma C.0.2 where appropriate. The only non-trivial cases are
T=ref Tand T =cap(T.

e 7 = ref 7: Suppose that (W, (0,¢1),(0,¢2)) € V[ref 7], and
W Cp06,.0, W. We would like to show (W', (0,41),(0,¢2)) €
V[ref 7],. Expanding the premise, we have that W.U (¢, 45) =
|\ V[7]l,)w.k. This shows that (¢1,¢2) € dom(W.¥), so since ¢4
is free in the expression ¢1 and #5 is free in the expression /5,
it follows that (¢1,#2) € rchgclocs(W, FL(¢1), FL(¢2)). Ergo, by
the definition of world extension,

W' U (b, ly) = | WU, L) wrk = L IVITlp ) walwik = V7] o) wrk,

which suffices to prove (W', (0,¢1),(0,¢2)) € V[ref 7],.

(Note that | | V[7],] w.r]w .k = [V[7],] wr.i follows from W'k <
W .k, which we get from world extension.)

e 7 = cap(7: Suppose that (W,(H; W {1 — vi},()),(Ho &
{las = v3)) € V[cap(T], where p.L3(() = ({1,¢2) and
W CH,w{t1v1 ) How{fasvo},(0,0) W' Expanding the definition of
world extension, we find

W' E (dom(H {1 }.dom(Ha){£s}),rehgelocs( W, FL(cod(Hy ))UFL(v1), FL(cod(H2)) UFL(v)) W'

Thus, for j € {1,2}, (dom(H;) ¥ {¢;})#dom(W'. W), so
(W' (Hiw {1 — vi}, (), (Ho W {ly — va},())) is still in Atom,
which is required to show this tuple is in the value relation.
Moreover, by Lemma C.0.1, we find W Ty, Hy vy ve W'

By expanding the value relation, we find (W, (Hy,v1), (Ha,v2)) €
V[7]p. Since W Cu, Hywive W', by the induction hypothesis,
we find (W', (Hi,v1), (H2,v2)) € V[7],, which suffices to prove
(WI, (Hl W {El — Vl}7 ()), (HQ W {62 — Vz}, ())) S V[[C&p ¢ T]]p.

2. By induction on ~v1,.I', appealing to the previous case where appropri-
ate.

3. By induction on ~r, appealing to the previous case where appropriate.
O

Lemma C.0.4 (World Extension and Garbage Collection).  Consider
some world W and two sets of locations Li,Lo. Then, consider ar-
bitrary heaps Hig,Hay : W and Hip,Hapy such that Hy, : MHeap,
Hom @ MHeap, dom(Him)#dom(W.¥Y), and dom(Hapy,)#dom( W . ¥2),
Let I} = reachablelocs(Hig W Hip, dom(Hip,) W FL(K1[-]) U L1) and Ly =
reachablelocs(Hag W Hayp,, dom(Hap, ) W FL(K2[-]) U La).
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Then, if
(ng W Hypm, Kl[callgc]) — I (Hllg W Hym, Kl[(ﬂ)

and
(Hgg W Hopp, Kz[callgc]) — Lo (H/Qg W Hopp, Kg[()})

where Hy, : GCHeap, Hy, : GCHeap, then there exists some world W' such

that Hy,, Hy, : W' and

|14 E(dom(th),dom(Hzm)),rchgclocs( W,L},LY) W’ (16)

Note:  Remember that for all H,L, L C reachablelocs(H,L) and
FL(cod(H)) C reachablelocs(H, L). Ergo, FL(cod(Hip))U FL(K;[-|)UL; C L
for j € {1,2}, which implies

rchgclocs(W, FL(cod(H1y,)) U FL(K1[-]) U L1, FL(cod(Ham))
UFL(K2[-]) U La) C rchgcloes(W, Ly, L)

so by Lemma C.0.1, it follows that

w E(dom(H1m),dom(H2m)),rchgclocs( W ,FL(cod(H1m ))UFL(K1[-])UL1,FL(cod(Ham ) )UFL(K2[-])UL2) W'

Proof. Let W' = (W.k,¥’) where ¥’ is the subset of ¥ restricted to
rchgcloes( W, LY, L).

First, it is clear that W’'.k < W.k.

Second, since W'W C  W.¥, dom(Hy,,)#dom(W.¥'), and
dom(Ha,, )#dom(W.¥2%), we find that dom(Hi,,)#dom(W’.¥!) and
dom(Ha,, )#dom( W' ¥2).

Finally, to finish showing (16), we need to show that for all (¢1,/¢3) €
rchgcloes( W, LY, L),

W/.\I’(fl,fg) = LW.\I’(gla 62” W'k

If (¢1,¢3) € rchgclocs(W, Ly, L), then by the definition of ¥’ above,
W' W(ly,0e) = W.U(l1,03). Thus, since W'.k = W.k,

W/.\I/(gl,ﬂg) = W.\II(€1,€2) = LW.\I/(&,EQM Wk = LW.\IJ(&,KQ)J W'k

as was to be demonstrated.

Next, we must show that H’lg, H’Qg : W'. First, since H’lg C Hyy and
H, C Hag, it follows that H, : GCHeap and Hy, : GCHeap.

Next, we must show that for all (¢1,¢3) € dom(W'.¥), we must show

El c dom(H’lg), 62 S dom(H/QQ)7 and

(> W', (0,H1,(€1)), (0, Hyy(£2))) € W' B(ly,02) (17)
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By definition, dom(W’.W) = rchgclocs(W, L}, L}), so if (¢1,42) €
dom(W'. W), then ({1,¢3) € dom(W.W), ¢; € L] and ¢5 € L. Since
(41,¢3) € dom(W.¥) and Hig,Hey : W, we find that ¢; € dom(Hyy),
ly € dOm(Hgg), and (D W, ((Z), ng(fl)), (@7 Hgg(fg))) S W.‘l/(fl,fg).

Then, since ({1, l2) € dom(W'. W), W' .W(ly,05) = W.W(l1,¥l2). Moreover,
by the operational semantics of callge, Lj N dom(Hig) C dom(Hj,), so
1 € dom(Hj,) and Hi (¢1) = Hyg(¢1). By similar reasoning, fo € dom(Hj,)
and H’2g(£2) = Hyy(f2). Thus, we deduce that

(> W, (0, H1, (1)), (0,H,(£2))) € W' T (£y, L) (18)

Next, notice that, by the definition of reachablelocs, since ¢ € L,
it follows that FL(H},(f1)) = FL(Hiy(¢1)) € Ly. By similar reasoning,
FL(Hég(Ez)) C L. Ergo,

rchgclocs( W, FL(H,(¢1)), FL(Hy,(¢2))) C rchgclocs(W, Ly, Ly)

By Lemma C.0.1, we then have

W' (0,0) rehgelocs(W, FL(H?, (61)), FL(Hj, (£2)) w'

so it follows that

>W C (0.0 rehgelocs( W, FL(H} , (¢1)),FL(H, (£2))) > w’

In other words, > W C0,0,H7, (1), Hy, (¢2) > W’. Ergo, by (18) and the fact
that W'.W({q,43) € Typ 1 to deduce (17), as was to be proven. O

Lemma C.0.5 (Compositionality). If A+ 71 and A, a F 7 and p € D[A],
then

Vl[lee = 7] 7], = VIl pfp(a)svind,)
Proof. By induction on 7. We show the interesting cases:
CASE 79 = «v.
V[lew = mila], = V[n], (by sub)
= p[F(a) = V[r1],].F(a) (by lookup)
=V[alprysving,y  (by def V[].)
CASE 75 = [ # «.

Ve — 71181, = VIL], (by sub)
= p-F(B) (by def V[].)
= p[F(a) = V[m],].F(B) (by lookup)
=VBlor)sving,)  (by def V[].)
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The other cases are straightforward by expanding the definitions of
V[-].,€[]. and applying the induction hypotheses. O

Lemma C.0.6 (L? Compositionality). If A, -7, p € D[A], and p(¢’) =
(04,45), then
VIC = 7] = VIl pws)— @)

Proof. By induction on 7. We show the interesting cases:

CASE 7 = ptr (.

VII¢ — ¢'Iptr ¢,

=V[ptr '], (by sub)
={(W,(0,61),(0,2)) | p.L3(¢") = (£, £2)} (by def)
={(W,(0,£1),(0,62)) | (¢7,05) = (£1,¢2)} (by assumption)
={(W,(0,61),(0,£2)) | p[L3(C) = (£1,6,)].L3(C) = (€1, 2)} (by lookup)

= V[ptr (Joma(e)— e (by def)

CASE T = ptr (2 WHERE (s # C.

VII¢ = ¢'lptr é2],

= V[ptr (2], (by sub)
={(W,(0,£1),(0,£2)) | pL3(C2) = (£1,42)} (by def)
={(W,(0,61),(0,£2)) | p[L3(C) = (£1,65)] L3(C2) = (£1,42)}  (by lookup)
= V[ptr C2] o) 2.6 (by def)

CASE T =cap( T2.

V[[¢ = ('leap ¢ 2],

=V[cap (' [¢ — ¢'I72], (by sub)
={(W,(Hiw {1 = v1},(), (Ha W {la = va}, () |
p-L3(¢") = (1, 02) A (W, (Hi,v1), (H2,v2)) € V[[C = ¢']72],} (by def)

={(W,(Hi {1 = v1},()), (Ha W {2 = v2},()))

(01,05) = (l1, L) A (W, (Hi,v1), (Ho,v2)) € V[[¢ — ¢']72],}  (by assumption)
={(W,(H1 ¥ {1 = vi},()), (Ha & {l> = v2},())) |

p[L3(C) = (€1, 65)].L3(C) = (L, L)/

(W, (H1,v1), (H2,v2)) € V[[¢ = ('] 72],} (by lookup)
={(W,(H1 0 {lr = v1},()), (Ha W {l2 = v2},())) |

p[L3(C) = (€1, 65)].L3(C) = (£, L)\

(W, (H1,v1), (H2,v2)) € V[T2]pima(e)—s e} (by induction)
= V]cap ¢ 7] pLa(¢)- (4,4)) (by def)
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CASE T = cap (2 To WHERE (2 # (.

V[[¢ = ¢'Jeap 2 72,

=V[cap {2 [ — (]72], (by sub)

={(W,(Hi W {l1 = vi}, (), (Ha & {la = v2},())) |

p-L3(C2) = (f1,62) A (W, (Hy,v1), (Ha,v2)) € V[[¢ = ¢']72],} (by def)

={(W,(Hi & {1 = v1},(), (Ha W {la = v2},())) |
pIL3(C) = (¢4, 45)].L3(C2) = (1, €2)N

(W, (Hi,v1), (H2,v2)) € V[[¢ — CI]T2]]p} (by lookup)

={(W,(Hi & {f1 = vi},(), (Ha W {fz = va2},())) |
PIL3(C) = (¢4, 65)].L3(C2) = (£1,£2)A

(W, (Hi,v1), (Ha,v2)) € V[T2]pima(e) e} (by induction)
= V[cap ¢ T2]]p[L3(C)»—>(Z£,Eé)] (by def)

The other cases are straightforward by expanding the definitions of
V[-].,€[-]- and applying the induction hypotheses. O

Lemma C.0.7 (Irrelevant Location Variables in L?). If A - 7, p € D[A],
and ¢ ¢ A, then

VITlp = VITlpac)=(er,6))

Proof. Since ¢ ¢ A and A + 7, it must be that ¢ is not free in 7. Therefore,
the definition of either V[7], or V[T] (r3(¢)s(41,6,)) Will never require looking
up p.L3(¢), so whether ¢ is in the domain of p.L3 or not is irrelevant for
the definition of the value relation. It then trivially follows that these two
value relations are equal. OJ

Lemma C.0.8 (Value Lifting). If (W, (Hi,e1), (H2,e2)) € V[7], and, if T
is a MiniML type, Hy = Hy = 0, then

(W7 (H1761)7 (H27e2)) € g[[T]]p

Proof. Since MiniML and L® have different definitions of £[-]., we must show
the claim for the two languages separately.

MiniML LANGUAGE. Expanding the definition of £[-], we are to show
that

I, /19, /QQ.VH2+:MH6ap.E|v2.

Hi. = Hy, WHi AH, Hy - WA
W C (dom(Hy ),dom(Hay ) wehgelocs( W, LiUFL(cod(H14 ), LaUFL(cod(Hay ) W' A
(W', (0,v1), (0,v2)) € V[7], A
(Hagt WHay,e) S, (Hh, WHay vo) -1,
(19)
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given arbitrary Ly, Lo,Higy,Hogy : W, vy, Hi, Ho, Hiy 0 M Heap, Hys,
such that
(Hig+ WHit,e1) 51, (Hi,vi) =

But if (W, (0,e1),(0,e2)) € V[7],, then e1, e, are values. Since con-
figurations with values as programs do not step, vi = e; and we can
choose W' = W, H’lg = Hyg, Hég = Hyy, and vo = ep. Then, by
assumption, we have (W, (0,e1),(0,e2)) € V[7],, which suffices to
finish the proof.

L3 LANGUAGE Expanding the definition of £[-]., we are to show that

JHY, ’1g.VH2+ : M Heap.3H,, W', ég,vz.
Hi. = Hj, W H WH AHj Hyg : WA
W E(dom(Hy ),dom(Has ) rehgelocs( W, Ly UFL(cod(H1 1)), LaUFL(cod(Hay ))) W' A
(W', (H},v1), (Hy,v2)) € V7], A
(Hags W Ha WHay e2) S, (Hy, WHY WHay, vo)
(20)

given arbitrary Li, Lo, Hig4, Hogy : W,vi,Hi, Ho,Hiy : M Heap, Hys,
such that
(H1g+ WUH ¥ H1+,€1) i>L1 (Hl*yVl) —

But if (W, (Hi,e1),(Ha2,e2)) € V[7],, then ei, ey are values. Since
configurations with values as programs do not step, vi = e; and we
can choose W' = W, H}, = Hyy, Hy, = Hay, and v = 3. Then, by
assumption, we have (W, (Hy,e1), (H2,e2)) € V[7],, which suffices to
finish the proof.

O]

Lemma C.0.9 (Split Substitutions). For any world W and substitution
~v such that
(W,H1,Ha,v) € G['y W I'2],

there exist v1,v2, Hy, Hip, Hoyy, Hop such that v = 1 Wye, Hi = Hyp W Hy,,
Ho = Hy W Hop,
(Wv Hlla H1r771) € g[[]-‘l]]p

and

(W, Hgy, Hapr,72) € G2,

Moreover, for any i,j € {1,2}, for any A;T; AT F e 0 7 and yp €
GIT],, o o
¥ (v (ei™)) = 7 (- (ei ™))
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Proof. First, we need to show that there exist substitutions «; and ~o. This
follows from the inductive structure of G[I'y W I'z],, where we can separate
the parts that came from G[I'1], and G[I'2],. The second follows from the
fact that the statics means that the rest of the substitution must not occur
in the term. and thus 77 (e; 1) =7 (v (e1 1)) = 77 (e1 1) (for example). O

Lemma C.0.10 (Bang Substitutions Own No Heap). For any
(W, Hi,Ha,yr) € G['T],, it must be the case that Hy = Hy = 0.

Proof. We will prove the lemma by induction on the size of !I". If !T" is
empty, then the theorem is trivial. Otherwise, suppose that !T" = 'y, x :!7.
Then,

(W,Hi,Ha,qr) = (W, H] W Hyy, HY W Hay, v T [x — (v1,v2)])

where (W, H|,H5,71,.T") € G['T2], and (W, (Hiy,v1), (Haw,v2)) € V[!7],.
By induction, H] = H, = () and by expanding the value relation, Hy, =
Ho, = (0. Thus, Hy = Hy = (), as was to be proven. O

Lemma C.0.11 (L? Values Compile to LCVM values). If A;T; AT F
v : T then given p,vL,vr, W,Hi,Hy such that

PL3 € D[[A]]apF € D[[A]]v (W7 Hl, H27’7L) € g[[]'-‘]]pa’yl‘ € g[[r]]P

it holds that v (vE(v1))) and vE(v2(vT))) are both target values.

Proof. We will prove the theorem by induction over v.

CASE v = ().
If v = (), then vt = (), which is a target value.

CASE v =Db FOR SOME b € B.
If v = b, then vt = n for some n € {0,1}, which is a target value.

CASE V = AX : T.e.
If v = Ax : 7.e, then vt = Ax.e™, which is a target value.

CASE v = A(.e.
If v = AC(.e, then vt = Axc.e™, which is a target value.

CASE v="(, v
If v=r¢, v/, then v = v/". Ergo, for any i € {1,2}, 7} (v (vT)) =
A (yh (v M, Wthh is a target value by induction.

CASE v = (v1,V2).
If v.= (vi,vs), then vt = (viT,va™). Ergo, for any i € {1,2},

Y (YE(vT)) = (Y (YA (viT)), 74 (v (va™))) is a target value because

)
it is a pair of values as, by induction, 7 (v4(v1 1)) and 44 (74 (va™))

are target values.
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CASE v = Iv’.
If v = Iv/, then vt = v/*. Ergo, for any i € {1,2}, 4 (vi(v*)) =
¥ (vi(v'™)), which is a target value by induction.

O]

Lemma C.0.12 (Lifting Steps Out of Evaluation Context). If (H,K[e]) =1,
(H',K[e']) and K[e'] is not of the form fail c, then (H,e) — rupr(k1)) (H,€').

Proof. Since it is given that K[e/] is not of the form fail ¢, there are two
cases:

1. The given —, is the result of a callgc instruction. In this case, e
must be of the form K'[callgc] and e’ must be of the form K'[()] for
some evaluation context K'. Moreover, there exist Hy. : GCHeap, Hy,
M Heap, H;,. such that H = Hge W H,,,, H = Hi . wH,,, H . € Hye and

reachablelocs(Hge W Hy,, FL(K [K'[-]]) U L) N dom(Hye) € dom(H,.)
Then, notice that FL(K[K'[']]) = FL(K'[-]) U FL(K[]). Ergo,
(Hge W Hin, K'[callge]) = ruprirpy) (Hge W Him, K'[()])

as was to be proven.

2. The given —, is the result of a =. In this case, e must be of the form
K'[es] and € must be of the form K'[e}] for some evaluation context
K and expressions e,, €, such that (H,e,) = (H’,€}). It then follows
that (H,K'[es]) = (H',K'[e,]), as was to be proven.

O]

Lemma C.0.13 (Stepping Respects Evaluation Context). If
(H,e) = rurrky)) (H',€) and € is not of the form fail c, then

1. (H,K[e]) = (H,K[e)

2. for any He,ee such that (H,Kle]) =1 (He,€s), there exists a eqs such
that ee = Klees].

Proof. Proving (1) is trivally similar to the proof of Lemma C.0.12, so we

focus on proving (2). We do case analysis on the reduction (H, e) — rurr k()
(H',€):

1. The given —ryprk()) is the result of a callgc instruction. In this
case, e must be of the form K’[callgc]. Then, for any H,, es such that
(H,Kle]) =1 (He,es), because Ke] = K[K'[callgc]], that step must be
a callgc instruction, so e, = K[K’[()]], and thus choosing ese = K'[()]
suffices to finish the proof.
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2. The given —yprk()) 1s the result of a =. In this case, e must
be of the form K'[e*] and € must be of the form K'[e*'] for some
evaluation context K’ and expressions e*,e* such that (H,e*) =
(H’,e*’). Moreover, e* # callgc, because (H, callgc) ¥, and e* is not of
the form fail ¢, because (H,fall c) .

Ergo, for any He,e, such that (H,K[e]) =1 (He,es), because Kle] =
K[K'[e*]], this step must be the result of a =-. Thus, there exists some
e*”” such that (H,e*) = (H,,e*”) and e, = K[K'[e*"]], so choosing
eee = K'[e*"'] suffices to finish the proof.

O

Lemma C.0.14 (Subterm Termination). If (H,e) =1 (H',¢) /41 where
¢ is not of the form fail ¢ and (H,e) =, (He,Kled]) is a prefiz of the
aforementioned reduction, then (H,e) =1 (H.,K[el]) is also a prefiz of the
original reduction for some H,, s’ such that (He, €s) —*>LUpL(KH) (H.,el) AL

Proof. Consider the largest integer n such that there is a reduction
(Hae) _*>L (H°7 K[e°]) —L <H0,17 K[e',l]) =L L (HO,’VM K[GO,n]) (21)

that is a prefix of the original reduction (H,e) = (H',¢') 4.

There exists such an integer n because we can choose n = 0. More-
over, there is an upper bound on such integers n because the origi-
nal reduction is terminating and thus has finite length. Also, since
(He,Kleo]) =1 (Hen,Kleon]), by Lemma C.0.12, (He, ) 1 (Hen,€en).
There are two cases:

1. This prefix is the entire reduction (H,e) = (H’,¢/) 4, implying
that H = H,, and ¢ = Klesn]. Thus, (Hen,Klesn]) #1, so by
Lemma C.0.13, (Hen,€en) #rurr(k]])- Thus, choosing Hy = H,
and e, = ee n suffices to finish the proof.

2. This prefix is not the entire reduction, so (H,e) =57 (Hen, K[een]) =1
(H”,€e") is also a prefix of the original reduction. €” can not be of
the form K[e”’] because if it were, then we could choose Hgq ;41 = H”
and e, n+1 = €’ to create a longer reduction of the form (21), which
would contradict the maximality of n. Ergo, if (He,€en) were not
irreducible under — 1, pr(k(]), that would contradict Lemma C.0.13.
Thus, (Hen,€en) 7 rurL(k[])> S0 choosing H, = He,, and e, = e.
suffices to finish the proof.

301
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Note that when applying Lemma C.0.14, we sometimes leave K implicit

Wl Wy ,»
(S

and we often write as “v”, even though it must actually be proven to
be a value.

Moreover, in the proofs of the compatibility lemma, we are often given
that (H,e) 51 (Hi,v1) - and then we apply Lemma C.0.14, possibly
multiple times, to show a reduction (H,e) =, (H’,v/) - for some other
configuration (H’,v'). We then conclude that (Hy,v1) = (H',V') because,
even though — 1, is not confluent, we implicitly deduce that since we applied
Lemma C.0.14, the reduction (H,e) =57 (H',V/) - is a prefix of the original

given reduction (H,e) = (Hy,vi) .
Theorem C.0.15 (Convertibility Soundness). If 74 ~ 75 then for all p,

1. Y(W,(Hi,e1), (He,e)) € E[Ta]p. (W, (H1, Crysrg €1) , (Ho, Crysrg €2)) €
ElrB]p; and

2' V(W7 (Hlael)a (H27 e2)> S SI]:TB]]p‘ (W7 (H17 CTB'—)TA el) 9 (H27 CTB>—>’TA 62)) S
5[[734]]/)

Proof. By simultaneous induction on the structure of the convertibility
relation.
(r)~7

1. We are to show that

V(Wv (H17el)7 (Hz, e2>) € g[[<7->]]9 (W7 (Hla C<T>&—>T el)? (H27 C<T>*—>T e2)) € g[’rﬂp

Expanding the definition of C(,,,,, £[-]. and pushing substitutions
in the goal, we are to show that

IHY, HY, VHay : M Heap.3Hy, W’ Hy  vo.
Hl* = H/lg H‘J Hll L‘U H1+ A\ Hllg, H2gl N W/ A

W' E(dom(H, . ),dom(Has )),rehgelocs( W, L1 UFL(cod(H14 ), LaUFL(cod(Hz))) W' A
(W,7 (Hlla Vl)v (H,2’ V2)) € V[[T]]P A

*
<H29+ WHy W H2+762) — Lo (Hég G HIQ G} H2+7V2) Lo

given arbitrary W, L1, La,Higy,Hogy Wi,vi,Hi, Hoy Hiy
M Heap, Hq, such that

(H1g+ WH W H1+,el) i>L1 (Hl*avl) 7L>L1

Because (W, (H1,e1), (H2,e2)) € E[(7)],, we find that Hy. = Hj WH;
and
(Hog+ W Hy WHay, e2) =1, (Hy, WHay,va) 41,
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where H1,, H, : w’ for some world
W' C(dom(H1),dom(Has )),rehgelocs( W, LiUFL(cod(H14.)), LaUFL(cod(Ha1))) W'
such that

(W/’ (@v V1)7 (®7 V2)) € V[[<T>]]P

From here, we can take W' = W', H} =0, Hy = 0, H}, = H, and
H, = H,. Then, from expanding (W', (0,v1), (0,v2)) € V[(7)],, we
find (W', (0,v1), (0,v2)) € V[7],, which suffices to finish the proof.

2. We are to show that

V(W,(Hi,e1), (H2,e2)) € g[[T]]p‘ (W7 (H1, C(T}»—)‘r e1), (Ha, C(T}»—)‘r e2)) € 5[[<T>]]p

Expanding the definition of C(,y,., £[-]. and pushing substitutions
in the goal, we are to show that

IHY, VHoy : M Heap. 3W', Hy ,vo.
Hi. = Hllg W Hll WHiL A Hllg, Hay W' A

W' E (dom(H, . ),dom(Hz. )),rehgelocs( W, L1 UFL(cod(H14.)), LaUFL(cod(Ha))) W' A
(le (®7 V1)7 (@7 VZ)) S V[[<T>]]P A

(Hgg+ WHy W H2+, eg) —*>L2 (H/29 ] H2+,V2) Ly

given arbitrary W, L1, Ly, Hig4,Hogy © W,vi,Hi, Ha  Hig
M Heap,Hi, such that

(ng+ G} H1 ] H1+,e1) i>L1 (H1*7V1> 7L>L1

Because (W, (0, e1), (0,e2)) € E[7],, we find that Hy. = H} wH]wH;

and

(Hogy W Hay, e2) =1, (Hy, WHy WHap,v1) AL,
where H1,, H, : w’ for some world
W' C(dom(Hr).dom(Has ) rehgelocs( W, Ly UFL(cod(H1 ), LaUFL(cod(Hz ) W'
such that

(W/>( /17\/1)7( /27V2)) EV[[T]]p

Recall that 7 € DUPLICABLE = {unit, bool, ptr ¢, !7}. Then by in-

specting definitions of V[7], for all four of these cases, we have that
Hy = H, =0.

We then take W' = W', H{ = 0, H, = 0, H{, = H},, and
Hy, = Hy,. Finally, given (W', (0,v1),(0,v2)) € V[7],, it follows

that (W', (0,v1), (0,v2)) € V[(7)],

‘Voa.(.y —(a—=a)~ bool‘
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1. We are to show that

V(W,(Hi,e1), (He,e)) € E[Va.oo = (a0 — )] .
(Wa (Hla CV(M.(\{*)((Y*}(Y)D—)bOOl el)a (H23 CV()/.(X*)((}I*}(Y)D—}bOOl 62)) € g[[bOOI]]P

Expanding the definition of Cy, o (a—a)—bool, We are to show that
(W, (Hl, let f; = e in ((fl ()) 0) 1), (HQ, let f, = ey in ((f2 ()) 0) 1)) S Eﬂbool]]p
given arbitrary eq, e such that (W, (Hy,e1), (Ha,e2)) € E[Va.a — (a — a)],.

Expanding the definition of Cy,.o—(a—a)sbools €[] and pushing
substitutions in the goal, we are to show that

IHY, HY, VHay : M Heap.3Hy, W' Hy  va.
. = i o L A Hy. oy 11

W' E(dom(Hi . ),dom(Has )),rehgelocs( W, L1 UFL(cod(H14.)), LaUFL(cod(Hz ))) W' A
(W/7 (Hlla Vl)v (H/27V2)) € V[[bOOI]]P A
(H2g+ WHy W H2+, let f, = e in ((fz ()) 0) 1) i>L2 (Hég ] H/2 G} H2+,V2) Lo

given arbitrary W, Ly, La,Higy,Hogy = W,vi,Hy, Ho  Hig
M Heap,Hi, such that

*

(ng+ WH W H1+, let f{ = e7 in ((fl ()) 0) ].) — I (Hl*,vl) I,

By Lemma C.0.14, we have that
(Higy WHi WHyy er) 5r, (HL,vl) -7, for some H,,vi. Ex-
panding the definition of £[-], in the premise and specializing where
appropriate, we have that H%* = H’lg WHy+ and

(Hagt W Ha W Hay e2) =, (Hog W Hay,v3) 1,

!/

where Hj,

Hy, : W' for some

W C (dom(Hy 4 ) dom(Ha )) wehgelocs( W, Ly UFL(cod(Hi 4 )), LaUFL(cod(Hz4 ))) W'

such that

(W', (0,v1), (B,v3)) € V[Va.ao — (a0 — )],

Expanding the definition of V[Va.aco — (o« — «)],, we have that

vi= el Avi=)_el A
VR € RGZT( W/7 (®a e%)v ((Z)v e%)) € g[[a - ((M — a)ﬂp[F(u)»—)R]
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To proceed, we take R = V[(bool)],. We do this because we expect
the reduction to eventually need a value in V[bool],, but by using
the type (bool) instead (which has the same interpretation in our
model), we can apply Lemma C.0.5 to get that:

(W', (0,e1), (0, €3)) € E[(bool) — ((bool) — (bool))],
By the operational semantics of LCVM, we now have that

(Higy WHiy,let fy =egin ((f1 () 0)1)

—>L1 (ngU Hii,let f; = A el in ((f1 ()) 0)1)
= 11, (Hyg WHip, [fi = Aet] (L () 0)1)

= (Hi, & Hi (M) 0) 0)1)

= 1, (Hj, WHip, (e1 0) 1)

_*>L1 (H1*7 Vl) _HLl

By Lemma C.0.14, we have that

( llg w H1+,e%) i>L1 (H%*v\/%) Yadh

for some H?,,v?. Expanding the definition of £[-], and specializing
where appropriate, we have that H%* = H/ g ¥ Hi, and

(H/29 W Hay, e%) i>L2 ( ,2/9 W Hay, V%) Ly

where HY,, H, : w"” for some
W' C(dom(Hy ) dom(Hay )),rehgelocs(W, Ly UFL(cod(Hi 4 ), LaUFL(cod(Haz))) W
such that

(W”,(0,v3), (0,v3)) € V[(bool) — ((bool) — (bool))],

Expanding the definition of V[(bool) — ((bool) — (bool))],, we
have that

(W, (0, g viled), (0, (<3 Vz}ez)) € &[(bool) — (bool)],

Observe that V[(bool)], = V[bool], and
(W”,(0,0),(0,0)) € V[bool], by definition, so
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(W", (0, [x3 — 0]e3), (0, [x3 — 0]e3)) € E[(bool) — (bool)],. By
Lemma C.0.14, we now have that
(HY, wHip, (MG.el) 0) 5 1p, (HY, wHip, [x] > 0le]) =p, (HY,,v3) »

for some H$,,v3. Expanding the definition of £[],, we have that
H3, = HY, ¥ H1 and

(Hy, W Hay, [x5 = 0]e3) —p, (Hyy WHap,v3) =1,

where HY,, Ha : w for some
"
W E(dom(H1+),d0m(H2+)),rcthlocs( W ,LiUFL(cod(H14)),LoUFL(cod(Ha4)))

W' such that

(W™, (0,v1), (0,v3)) € V[(bool) — (bool)],

Expanding the definition of V[(bool) — (bool)],, we have that

33 A =33
VW™, (0,v9), (0,v3)) € V[(bool)],.
(W, (0,1 = viled), (8, 3 — v3ed)) € E[(bool)],

<

Recall that V[(bool)], = V[bool], and
(W".(0,1),(0,1)) € V[bool], by definition, so

(W (0,3 — 1]ed), (0, [x3 — 1]e3)) € E[(bool)],. We now have that
( i W H1+a (AX]_ el) 1) _*> 1L1 ( 1 W H1+7 [Xl = uel) _>L1 (Hl*avl)

Expanding the definition of £[-],, we have that H{, = = H7y WH14 and

( 2 U H2+7 [X2 = 1]e2) _>L2 ( % U H2+7V2) 7Ly

where H1y, Hy) : w for some
"

w C (dom(H14),dom(Ha24)),rchgclocs(W,LiUFL(cod(H1+)),LaUFL(cod(H24)))

W and

(W™, (0,v1),(0,v3)) € V[(bool)],

It follows that Hi, = H’l’;’ WHy. and v = v§. Thus, we choose
Hy =0, Hy = 0, Hy, = HY}, Hy, = HY', and W’ = W™ The fact
that (W™, (0,v1), (0,v3)) € V[bool], follows trivially from the above
statement and that V[(bool)], = V[bool],.

Finally, all that remains to show that

(Hagt W Hay,let f = ez in ((f2 () 0)1) %1, (Hyg WHap,v3) =1,
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given arbitrary Ha .

We have that

(Hog4 WHay let fo =eyin ((f2 () 0)1)

5L, (Hy, W Hay let f = A elin ((f2 () 0)1)
= 1r, (Hyg W Hay, [ = Aed] ((f2 () 0)1)

= (Hyy W Hzy, (A3 () 0)1)

= 1, (Hy, WHap, (e5 0) 1)
1, (H3, WHay, (Ax5.€3) 0) 1)
= 11, (H3, & Hay, x5 > 0]e31)
1, (Hay W Hay, A3 e31)

5 1L2(H29 WHap, )3 — 1]e3)

1, (Hyy W Hay v3)

—F)LZ

as was to be demonstrated.

2. We are to show that

V (W, (Hi,e1), (Hz,e2))
€ &[bool],.

(W7 (H17 Cboolr—NQ.a%(a%Q) e1)7 (H27 Cboolr—Na.a%(a%a) 62))
€ EVa.a = (a — o),

Expanding the definition of C,015va.a—(a—sa), We are to show that

(W, (Hl, let x; = eq1 in ()\,./\tl.)\fl.if X1 t1 fl)),
(Ha,let xo = ez in (AL At Afo.if x2 tp 2))) € E[Vaar — (v = )],

given arbitrary ey, ex such that (W, (Hy,e1), (H2,e2)) € E[bool],. Ex-
panding the definition of £[-],, we are to show that

IH1,-VHay : MHeap.3W' Hy , vo.

Hi. = Hllg WHiL A Hllg, Hgg/ WA

W (dom(Hy ) dom(Has ) rehgclocs( W, L1 UFL(cod(H14 ), LaUFL(cod(Ha 1)) W' A

(W', (0,v1), (0,v2)) € V[Va.oo = (v — )], A

(Hgg+ WHy WHoy let xg =eg in (/\,.)\tl.)\fl.if X1 t1 fl)) _*>L2 (H/29 ) H2+,V2) S
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given arbitrary W, Ly, La,Higy,Hogy = W,vi,Hy,Ho  Hiy
M Heap,Hq, such that

(ng_:,_HﬂHlHﬂHl_;,_, let xo = e in (A,.)\tg./\fg.if X2 to f2)) i>L1 (Hl*,vl) 7L>L1

By Lemma C.0.14, we have that
(Hig+ WHiwHi4, e1) i>L1 (H%*,v%) T Expanding the defi-
nition of £[[-], in the premise and specializing where appropriate, we
have that H{, = H}, @ H} ¥ Hy and

(Hogy WHa WHay,e0) =, (Hyy WHy WHyy, v3) =,

where H

/. /
19> Hag + W' for some

W E(dom(H1 1 ).dom(Ha-y )).rehgelocs( W, Ly UFL(cod(H1 1)), LaUFL(cod(Ha 1 ))) W'

such that
(W', (H1,v1), (H3,v3)) € V[bool],

Expanding the definition of V[bool],, we have that
'=0 AH,=0 Avi=v3=b Abe{0,1}
By Lemma C.0.14, we now have that

( /19 WH; WHi4,let xgy =bin ()\,.)\tl.)\fl.if X1 t1 fl))
= 1, (Hi, WHip, [xa > b] (ALAt1 AL xg ty f1)

= (Hllg WHy, ()\,.)\tl./\fl.if b t1 fl))

<1, (Hie,v1)

—

from  which we conclude that Hix = H’lg WH and
vi = (A_At AMfr.if bty f1) since configurations with values as
programs do not step.

Then, to prove the goal, we take W’/ = W', H’lg =H

A— /
1> and Hyp = Hy .



VALUE INTEROPERABILITY: MEMORY MANAGEMENT AND POLYMORPHISM 309

To show the configuration with the heap Hagyq @ Ha W Hoy terminates,
we have

(H29+ WHyWHoy, let xo =es in ()\,./\tz.)\fQ.if X2 1o fz))
1, (Hhy WHap let xp = b in (A_M2.AF2.if X2 t2 f2))
= 11, (Hy, W Hay, [x2 = b] (AL At2. AR, X2 to f2))

= (HIZg W Hay, ()\,.)\tQ./\fg.if b to fz))

>

Then take Hy, = HJ, .

All that remains to show is
(W/, (@, ()\,./\tl.)\fl.if bty fl)), (@, ()\,./\tz.)\fz.if b ts fz))) € V[[Vaa — (Oz — a)]]p

Expanding the definition of V[-], and applying Lemma C.0.8, we are
to show that

(W”, (@, (/\tl.)\fl.if b t; fl)), ((Z), ()\tg.)\fz.if bty fg))) S V[[(Jc — ((l — (L)]]p[p(a,),_)R]

given arbitrary R € RelT and worlds W” such that
W’ T ot Moif bt i Maif bto £, W' Expanding the definition
of V[a — (@ — @)]yp(a)—~r), pushing substitutions, and applying
Lemma C.0.8, we are to show that

(W”/, ((Z), ()\fl.if b vit fl)), (@, ()\fz.if b vot fz))) € V[[Oé — Oé]]p[F(ﬂ)HR]

given arbitrary worlds w such that
W” E@,@,)\fl-if b vit fi,Af2.if b vy o W”/ and arbitrary Vit, V2ot such
that (W", (0,v1t), (0,v2t)) € V[a]pp(a)—r)- Expanding the definition
of V[aw — a] jfr(a)—r) and pushing substitutions, we are to show that

(W™ (0, (if b vie var)), (0, (if b var var))) € E[a]l pr(a)—r

given arbitrary worlds W such that W"” S0 b vy, virif b var var W
and arbitrary vif, vor such that (0, vif, 0, vor) € V][] plF(0)—R]- Expand-
ing the definition of £[-],, we are to show that

IH1,-VHay : MHeap.3W' Hy , vo.

Hi. = Hllg WHiL A Hllg, Hgg/ WA

W' C (dom(Hy),dom(Hay )),rehgelocs( W, Ly UFL(cod(H1 ), LeUFL(cod(Hz))) W' A
(W', (0,v1), (0,v2)) € V[Va.oo = (v — )], A

(Hgg+ W Hoy, if b vyt V]_f) —*>L2 (H/29 (] H2+,V2) Lo
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given arbitrary Li, Lo, Higq, Hag+ = W vi,Hi, Ho, Hig
M Heap,Hq, such that

(Hige WHip,if bvae vor) S, (Hi,vi) A1,

The operational semantics of LCVM offers two cases depending on the
value of b. Suppose, without loss of generality, that b = 0. Then we
have

(H1g+ ] H1+7 if b vt V1) i) 1L1(H1g+ ] H1+,V1t) i>L1 (H1*7V1) I

from which we conclude that vi = v, Hix = Hig4 W Hiy since con-
figurations with values as programs do not step. Then we can take
w'=w", H’lg = Higy, Hég = Hygy, and vo = vo. All that remains
is to show that

(Hagy W Hap,if O vay var) 51, (Hagy W Hap, Vo) =1,
This is actually just one step by the operational semantics of LCVM.

The case in which b =1 is analogous, exchanging v;; with vjf where
appropriate.

‘7’1 — Ty~ (1 —o 7'2)‘

1. We are to show that

V(Wv ((D?el)a (07 62)) € 8[[7—1 — T2]]p-
(W7 (07 CTl%TQH!(!TlﬂTz) el)? (®7 CTlﬁTQ#—)!(!T;[AOTz) e2)) € 5[[!(!7-1 -0 TQ)Hp

Expanding the definition of C, .., i1+, or,) €1, We are to show that

(W, (@, let f; = e1 in Ax7. ((:7—2,_>-,-2 ( . ))),
(0,1t f = e in Axg. (Crasry (--2)))) € E[ (11 —o 7)1,

given arbitrary ei, e> such that (), e1,0,e2) € E[r1 — 72],. Expanding
the definition of £[-],, we are to show that

IHY, HY, . VHay : M Heap.3Hy, W' Hy  va.
Hi. = H/lg ] Hll H H1+ A Hllg, HQg/ WA
W E(dom(H1+),dom(H2+)),rchgclocs(W,LlUFL(cod(H1+)),LgUFL(Cod(H2+))) WA
(W,7 (Hllavl)v (H/27V2)) € V[[!(!Tl - T2)]]P N
(Hag+ WHa W Hoy,
let f; = ey in Axo. (CTQ,_)7-2 ( . ))) —*)L2 ( /29 W HIQ W H2+,V2) L
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given arbitrary W, L1, Ly, Hig4,Hogy © W, vy, Hi, Ho  Hyg
M Heap,Hq, such that

(ng_;_HﬂHlH'JHH_, let f;1 = e7 in Axy. (CTz._,Tz ( . ))) i>L1 (Hl*,vl) 7L>L1

By Lemma C.0.14, we have that
(Higr WHy WHyy e1) 57, (Hi,,vi) =7, for some H},, vi. Ex-
panding the definition of £[71 — 73], in the premise and specializing
where appropriate, we have that Hi, = H/ g WHiy and

(Hagt WHa & Hay e2) =, (Hyy  Haoy,v3)

where Hy» Hay, : w’ for some
w E(dom(H1+),dom(H2+)),rchgclocs(W,LlUFL(Cod(H1+)),L2UFL(Cod(H2+))) w’
such that

(W', (0,v1), (0,v3)) € V[rs — 2],
Expanding the definition of V[ — 72],, we have that
vi = Axtel Avi = Mded A
vyw'.w' E@,@,e%,e% W A V( W”, (@, Vi), (@, VS)) S V[[Tl]]p. (22)
(W, (0, [xg = vile1), (0, [xz — v3le)) € E[m],
By the operational semantics of LCVM, we now have that
(ng+ WHy WHi, let f; =eg in )\X]_.(. . ))
=1, (Hi, WHiy, let fy = Axj.ef in Axq.(...))

= 1p, (HY, WHig, [f1 = Axqeef]dxa(..)
(Mo 81 (Com (o) (o 50)

N
so Hix = H’lg WHyy and

Vi = AX]. (CTQ,_>7-2 (()\x%.e%) (Crysm xl)))

Then we show the goal by taking W’ = W', H} = Hj

1g» HIZg = H/
Hi =0, H, = 0, and

29>

Vo = AXo. (CTQ._,T,‘, ((/\x%.e%) (Crim xz)))

311
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To show the configuration with Hag & Hy W Hay terminates, we have

(Hogt WHa W Hoy let fo =ep in Axa.(...))

2y 1y (Hage W Ha & Hoy let £ = Axbel in Axq.(...))

2y 11, (Hagy W Ha W Ho [f2 > Axb.ed]Axo. (.. ))

= (Hagt W Hap, M. (Crooms (MG:63) (Crinr, %2)))

—/—)L2

Then take Hy =0, Hy, =Hj_ .

All that remains to show is that:

(W, (0, (M1 (Cromre (AXdel) (Crimm x1))))) s
(@, ()\XZ. (CTQHT2 (()\x%.e%) (Criom xz))))))
e V[!(tr1 — m)],

Expanding the definitions of V[!(!73 — 72)],, V[!], (twice), and
pushing substitutions, we are to show that

(W, (0, (Cooms (M e]) (Crion WD)

@, (Crosre (Mg€3) (Crimms V3)))))
€ &[],

given arbitrary worlds W” such that W’ Co0,el el W" and arbitrary
vi,v5 such that

(W, (0,v3),(0,v3)) € V[m1],. Expanding the definition of £[-]., we
are to show that

), Hy, WHas + M HeapHy, W', Hy, , vo.

Hio = Hy, @ H W Hi Ay, Hoyp t WA

W" T (dom(H, 4 ) dom(Ha ), rehgelocs( W, LiUFL(cod(Hy 4 ), LaUFL(cod(Ha ))) W' A
(W', (Hi,v1), (Hy,vo)) € V7], A

<H29+ &2 H2+7 (CTQ'—)‘Q (()‘X%e%) (CTl'—>T1 Vi)))) _*>L2 (Hl2g W H/2 & H2+7V2) Lo

given arbitrary Li, Lo, Hig4,Hogq @ W,vi,Hi, Ho,Hiy : M Heap, Hys
such that

(ng-‘r o H1+7 (CTQ'—H'Q (()‘X%ei) (CTl'—>7'1 Vi))) i>Ll (Hl*avl) 7L>L1

By Lemma C.0.14, we have that
(Higr WHi W H14, Crpisry V) i>LluFL(e}) (H%*vV:{) 77 LiUFL(e}) for
some Hl,,vi. Recall that (W”, (0,v3),(0,v3)) € V[m1], by assump-
tion, so (W”,(0,v3),(0,v3)) € E[m1], by Lemma C.0.8. Then,
appealing to the induction hypothesis that 74 ~ 7y is sound,
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expanding the definition of £[-],, and specializing as appropriate, we
have that Hj, = H{, @H;, and

ay * / 1
(Hag4+ WHay, Cryiry v3) 7 LyUFL(e}) (H2g WHa, v3) 77 LyUFL(e})
/
where ng,

w E(dom(HhL),dom(H2+)),rChgclocs(W”,L1UFL(e%)UFL(Cod(H1+)),LgUFL(e%)UFL(cod(H%L)))
W' such that

H’QQ : w for some

(W///v (0’ V%)v ((2)7\/%)) € V[[Tlﬂp

Now, by the operational semantics of LCVM, we have that

(Hig+ WHit, (Crmrm (Axiel) (Crimr V1))
=1, (HiyWHig, (Crsm ((A.€1) vi)))
=1z, (H, WHip, (Crry [x] > vileD))

S0, (Hie,vr)

—/—)Ll

Then applying Lemma C.0.14 again, we have that

(H, wH1y, Xt viel) Sp, (H2,,v3) -1, for some
HZ,,v?. Since (W™ (0,v1), (0,v3)) € V][], and

w’ Co0,el el w” (by Lemma C.0.2), we have
(W, (0, [x} = vilel), (0,3 — v3le3)) € E[m], by (22). Expanding

the definition of [ ],, we have that H}, = HY, W Hi; and

(Hg & Ho, [x5 = valey) —bp, (H3g & Hay v3) 1,

where HY,, Ha, : w for some

W:::/ C (dom (M1 ),dom(Has ) rehgclocs( W, Ly UFL(cod(Hyy ), LaUFL(cod(Ha )
W' such that

(W™, (0,v1), (0,v3)) € V2],

Now, by the operational semantics of LCVM, we have that

(Hllg 2 H1+a (CTz'—)T2 [X% = V%]e%)) i>Ll ( lllg 2 H1+a (CTQ'—H'z V%))
*

— 1, (Hix,v1)

—f—)Ll

Recall that (W™ (,v2), (0,v3)) € V[72] s S0)
(W™ (0,v2), (0,v3)) € E[m2], by Lemma C.0.8. Then, appeal-
ing to the induction hypothesis that 7 ~ 75 is sound, expanding
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the definition of £[-],, and specializing as appropriate, we have that
Hi. = HY, 8 HY & H14 and

" 2\ * " "
( 29 W Hay, CT2'—>T2V2) Ly ( 29 & H2 W H2+7V2) Lo

where HYy,, Hag : w for some

W::;/ E(dom(H1-"-)7(1011’1“"24—))71"011301005(VV"”7L1UFL(Cod(H1+))7LQLJFL((:od(H2+)))
W™ such that

(W//”/’ ( /1//7 V1)7 ( /2//’ V2)) € V[[TQHP

Then we show the goal by taking W/ = W H| = H{", H = HY,

H’lg = H’l’;, and H’Qg = Hg;. Finally, to show the configuration with

Hag+ W Hoy terminates, we have:

(Hog+ WHay, (Cromry ((A3.€3) (Crymry V3))))
51, (Hy, WHay, (Crymy (Ax3.e3) v3)))
51, (H’QQ WHar, (Crysry x5 — v%]e%))

1, (Hy, WHay, (Crsry V3))

S, (Hyy WHY WHay, vo)

—HLZ

2. We are to show that

V(W,(0,e1), (0,e2)) € E[ (11 — 72)],.
(Wa (Qa C!(!le‘rz)b—}ﬁﬁm el) 3 (wv C!(hjﬂ)Tg)»—)Tl%‘rz 62)) € g[[Tl — TQ]]p

Expanding the definition of Cy(1+, ory)sr s, €1, We are to show that

(W, (@, let f1 = e1 in Ax3. (C7-2>—>7-2 ( . ))) ,
(0,let f2 = e in Ax2. (Crysr, (-.2)))) € E[T1 — 2],

given arbitrary ei,e> such that (0,e1,0,ep) € E[!(!1 — 72)],. Ex-
panding the definition of £[-],, we are to show that

JH},-VHay : M Heap.3W' Hy ,vo.

Hio=Hj, @ H W Hi AHp, Hoyp t WA

W C(dom(H1),dom(Hay ) rehgelocs( W, Ly UFL(cod(H1 ), LeUFL(cod(Hz1))) W' A

(W', (0,v1), (0,v2)) € V[r1 — 72], A

(H29+ WHyWHoy, let f = e in Axo. (Csz—M'z ( . ))) —*)L2 (H/QQ &) H2+,V2) Lo
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given arbitrary W, L1, Ly, Hig4,Hogy © W, vy, Hi, Ho  Hyg
M Heap,Hq, such that

(ng_;_HﬂHlH'JHH_, let f;1 = e7 in Axy. (CT2._>7—2 ( . ))) i>L1 (Hl*,vl) 7L>L1

By Lemma C.0.14, we have that
Higr WHy WHiy er) 5r, (HE,vi) -7, for some HI,vi.  Ex-
panding the definition of E[!(!7y — 72)], in the premise and
specializing where appropriate, we have that H}, = H} g H{Hi+ and

(H29+ W Hy W H2+7 e2) _*>L2 ( IZg & H/2 & H2+7V%)

where H,, Hay, : w’ for some
w E(dom(H 14),dom(Hay)),rchgclocs( W,L1UFL(cod(H1+)),LaUFL(cod(Ha4))) w'
such that

(le( /17\/1)7( /27\/%)) € V[[!(!Tl - T2)]]p

Expanding the definition of V[! -]. (twice) and V[- — -]., we have

that

vi=XMtel Avi=Xdel AH =0AH, =

vYw".w’ E@m’e%’e% W' —

V(W”, (0,v), (0,3)) € V[T1],-(0, [xi = vile1, 0, [z — v3le;) € E[m2],
(23)

where we associate empty heaps with the vi because the tuple comes

from V[!71],. By the operational semantics of LCVM, we now have
that

(Hig+ WHywWH let fy =ep in Axg.(...))

gy (Hy, WH let fi = Mdel in Axa.(.)

51, (Hy, W Hy [fr = el ()

= (Hig WH1, M1 (Crosr, ((Agel) (Crior x1))))

—F)Ll

so Hy, = H’lg WHyy and

Vi = AX]. (C,-Q._W2 ((Ax%.e%) (Crismy xl)))

Then we show the goal by taking W/ = W', H’lg = H’

Iy
1g» H2g - HQQ

and

Vo = AXo. (C.,.2._,T2 ((/\x%.e%) (Crismy xz)))
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To show the configuration Ha,y W Ho W Hyy terminates, we have

(H29+ WHyWHoy let f, =6 in )\Xg.(. . ))

1, (Hhy WHop let f2 = Md.ed in Axa.(..))

= 11, (Hhy W Hop [f2 5 Axg.e3]Mxa.(. . )

= ( /29 W Hap, Axa. (CT2'—>72 ((/\Xz ez) (Crimm X2))))

—/—)L2

All that remains to show is that

(W,a ((Z)a ()‘Xl- (CT2'—>Tz (()‘Xl el) (CT1'—>7'1 Xl))))) ’
(0, (M2 (Cramsr, (Ax3€3) (Crismy %2))))))
S V[[T1 — 7’2]]/)

Expanding the definition of V[7r1 — 72], and pushing substitutions,
we are to show that

(Wﬂv (@, (CT2'—>7'2 ((/\xl el) (CT1'—>7'1 V?)))) )

@, (Crar, (M2:63) (Crismy ¥3)))))
€ &,

given arbitrary worlds W" such that W’ Cg el el W and v§,v3 such
that (W”,(0,v3), (0,v3)) € V][], Expandmg the definition of &l
we are to show that

EIH’lg.VH2+ MHeap.3W' Hy,,va.
Hl* = H U H/ G} H1+ A\ ng, H29/ . WI A

W,/ E(dom(H1+),dom(Hg.Q),rchgclocs( W,L1UFL(cod(H14+)),L2UFL(cod(H24))) W/ A
(W,7 (®7 V1)7 (@, V2)) € V[[TQ]]p A

<H29+ W Hay, (CTz'—Wz (()‘X%e%) (CT1'—>T1 Vi)))) _*>L2 (Hl2g © H2+7V2) 7 Lo

given arbitrary Li, Lo, Hig4,Hog @ W,vi,Hi, Ho,Hiy : M Heap, Hys
such that

(H19+ WH, (CT2'—>T2 (()‘X2 e2) (Crism v;)))) i>L1 (Hix,v1) A1,

By Lemma C.0.14, we have that
(Hig+ WHip, Crisry V) i>LluFL(ep (Hi.vi) #LuFLel) for some
Hi,,vi. Recall that (W”, (0,v3),(0,v3)) € V[ri], by assumption,
so (W",(0,v3),(0,v3)) € E[71], by Lemma C.0.8. Then, appealing
to the inductive hypothesis that 74 ~ 7 is sound, expanding the
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definition of £[-],, and specializing as appropriate, we have that
Hi, = H1, ®H} wH1 and

* / / 1
(Hag4+ W Hap, Cryryv3)  LoUFL(ed) (H2g WHy WHayp, v3) 77 LaUFL(e})

where 19> Hag : w for some

w E(dom(HhL),dom(H2+)),rChgclocs(W”,L1UFL(e%)UFL(Cod(H1+)),LgUFL(e%)UFL(cod(H%L)))
W' such that

(W", (Hy,v1), (H5,v3)) € V[,

Since 7 € DUPLICABLE, expanding the definition of DUPLICABLE and
V[-]. reveals that we have H] = H, = 0.

Now, by the operational semantics of LCVM, we have that

(H19+ & H1+7 (CTz'—)Tz (()‘Xl el) (CﬂHTl Vi))))

51, (H, @ Hit, (Cramm ((Axg.e1) vi)))

=1z, (H, WHiy, (Crpsr, [x] > vileD))

51, (Hiov)
—/—>L1
Then applying Lemma C.0.14 again, we have that
(H’lg WHip, [x = vilel) S, (H2,,v3) -1, for some
HZ,,v3. Since (W, (0,v1), (0,v3)) € V[T], and
w’ C0,el el w"” (by Lemma C.0.2), we have
(W™ (0, [x} — viel), (0, x3 — vi]el)) € €[], by (23). Expanding
the definition of £[-],, we have that H?, = HY 1y W HY ¥ H; and

(H29+ WHay, [X% = V%]e%) i>L2 ( /2/g W H/2/ & H2+7V%) Lo

1 " . "
where 1> Hag : w for some

W:::/ L (dom(H1+),dom(Hz. )),rehgelocs( W, LiUFL(cod(Hi1 1)), LaUFL(cod(Hz+ )
W"" such that

(W™ ( 1,v%) ( 27V2)) € V[rl,

Now, by the operational semantics of LCVM, we have that

( W H// W Hl-‘r) (CT2'—>’7'2 V%))

(H/1g+ W H1+7 (C72'—>7'2 [Xl = Vl]el)) i>
i> (Hl*avl)
N
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Recall that (W™ (HY,v3), (HY,v3)) € V][], , SO
(W™ (H],v3), (Hy,v3)) € E[r2], by Lemma C.0.8. Then, ap-
pealing to the indcutive hypothesis that 75 ~ 75 is sound, expanding
the definition of £[-],, and specializing as appropriate, we have that

Hi, = Hll,; WHy and

" " 2y * "
( 2g W H2 W Hoy, CT2'—>T2V2) Ly ( 29 7 H2+7V2) 7 Lo

nmn n . n
where 19> Hag : w for some

W::::/ C (dom(Hi+),dom(Hz-+)),rehgelocs( W, LiUFL(cod(H1+)), L2UFL(cod (Hz+)))
W"" such that

(W”m7 (@, V1)7 (®7V2)) € V[[TQ]]p

Then we show the goal by taking W’ = W"" Hj = H{}, Hy = Hj

and vy = vo. For showing the configuration with Hog WHo . terminates,
we have

(Hog+ WHay, (Crysr, ((Ax3.€3) (Crisry V3))))
51, (Hhy WHay, (Cromr, ((Ax363) v3)))

X 1z, (H’QQ WHo, (CTzHT2 x5 — v%]e%))

51, (Hoy WHS WHap, (Crprsr, V3))

51, (Hy W Hap, vo)

29

—/—>L2

‘ref T~3(.caplT ® !ptrC‘

1. For the first direction, we show that

V(W, (Hl,el), (Hg,ez)) € 5[[ref T]]p.
(W7 (Hlvcref T—=3¢.caplT ® !ptrC(el))a
(H2, Cret rv3c.capcr @ tptr¢(e2))) € E[FC.cap (T @ !ptr(],

where we have, by our induction hypothesis, that we can convert 7 to
T.

We first expand the conversions, noting that the terms in question are:

let x; = alloc Cr+(lej) in ((),x¢)

Expanding the definition of £[3¢.cap (7T ® !ptr(],, we see that
what we need to show is that:
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IHY, Hy, YHay © M Heap.3Hy, W', Hy v
Hi. = Hllg S} Hll WHip A Hllg, Hay W' A

W C(dom(H1z ) dom(Has ) rehgclocs( W, L1 UFL(cod(H14 ), LaUFL(cod(Ha))) W' A

(W', (H},v1), (Hy, v2)) € V[FC.cap(T ® !ptr], A

(H29+ W Hy W Hay, let x, = alloc CT._M-(!EQ) in ((),Xg)) i)]JQ ( ,2g ] H/2 W H2+,V2) Ly
given arbitrary Li, Ly, Higq,Hogy © W,vi,Hiy : M Heap, Hi,, such
that

(Hig+ WHiwH 1 let x; = alloc Crr(ter) in ((),x¢)) =z, (His,v1) =1,

By Lemma C.0.14, we have that
(Hig+ W Hy WHiy,e1) g, (Hi, vi) -1, for some Hi, vi.

Our induction hypothesis, appropriately instantiated and simplified,
then tells us that

AW HY,, Hi, =H],, WHi A Hi  Hy, : WA
1
W C(dom(H14 ),dom(Hay ) rehgelocs( W, Ly UFL(cod(H14)), LaUFL(cod(Hay ))) WA
VH2+'3V%7 H%g+'(H2g+ W H2+7 62) i>L2 (H%g—i- W H2+’ V%) ad P

A (W (0,v1), (0,v2)) € V[ret 7],
(24)

This means, in particular, that v% and v% are locations, call them ¢,
and f2, and heap satisfaction means that H}g +(4;) are values (call
them v; and vo) related by V[7],. Also, since the value relation for
MiniML doesn’t allow heap fragments, this means that the locations
in H; have been consumed.

Thus, we can instantiate our induction hypothesis for C.,.- with v;
and get reductions that we can use to again appeal to Lemma C.0.14,
with. In particular, we know that we proceed with the following
reductions thus far (with related ones on the other side):

(Hig+ WHy wHi4, let xp = alloc Cry-(ler) in (
=1, (Hl,y WHip, let xp = alloc Cryr (M) in (
51, (H%g+ WHi,let x, = alloc Crsr(v1) in ((),x¢))
=1, (H3,, wHIWH ., let x, = alloc vy in ((),x¢))

)7X€))

(
(), xe))

Where we know we have

Wl E(dom(Hl_._),dom(H2+)),rchgclocs( W1, LiUFL(cod(H14)),L2UFL(cod(Hz4))) W2
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2 2 . 2
ng-i—: H29+ W

(W27 (H%Vl’% (H%,V2/)) € V[[T]]P

Now, we can proceed with the remaining reductions, after which we
have to complete all our original obligations at the resulting future
world. The reductions are:

(H%g+ WH?2 WH;y,let xp = alloc vy in ((),%¢))
i>Ll (H%g-i- (] {51/ lﬂ) U’l} ) H% (] H1+, let xp = #1/ in ((),Xg))
Ly (H:,, wHT W {¢y Sl wWHi, (0, 00))

Where the latter has clearly terminated to a value. We know, analo-
gously, that the other side will run in the same way, terminating with
the configuration:

(H%g—&- & H% W {62’ }T) U/Z} & H2+a (()562/))

The world we choose is simply W2 — our manual allocation doesn’t
change the garbage collected fragments of the heap (indicated by name
with a subscript g), and thus the same world and heap satisfaction
still holds. Since we already have the values to which both sides
terminated, our remaining obligation is to show:

(W27 (H% & {61' e Ull ) (()761’»7
(H3 & {fo = w3}, ((), £2r))) € V[F.cap (T @ !ptr(],
Expanding the definition of V[3(.7],, it suffices to show that:
(W2, (HT W {fr = vir}, (), 010)), (H3 & {lar & b}, ((), L))
€ V[cap(T ® !'ptr (] wLac)—(e, .60
Now, we turn to the definition of V[71 ® 72],, which says we need to

split the heaps and then prove, using the split (we use empty heaps
on one side of our split), the following two obligations:

(W2, (Hw {00 = 01}, (), (H3 @ {€e = 05}, () € VIeap ¢ Tlowsc)m e, 601}
(W27 (Q), gl’)? ((2)7 62’)) S V[[!ptr C]]p[L3(C)»—>(£1/,€2/)]
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The second one holds trivially, since ! requires empty heaps and
the ptr type requires that the locations are mapped to by the type
environment, which they are. The first is only slightly less trivial: it
requires, first, that p[L3({) — (¢1/,¢2)](¢) = (41, ¥2), which it clearly
does. Then, that those locations map to values in the heap, and that,
for the rest of the heap, the following holds:

(W2, (H1,v1), (H3,v21)) € V[T pa(c)s e}

This holds by earlier assumption on vy, and vy and weakening in the
type substitution.

2. The other direction, requires that we show

V(W,(Hi,e1), (Ha,e2)) € E[FC.cap (T ® !ptr],.
(W7 (Hlvcﬂg.capCT ® !'ptr —ref T(el))7 (H27 CHC.CapCT ® !ptr —ref T(e2)))
€ Eref 7],

where we have, by our induction hypothesis, that we can convert 7 to
T.

We first expand the conversions, noting that the terms in question are:

let x, =snd e in let - = (xp := Cr-(!%¢)) in gcmov xg

As before, we expand the definition our obligation, in this case
E[ref 7],, to show that what we need is that:

IW’ HY,, Hy, WHay 3va.

Hi. = Hllg WHiL A Hllg, ,2g WA

w E(dom(H1+),dom(H2+)),rchgclocs(W,LlUFL(cod(H1+)),L2UFL(cod(H2+))) WA
(le (Q)’Vl)a <®7V2)> € V[[ref T]]P A

(Hog+ WHa W Hay, let xp = snd ez in let - = (x; := Cr-(Ix¢)) in gcmov x;)

i>L2 (HIQg WHay,v2) »1,
given arbitrary L1, Lo, H1g4,Hagy © W,v1,Hiy, Hiy, such that

(Hig+ WHiWHi4, let xp =snd ey in let - = (xg := Cr-(%¢)) in gcmov x¢)
i>L1 (Hl*vvl) ﬂLl

We appeal to Lemma C.0.14, which tells wus that
(Higr WHy WHyy,e1) S0 (Hi,,vi) =5 for some Hi,, vi.
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Our induction hypothesis, appropriately instantiated and simplified,
then tells us that

3H], Hi, VHoy : M Heap.3Hy, W' H3,,vo'.
Hi. =Hp, WHi WHi. AHp H, @ WA

w E(dom(H1+),dom(H2+)),rchgclocs(W,L1UFL(cod(H1+)),L2UFL(cod(H2+))) WA
(W', (Hi,vi'), (H3,v2")) € V[F¢.cap (T @ !ptrc], A

(Hag+ W Hay,e1) =1, (Hyy W Hy WHay, vo') -
(25)

In particular, that means that vi and v} have the form ((), 4;), where
the value relation means that the heap fragments map #¢; to a v;. Note
that H! is composed of {¢; +5 v;} W H!". This follows from the value
relation.

If we continue evaluating our original terms, we step as follows:

(Higr W Hy WHyy,
let x, = snd eg in let - = (x¢ := Cr5-(!x¢)) in gcmov xy) i>L1
(Hl,y w{t S viywH wH,
let xp = snd ((),¢1) inlet - = (xg := Crr(!x¢)) in gcmov x¢) =1,
(Hl,y w{t B vitwH wH,
let xp = £1 in let - = (xp := Cry-(Ix¢)) in gcmov x¢) — 1,
(Hlyy w{t B vi wH WHyy let - = (61 := Criyr (1)) in gemov (1) =,
(H%ng W{l B v}y H}l WHiy,let - = (41 :=Crs-(v1)) in gcmov £q)

Since we know that vi was in the value relation at type 7, we can
appeal to our induction hypothesis with the heap fragment H}/ to get
that Cr,(v1) (and, correspondingly C.,(v2)) are in the expression
relation at £[[7],. That expression relation will tell us that once the
term runs to a value, that heap fragment will be consumed.

This means, in particular, that we can combine Lemma C.0.14 with

the definition of the expression relation to get that

(Hlgy w{t B vitwH WHiy, Cror(v1)) S, (HI, {0 B vil wHivE) -,
for some H%g +,v3, where v3 is related to a corresponding v3 in V[7],,

at a world W? that is an extension of W' (note that all the other

steps did not change the garbage collected portion of the heap, so the

only changes happened during the conversion, and are thus guided by

the expression relation that our induction hypothesis produces).

This means our final sequence of steps are:
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(Hlgy w{t B vi} wH wHiy let - = ({4 = Cryr(v1)) in gemov 1) =,
(H%ng Wil B vi}WHyy,let _= (1 :=v?) in gcmov /1) —p,

(H%ng Wil B v WHyy,let _ = () in gcmov £1) —p,

(H%ng W {l; IS v} WH4, gcmov £1) — 1,

(H%g-i- (] {61 'g_c> V%} ] Hl_:,_,gl)

And in particular, we can relate our final values, 1 and £o, at V[ref 7],
at a world W3, which is W2 extended with the mapping from (¢1, £5)
to V[7],. We note, critically, that the owned portion of the heap
is now empty, a requirement of V[7],, having been moved into the
garbage collected portion of the heap.

Lemma C.0.16 (Compat x).
A A, x:7hEx=<x:7

Proof. Expanding the definition of <, -+, and £[]. (noting via Lemma C.0.10
that Hy = Hy = ), we are to show that
Iw’ /lg /29 vo.Hix = Hllg ) H1+ VAN Hllg, /29 WA
W E(dom(H1),dom(Ha )),rehgelocs( W, Ly UFL(cod(H1 1)), LaUFL(cod(Ha ))) W'
A (W,a <®7 Vl)a (Q)a V2)) € V[[T]]P N
(Hags & Hop, 72 (9P 1r (X)) S, (Hoyy WHap va) =1,
(26)

given arbitrary p,vL,Vrxr, W,Hig, Hogy, Hip, Hiw, Hoyva, Ly, Lo such
that p.L3 € D[A], p.F € D[A], (W,0,0,41) € G['T],,
Trxr € G x 1 7],

Hig4,Hogy : W and

(Higt & H1, YL (O e () 1y (Hivi) 1,
Expanding the definition of G[-]., we have that
T == (v, v2)] Ay € G[TT, A (W, (0, v1), (0, v2)) € V7],
SO ’yi(’yﬁxﬁ(x)) = vi. Then we have (26) by taking W' = W, H}, = Higy

and leg = Hayy noting that configurations with values as programs do not
step. 0
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Lemma C.0.17 (Compat ()).
AT AT E() X () :unit

Proof. Expanding the definition of <, -+, and £[-]. (noting via Lemma C.0.10
that H; = Hy = (), we are to show that

Iw’ llg /2g vo.Hie = H/lg ] H1+ A Hllg, /29 WA
W E (dom(Hy 4 ) dom(Ha )) rehgelocs( W, Ly UFL(cod(Hi 4 )), LaUFL(cod(Hzs ))) W'
A (W,7 ((Dv Vl)v ((Da V2)) € V[[T]]P A

(H2g+ W H2+>7124(’Y%(()))) i>L2 ( ,29—1- W H2+>V2) Lo
(27)

given arbitrary p, vy, vr, W,Hig4, Hagy, Hiy, His, Hog v, Ly, Lo such that
p.L3 € D[A], p.F € D[A], (W,0,0,~1,) € G['T'],,
QIS g[[rﬂpa

ngJr, H29+ : W and

*

(Hig+ & Hip, 9 (00 (0)) =ry (Huovi) »1,

We can simplify the substitutions away, and note that the configuration
(Hig+ WHi4, () does not step because () is a value. Thus, we have (27) by
taking W/ = W, H’lg = Hjy4 and H’29 = Hoy.

O

Lemma C.0.18 (Compat A\x : 7.e). If AT AT x: 71 Fe <Xe: 7, then
A;IA D x:mFAX: e =X AX:Ty.e: 1y = 7

Proof. Expanding the definition of <, -+, and £[[-]. (noting via Lemma C.0.10
that Hy = Hy = ), we are to show that

IW' Hi, Hy, vo.Hie = Hiy 8 Hip A HY, Hy, - WA

W E (dom(H1 4 ) dom(Ha )) rehgelocs( W, Ly UFL(cod(H1 4 )), LaUFL(cod(Has ))) W' A

(W', (0,v1), (0,v2)) € V7], A (Hogr & Hop, AxaE (7f(e7))) = (Hiyp W Hap v2)
(28)

given arbitrary p,vr,vr, W, Hig+, Hagy, Hi4, Hiw, Hoy va, Ly, Lo such that
p.L3 € D[A], p.F € D[A], (W,0,0,~1) € G['T],,
e g[[rﬂpv

Hig4,Hogy : W and

(Higs+ W H14, At (91 (1)) D1y (Hiwvi) =
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We show (28) by taking W' = W, H}, = Hi,1 and Hj, = Hay,, noting
that configurations with values as programs do not step. It thus suffices to
show:

(W, (0, Az, (v (e))), (0, xAE (1E (7)) € VIt — 7],

Expanding the definition of V[r; — 73], and pushing substitutions inside
r, we are to show that

(W™, (@ AL (O er = (via,v22)](e7))), (0,9F (0 i X = (V1a, v2a))(e)))) € E72],

given arbitrary vis, Vo, such that W EMN{(V%(e““))ﬁﬁ(w%(eﬂ) W* and
(W*,(0,v1a), (0,v22)) € V[71], We have this by expanding the definition of
= in the premise and specializing where appropriate. O

Lemma C.0.19 (Compat e; ep). If AT AT F ey <ey 74— 7o and
AT AT F ey Rey 7y, then

AT AT Hep eg<epen:m

Proof. Expanding the definition of <, -+, and £[]. (noting via Lemma C.0.10
that Hy = Hy = 0)), we are to show that

Iw’ /lg /29 vo.Hiy = H/lg ] H1+ N Hllg, ,29 WA

W C (dom(Hy 4 ) dom(Ha )) wehgelocs( W, Ly UFL(cod(Hi 4 )), LaUFL(cod(Hz4 ))) W'
A (W/> (07\/1)7 (07\/2)) € V[[TQ]]P N

(Hag+ WHay, (0F (0F (1)) 2F (98 (e27)))) 1y (Hhyy WHop, v2) =
(29)

given arbitrary p,vr,vr, W,Hig4, Hogy, Hi4, His, Hoyvi, Ly, Lo such that
p.L3 € D[A], pF € D[A], (W,0,0,7) € G['T],,
’YF S g[[FHP7

ng+, Hgg+ : W and
(Hig+ WHit, (v, (0 (e17)) 21 (0 (e27)))) =10 (Hiwova) =
By Lemma C.0.14, we have that

(ng+ W H1+uf7]€ ("ylL (e1+))) i>L1UFL(’yi(’yll~(ez+))) (H%MV%) -
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for some H},,vl . Then expanding the definition of < and £[-]. in the first
premise and specializing where appropriate, we have that

IW! Hi, Hy, vo' Hi, = Hi, WHi AH, HS, : WA

WC w!
- (dom(H1+), dom(H2+)),

rchgclocs( W, FL(cod(H14)) U FL(yL (v (e21))) U L,
FL(cod(Hz4)) U FL(7{ (¢ (e21))) U L2)

AW (0,v1), (B,v3)) € V[ — T2], A
VHa. (Hagt W Hat, 7t (712‘ (e™))) i>LQUFL(wf('y%(ez““))) (H%g W Hap,v3) =
(30)
Expanding the definition of V[ — 73],, we have that

v% = Axq.e1p A v% = AXp.€3p\
V(WM (0,v1a), (B,v22)) € V[rilp- W' Cogepen W (31)
A (WY, (0, [x1 — vialets, 0, [x2 — vaaleas) € E[72],

Proceeding to work on our second premise, by Lemma C.0.14, we have:

(H%g o H1+37i (7% (ez+))) i>L1uFL(e1b) (H%*v\/%) e

for some H?,,v2.

Then expanding the definition of < and £[-]. in the second premise,
noting due to Lemma C.0.3 that we can use W', and specializing where
appropriate, we have that

IW? Hi, H3, v2” HY, = Hi, WHi AHT, H3, « WA
W C(dom(Hi ) dom(Ha ) xchgelocs (1 w?
om(H14),dom(Hay)),rchgclocs( W, LiUFL(e1p)UFL(cod(H14)),L2UFL(ea,)UFL(cod(Hay)))
A (W2, (0,9), (0,v3)) € V[ri], A

VHor. (Hyy WHar 2 (77 (e2))) S rauri(en) (H3g W Hap v3) -
(32)

Now, we want to start putting things together. We appeal to (31),
instantiating it with the values found in (30), taking W1* to be W2. Thus
we have (W2, (0, [x1 — v3]ew), (0, [x2 — v3leap)) € E[72],.
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Then, expanding the definition of £[-] and specializing where appropriate,
we have that

IWSHS, H3, vo? HY, = H} wHi AHT HS, : WA

W2 E (dom(Hi 1 ),dom(Has ) rehaclocs( W2, 11 UFL(cod(H11 ), LaUFL(cod(Has ))) W*
A (Wga (@,V%), ((2)7\/3)) € V[[TQ]]P A
VH2+. (H%g ) H2+, [X2 — V%]EQb) i>L2 (H%g ) H2+,V2) -
(33)

Then we show (29) by taking Hy, = H:l"g WHyy and vo = vp. All that remains
is to show that

FH,. (Hay 0 Has, (47 (97 (e17)) 22 (F (e27)))) 1o (Hag W Hav v2)

Specializing where appropriate, we have that

(Hogt W H2+, (02 (17 (o17)) 92 (4 (21))))

2 Laurr(2 (2(e:))) (H3g @ H2p, (Vo) 9F (7 (e27))) (by 30

%LQUFL(egb) (H3, & Hay, (Axz.e20) v3) (by 32

= 11, (H3, W Hay, X2 = v3eap) (by LCV

=1, (H3, W Hay,vo) (by 33

- (values don’t step
O

Lemma C.0.20 (Compat Aa.e). If A;!IT; A oz T'Fe <e: 7, then
AT AT F Aae < Aace : Vaur

Proof. Expanding the definition of <, -1, £[]. and pushing substitutions in
the goal (noting via Lemma C.0.10 that Hy = Hy = (}), we are to show that

T, Hy,, Hy, FHo v,

Hi. = Hllg WHi A Hllg, Hl29 WA

W' E (dom(H1),dom(Ha.s )),rehgelocs( W, LiUFL(cod (14 )), LaUFL(cod(Ha ))) W' A
(W/’ (@,Vl), (07\/2)) € V[[V(Y T]]p A

(Hag+ W Hap, A 72 (72(e 1)) D1, (Hoy WHay,v2) =

given arbitrary p,yr,vr, W, L1, Lo, Higy, Hagy : W,vi, Hiq, Hyy, such that

p.L3 € D[A], p.F € DIA], (W,0,0,v1) € G[!T],, (W, 1) € G[T],

and
*

(Hig+ WHi, A 4 (91 (eM))) =1, (His,va) -
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We show the goal by taking W' = W, H}, = Higy, and Hy, = Haygy,
noting that configurations with values as programs do not step. Thus, it
suffices to show that

(W, (0,22t (i (€M), (B, AL (vE(eT)))) € VIvar],
Expanding the definition of V[Vo.7],, we are to show that

(W', (0,707 (e))), (0,72 (7 (e)))) € Elralpfar—ry

given arbitrary R € RelT and W’ such that W C0.04% (4L (e+) A2 (12(eH)) w’.

We have this by expanding the definition of < and then D[] in the
premise and specializing where appropriate. O

Lemma C.0.21 (Compat e [7]). If A;!T; AT e < e: Vo, then
AT AT Fe 1] e [m] s [a— 7y

Proof. Expanding the definition of <, -*, £[-]. and pushing substitutions
in the goal, we are to show that

W', HY,, Hy, PHor 3va.

Hio = Hi, WHi AHG Hy o WA

W' E (dom(H, . ),dom(Hz. )),rehgelocs( W, L1 UFL(cod(H14.)), LaUFL(cod(Hz))) W' A
(W/a (Q)a Vl)a (07 V2)) € V[H(l’ — 7—1]7—2]],0 A

(Hagt WHay, 72 (72(e™)) () =L, (Hh, W Hay,va) =
given arbitrary p, vy, yr, W, L1, L2, Hig4,Hagy : W,v1,Hi4, His, such that
p-L3 € D[[A]],pF € D[[Aﬂ’ (Wa(ba@v’YL) € g[[rl W Fz]]ﬂ? (W,’}/l‘) € g[[r]]ﬂ

and
(Higy WHip, v (7€) () =L, (Hiw,va) -

By Lemma C.0.14, we have that (Hig+ WHi, 71 (3 (e1))) 51, (Hi V) =
for some Hi_ vi . Then expanding the definition of < and £[]. in the
premise and specializing where appropriate, we have that

S, Hy,, Hy, Ha v,

Hi, = Hj, WHiy AH HY - WA ,

W C (dom(Hy4 ),dom(Hay ) rehgelocs( W, Ly UFL(cod(H14 ), LaUFL(cod(Hay ))) W' A

(W,v (@,V%), (Q?V%)) S V[[VO"TQ]]P A

(Hagy WHay, 77 (7E(e™))) =L, (Hy, W Hap,vo!) -
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Expanding the definition of V[Vo.73],, we have that

V% = A_.e;p A Vé = A_.epp/\
VR € RelT.(W', (0, e1p), (0,e25)) € E[72] pir(0)r

By Lemma C.0.14, we now have that

(Hig WH1, (Ae1p) () = 1z, (Hi, WHip, ex)

51, (His,vp)

>

Recall that (W’, ((b,elb), (@,GQb)) S EHTQHIJ[F(Q)HR} given arbitrary R €
RelT'. Then take R = V[r1],. Expanding the definition of £[-], specializing
where appropriate, and applying Lemma C.0.5, we have that

IW" HY, HY, FHay 3vs.

Hi, = HY, @Hi AH HE - WA

w’ E(dom(H1+),dom(Hg+)),rcthlocs( W,LiUFL(cod(H14)),LoUFL(cod(Ha4))) WA
(W”’ (Q)’Vl)v ((2)7\/2)) S V[[[O‘ = T]TQHP A

* "
g ) 2 & ’
(HQ + 4 H2+ e2b) — <H2g G} H2+ V2) —#>

Then all that remains is to show that

(H29+ W Hay, (7124 (712 (e+)) ())) i>L2 (Hogr WHay, vo) =

Specializing where appropriate, the above gives us that

(Hag WHa2p, (0F (4F (7)) 0)) 1a (Hog 8 Hoyy (Aean) ()

=1z, (H,2g ® Hay , eop) (by MiniML)

—*>L2 (Hgg G} H2+, V2)

- (values don’t step)
O

Lemma C.0.22 (Compat ref e). If A;!T; A;T'He <e: 7, then

AT AsTHref eXref e:ref 7
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Proof. Expanding the definition of < and -+ and pushing substitutions in
the goal, we are to show that

IW’ HY,, Hy, WHay 3va.

Hio = Hj, W Hip AH Hy 0 WA

w E (dom(Hy 4 ),dom(Hz 4 )),rehgelocs( W, LiUFL(cod(H 1)), LaUFL(cod(Ha1 ) W' A
(W', (B,v1), (B,v2)) € V[ret 7], A

(Hagt W Hay, let - = callge in ref 42 (12(e™))) =1, (Hh, WHay,v2) -
given arbitrary p, v, yr, W, L1, Lz, Hig4, Hagy © W,vi,Hi4, Hyy, such that
p-L3 € D[A], p.F € D[A],(W,0,0,71) € G['T',, (W, ) € G[L'],

and

*

(Higy WHyy, let ~ = callgc in ref vf (v (e™))) 51, (Hix,v1) =
First, notice that

(Hig+ WHit, let - = callgc in ref 41 (vi(e™))) — 1,
(Hie 9 Hy . let _= () in ref L (11(e7))) =1,
(Higa & Hiy,ref 7 (41 (eT)))

and
(Hagy W Hay, let = callge in ref 42 (v2(e™))) 1,
(Haga & Hoo, ref 77 (72 (e™)))

for some heaps Hi4q : GCHeap,Hayq : GCHeap. By Lemma C.0.4, there
exists a world

WE (dom(Hyy), dom(Hsy ), rehgelocs( W, FL(cod(Hrs)) U FL(v:(vh(e))) U Ly, Wa
FL(cod(Ha+)) U FL(E (2 (eT))) U L2)

such that Higq, Haga : Wa.

Then, since G[I'],, G['I'], are closed under world extension by
Lemma C.0.3, we can instantiate the induction hypothesis with p, vr, vr, W,
and then expanding the expression relation, so we find that:

(Wa, 0,71 (v1(e9))), (822 (4 (€7)))) € El7],

Then, by applying Lemma 2.1 and expanding the expression relation, we
find that

(Higa W H1y, 7L (v1(e1))) =i, (Hig WHL Vi) »

and
*

(Haga W Hay, 7E (77 (e1))) =, (Hog W Hay v3)
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where H’

/. /
19> Hag + W' for some

Wa E(dom(H1+),dom(H2+)),rchgclocs( W ,FL(cod(H1+))UL1,FL(cod(Ha24))UL2) W

where

(W/7 (@, VI)7 (@, V;)) € VIIT]]P
Thus, we find that

Hig+ WHiy,let - = callgc in ref L(yvi(e™))) —>L1
nga WHy, ref 7L(7r(e+))) —>L1

g W H1, ref vy) —>L1

[ﬁliivf] WHyy, )

(
(
(H
(H

and
(Hagt WHip,let - = callge in ref v} (vE(e1))) =1,
(Hzga ® Hay, ref VL(% (€")) =1,
( U Hoo, ref V2> —>L2
(Hy [52'§V§] WHay, ()
for some ¢ ¢ dom(H’lg+ WH11) and £ ¢ dom(H5,, WHay).
Since Hy,,,Hy, .« W', ¢4 ¢ dom(H},, ), and £ ¢ dom(H5,, ), it follows
that (£1,02) ¢ dom(W’.¥). Then, let

W = (W"k, [W' 9]y k[(¢1, 62) = [VIT]o) wekl)

Notice that W".k < W'.k. Moreover, since 0W C(gom(H,),dom(Hay ),
W', we have dom(Hi4)# W' ¥ and dom(Hop)#W'.W. Since ¢ ¢
dom(H;4) and f2 ¢ dom(Hay), it follows that dom(Hii)# W”.¥ and
dom(Hoy)# W”.W. Finally, for all (¢7,¢,) € dom(W'. W), W' (¢, t,) =
| W Uy (0, 0,) = | W . WU(l,0)]wrg.  This suffices to show
that W' C(dom(H,,),dom(Hay ),dom(w’.w) W"”. Then, by Lemma C.0.2,
1
W (dom(H1 4 ),dom(Hay ) rehgelocs( W, FL(cod(H14 )) UL, FL(cod(Hay ))ULy) W'
Then, choose Hj, = H),, [(15vi], Hy, = Hb\ [(475v3], and W/ = W7,
One can see that

(W”, (0,01),(0,49)) € V[ret 7lp

because by definition of W”, W” (¢, 43) = |V[7],] w» k. To finish the proof,
we must show
Higy [005vi], Hagy [155v3] - W

For any (¢,¢f) — R € W". W, there are two cases: (1)
(fl,fg) = (/1,6/2), in which case W”.\If(gl,fg) == LV[[TﬂpJW k
Then, since (W', (0,vi),(®,v3)) € V[r],, by Lemma C.0.2, we
have (W”,(0,v;),(0,v3)) € V[r], and thus (>W",(0,v;),(0,v3)) €
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Vil wre (2) (41,65) € dom(W'. W), in which case we must show
(W7, (0, H1(€1)), (0, Hy(£5))) € W"W(, 85) = (WU (ly, £) | wr g First,
since H},HY : W', we have (W', (0,H|(¢})), (0,H5(65))) € W'.W(¢],45).
Then, since >W'.k < W'.k, it follows that (> W', (0, H (£))), (0, H5(¢5))) €
LW’.\I/( /1,5/2” W' k- Finally, since W’ E(dom(H1+),dom(H2+)),dom(W’.\II) W”, it
follows that > W' C(qom(H, , ),dom(Ha.)),dom(w.w) >W", so by Lemma C.0.3,
we have

(W7, (0,H1 (1)), (0, Ho(6))) € [ W W (0, 65) | wr.s
as was to be proven. O

Lemma C.0.23 (Compat le). If A;!IT; A;T'-e <e:ref 7 then
AT A T Hle<Xle: 7

Proof. Expanding the definition of < and -™ and pushing substitutions in
the goal, we are to show that

W', HY,, Hy, PHow Fva.

Hi. = Hllg WHi+ A Hllg, HIQQ WA
W C(dom(H14 ),dom(Has ) rchgelocs( W, FL(cod(H1 1. ))UL1, FL(cod(Has Y)ULs) W' A
(W', (0,v1), (0,v2)) € V[7], A

(Hagt W Hay, 192 (72 (™)) =1, (Hhy W Hay,vo) =
given arbitrary p, vy, r, W, L1, L2, H1g4,Hagy © W,v1,Hi1, His, such that
pLS € D[[A]]’pF € D[[A]]v (W7®7®5’YL) € g[[!r]],@’ (Wa’YF) € g[[r]]P

and
(Hig+ WHis, v (b (e ™)) Siy (Hiwvi) =

By Lemma C.0.14, we have that (Hig4 W Hiy, 7 (4 (7)) S, (H,vi) »
for some Hi, vl . Then expanding the definition of < and £[-]. in the first

IEY
premise and specializing where appropriate, we have that

HWl H%g H%g V21'H%* - H%g WHi4 A H%ga H%g : Wl/\
1
w L (dom(H1 4 ),dom(H24)),rehgelocs( W, FL(cod(H1 4+ )) UL, FL(cod(Ha+.))UL2) w
AW (,v1), (B,v3)) € V[ref 7], A

VHay. (Hagr WHor,2E (02 (1)) Si, (H%g ® Hay,vg) =
(34)

From the definition of V[ref 7],, we know that v} and v} are both
locations (call them ¢; and ¢2) and that W1 W (¢, 05) = [ V[7],] w1 Since

H%g? H%g : W', this means that
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(Hig WHy, ‘61) i)Ll (Hig ) H1+,V1)

and

(H%g & H2+7 '62) i>Lz (H%g & H2+7V2)
Further, we know that (> W1, (0,v1), (0,v2)) € V[7],.

By Lemma C.0.3, we know that

W Wl
=dom(H14),dom(Ha24 ),rchgclocs(W,FL(cod(H14))UL1,FL(cod(Ha4))UL2)
1
Edom(HlJr),dom(H2+),rchgclocs(W,FL(cod(H1+))UL1,FL(cod(H2+))UL2) > W

which, with Hy, = H%g W Hi4 and Hoyy = H%g, is enough to prove our goal.
O

Lemma C.0.24 (Compat e :=e). If A;!IT; AT F ey < ey ref 7 and
AT AT F ey =ey: 7 then

AT AT ey i=ep ey :=e2: unit

Proof. Expanding the definition of < and - and pushing substitutions in
the goal, we are to show that

IW', H),, Hy, VHz, 3va.

Hi. = Hllg WHi+ A Hllg, H,2g WA

w E(dom(H1+),dom(H2+)),rchgclocs( W,FL(cod(H14))UL1,FL(cod(H24))UL2) W’ A
(W', (0,v1),(0,v2)) € V[unit], A

(Hagt 8 Hoy, 72 (02 (e1)) == 1 (VR (e2™))) S1, (Hby W Hoyyva) =
given arbitrary p,yr,vr, W, L1, Lo, H1g4,Hogy : W,v1,Hiy, Hiy, such that
p-L3 € D[A], p.F € D[A], (W,0,0,7) € G['T],, (W,~r) € G[T'],

and
(Hig+ WHi, 2L (v1 (e ™)) = 71 (e21))) =1y (Hiva)
By Lemma C.0.14, we have that

(H19+ W H1+77]€ (’Yll (e1+))) _*>L1UFL7%‘(712(e2+)) (H%*,V%) -

11
for some Hy vy .
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Then expanding the definition of < and £[]. in the first premise and
specializing where appropriate, we have that

IW! Hi, Hy, vo' Hi, = Hi, WHi AH, HS, : WA

WC WA
- (dom(H1+), dom(H2+)),

rchgclocs( W, FL(cod(H14)) U FL(yL (v (e21))) U L,
FL(cod(Hz4)) U FL(7{ (¢ (e21))) U L2)

(W, (0,v1), (0,v2)) € V[ret 7], A

VHzp. (Hog+ WH2p, 72 (7F (e17))) ;Lzupmi(#(em) (Hyy W Hay,v3) -
(35)

From the definition of V[ref 7],, we know that v} and vl are both
locations (call them ¢; and f2) and that WL.W(¢y,£62) = | V[7],]| w1 k-

Now, we again appeal to Lemma C.0.14, this time with the context
¢; :=[-]. This means, in particular, that we have that:

(Hi, wHiyL (0 (e2))) = iurpe) (Hi.,v3) = for some Hi,,vi .

Now we expand the definition of < and £[-]. in the second premise and
specialize where appropriate to get that
IW? HY, H3, vo? HE, = HT W H1 AHT  HE, - WPA
W E (dom(Hr 4 ) dom(Ha s ) wehgcloes(W, FL(¢y)UFL(cod(Hy 1)UL, FL(62)UFL(cod(Hay ))uLs) W2

A (W2, (0,v1), (0,v3)) € V[unit], A

VHar. (Hy, WHay 77 (7 (e27))) S raurrie) (H3, W Hay,v3) -
(36)

Now we can assemble the pieces that we need to complete the proof. First,
we stitch together our reductions (we reduced analogously on the left side):

(Hog+ W Hai, 77 (i (e ™)) = 2E (7F(e2T)))

= LaUFLL (v (eat)) (Hbg WHap fo = 27 (7R (e2™)))
= Lurr(e) (H3, WHay, 6 := v3)

— LyUFL(£y) (H%g[@ :=v3] WHay, ()

Next, we need to show a w’ such that
w Edom(H1+),dom(H2+),rchgclocs(W,FL(cod(H1+))UL1,FL(cod(H2+))UL2) W' and
H%g[ﬁl = vf],H%g[ﬁg := v3] : W'. We can choose W2, as we know that

at W', ¢1,05 mapped to V[r],, and W? is an extension of W? that
protected those locations, and thus the above worlds satisfy this world.
Since otherwise, membership in V[unit], is trivial, this suffices to finish
the proof.

O
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Lemma C.0.25 (Compat (e),). If A;I5A;! T e <e: 7 and 7 ~ T, then
AT AT F (e)r = (e)r e 7

Proof. Expanding the definition of < and -* and pushing substitutions in
the goal, we are to show that

(W, (H1, Cror (01 (0L (7)) 1) (Ha, G (97 (12 (€7))))) € €7D,
(37)
given arbitrary p,vyr,7v such that p.L3 € D[A], p.Fe D[A],
(W,Hi,Ho,y) € G[I'],, yr € G[I'l, . Expanding the definition of
~ in the premise, specializing where appropriate, and commuting
substitutions, we have that

(W, (Huot (0L (€7))) s (Ho 0 (02 (1)) € €l
Then since 7 ~ 7, we have (37) by Lemma C.0.15. O
Lemma C.0.26 (Compat x).
ATy Asx:ThEx<x:T
Proof. Expanding the conclusion, we must show that given

VPa’YFa’)’La W7H17H2~
p-F € DIA] AN p.L3 € D[A] AN (W,Ar) € G[I'l, A (W, Hy,Ho,v) € Gx = 7],

it holds that:

(W, (Hi, 7 (0 (1)), (H2, 72 (07 () € El71,

By Lemma C.0.8, it suffices to show that:

(W, (Hi,9 (0 (7)), (H2, 72 (£ (xT))) € VI,

Because (W7 Hla H27’7L) S g[[X : T]]p, we must have ")/L(X) = (V17V2) and
(W7 (H17V1)7 (H27V2)) S V[[T]]p Thus,

B ET)) = (%) = 7(x) = v1

1 (E () =R (E (X)) =12 (x) = va
Finally, noting that (W, (Hy,v1), (H2,v2)) € V[7], by assumption suffices
to finish the proof. O

Lemma C.0.27 (Compat Ax : 7.e). If \;T; AT x 1 Fe <Xe: 7o, then

AT ATHEAX:T.e R AX:T.€:T1 —© To

335
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Proof. Expanding the conclusion, we must show that given

vp?VFaVL? W7H17H2-
p.F € D[A] A p.L3 € D[A] A (W,qr) € G[I'], A (W, Hi, Ha, 1) € G[T,

it holds that:

(W, (Hi, i, (1 (€))), (H2, Axai (v (e 1)) € €[ — 72],
By Lemma C.0.8, it suffices to show that:

(W, (H1, g, (v1(e))), (H2, Axai (47 (e 1)) € V[ — 7],

Thus, consider some arbitrary W’ Hy,,vi,Haoy,vo such that

W Bt ot (e az (2(ery) W' and (W (Hiv,vi), (Hav, v2)) € V],
We must show

(W', (HiH 1y, [ = vilyi, (1 (7)), (HaWHau, [x = valyi (F (€7)))) € €[],

Let 71, = yn[x — (v1,v2)]. Next, notice that (W', HiWH1,, HoWHa,, 1) €
G[T',x : 71], because (W’',Hi,Ha,v) € G[I'], (by Lemma C.0.3) and
(W', (Hiv,v1), (Hay,v2)) € V[71],. Thus, we can instantiate the first induc-
tion hypothesis with p, vr, 7, W', Hi WHy,, Ho WHg,, which suffices to prove
the above statement. O

Lemma C.0.28 (Compat e e3). If A;T; AT Fep <eq: 711 — 72 and
AT A;To Fey <eg: 11, then

AT AT W He; ea Xep ez Ty

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

TH), HY, VHoy : M HeapIHj, W', Hy,, va.
Hi. = Hyg @Hy WHi AHy, Hy o WA

w E(dom(H1+),dom(H2+)),rchgclocs(W,L1UFL(cod(H1+)),L2UFL(cod(H2+))) W' A
(W', (Hy,v1), (Hy,v2)) € V2], A

(Hagy WHa W Hap, 72 (VR (e1™)) 12 (R (e2™))) =1, (Hh, WHy W Hay, vo) -

given arbitrary p,yL,vr, W, L1, Ly, Higy,Hogy : W, vi,Hi,Ho Hyy
M Heap, Hq,, such that

p.L3 € D[A], p.F € D[A], (W,4r) € G[],, (W, Hy, Ha, 1) € G[T],
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and
(Higr @H1 WHi v (v (er ™)) v (vt (e2™))) =1y (Hisova) -

Then, by Lemma C.0.9, there exist v1,1, 719, H11, Hir, Haz, Hap such that
YL = VL1 W YL, H1 = Hyy WHy,, He = Hoy W Ha,,

(Wa Hll7 HQZ)’YLl) S g[[rl]]p
(W7 H1r7 H2r7r7L2) € g[[r2]]p

and for all j € {1, 2},

7 ((er ™)) = 1] (v (e ™))

(1 (e2h)) = y3(v(e2™))

Then, by instantiating the first induction hypothesis with
Py VT VL1 W7 H1l7 H217 we find

(W, (Hu,v1(vb(er™))), (Ha, vl (i (er™)))) € Elm — 2],

Thus, by Lemma C.0.14, we have
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(Hig+WHuwH L 0H1, 1 (0 (e t) 2 1, prin b i eat)) (Hig@HLHL wHT, ve) -

and, for any Ha,,

(Hag+ WH2wHa, WHo 1, 1P (72 (e17))) = Louprin3(22(eaty)) (HagWHorwH2 4 WH3, var) =

where H’

/. /
19> Hag + W' for some

= (dom(Hy, W Hyy), dom(Hay & Hay)), v
rchgclocs( W, FL(cod(H,)) U FL(cod(H14)) U FL(yLa (v (e21))) U Ly,
FL(cod(Hzr)) U FL(cod(H24)) U FL(7L3 (7 (e2™))) U La)

and

(W', (Hip, va), (Hy,van) € V[ — 2],

By expanding the value relation, we find that there exist expressions ey, e
such that vi) = Ax.eq; and vo = Ax.es.

Then, since G[I'],,G[I"y W I's], are closed under world extension by
Lemma C.0.3, we can instantiate the second induction hypothesis with
P15 VL2, Wl? H1T7 H2T to ﬁnd

(W', (Hip, yma (i (e27))), (Har, 13 (77 (e2™)))) € Elml,
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Thus, by Lemma C.0.14, we have

( llgLﬂHlTLﬂH1+6HTZ?7L%(W%‘(G2+))) i>L1UFL(el|) (Hlllg&JH1+LﬂH>{lH'JH>{T,V1r)

and

( /2gL+JlewH2+@H3177L§(7%(e2+))) i>L2uFL(e2.) (Hy, WHay WHS WHS,, vor)

where HY , Hy, : W for some
/ "
= (dom(HTl W H1+), dom(HSl (] H2+)), rchgclocs( W’, w
FL(cod(H7;)) U FL(cod(H14)) U FL(e1) U Ly,
FL(cod(H;l)) U FL(cod(H2+)) U FL(e2|) U LQ)
and

(WH7( Travlr)a (H;T,Vm)) € V[[TZ]]P

Thus, the original configurations step as follows:

ng W H1 W H,ni (0 (e ) rnd (v (e2 ) S,

(
(Hi, WH1, WH1 wHY, Axen yd(hf(e2 1)) =i,
(H” WH W HY, W HY,, Axen vir) =1,

(H” WHiL W Hll W H7,, [X — vie]eq))

and similarly on the other side, the configuration steps to

(H’ng W Hoy W H;l ) H;T,, [X — V2r]62|)

Since (W', (Hf;, Ax.enr), (H5,, Ax.e2)) € V[r1 — 72],, W' Chs ne

11:Mgp-€11,€21

W" (by Lemma C.0.1), and (W", (H},,v1r), (H5,,v2r)) € V[72],, we have
(W", (H; W HY,, [x = vaen), (Hy WHS, [x = varear)) € E[m2],  (38)

Next, by the assumption that the configuration on the left-hand side termi-
nates, we have

(HY, W Hi L W H WH,, [x = viJey) Sr, (Hiw,vi) =1,
Then, by applying (38), we find
(Hiw,vi) = (HYg W H1 WHyp vi)
and

( /2/g WHo W H;l (] H;r, [X — V2r]62|) i)[,g ( o U Hoy W Hgf,VQf)
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n nn . nm 1
where HY, Hy, : W™ for some W" C(qom(H, , ),dom(Ha. ) rehgelocs( W, LiUFL(cod(Hi 1)), LaUFL(cod(Ha4 )))

W™ and
(W™, (Hig,vif), (Har, vor)) € V[72],

Then, choose Hj = Hip,  HY = Hop, W' =
w”,. Hy, = Hfj, and Hy, = Hj. Notice that
W |: " WI/,

—=(dom(H14),dom(Ha24)),rchgclocs( W/, LiUFL(cod(H1+)),L2UFL(cod(H2+)))
by Lemma C.0.2. This suffices to finish the proof. O

Lemma C.0.29 (Compat ()).
A T;A;0F () () : Unit
Proof. Expanding the conclusion, we must show that given

Vp,vr, L, W,Hi, Ha.
p.F € D[A] A p.L3 € D[A]A (W, 1) € G[I'], A (W, Hi,Ha, 4, .T) € G0,
A ’YL-A = f)/locs(p-L?’)

it holds that:
(W7 (H17 ())7 (H27 ())) S EIIUnit]]P

By Lemma C.0.8, it suffices to show that:
(W, (H1, ), (H2, () € V[Unit],,

Notice that, since (W, H1, Ha,v,.I') € G[0],, it must be the case that H; =
Hy = (). Thus, one can easily see by definition that (W, (0, ()), (0,())) €
V[Unit],, which suffices to finish the proof. O

Lemma C.0.30 (Compat B). If b € B, then
A;T;A;0 b < b :Bool

Proof. By a simple case analysis, one can see that, for all b € B, there exists
a b € {0,1} such that b™ = b. Expanding the conclusion, we must show
that given

VP:’YFKYL; Wu Hla H2-
p.F € DIA] A p.L3 € DIAL A (W, 3r) € GIT], A (W, Hy, Hy, 30, T) € G101,
A YL-A = Yoes(p.L3)

it holds that:
(W, (H1,b), (Ha, b)) € £[Bool],

By Lemma C.0.8, it suffices to show that:

(W, (H1,b), (Hz2,b)) € V[Bool],
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Notice that, since (W, Hi,Ha,v1,.T") € G[0],, it must be the case that H; =
Hy = (. Thus, since b € {0,1}, one can easily see by definition that
(W, (0,b),(0,b)) € V[Bool],, which suffices to finish the proof. O

Lemma C.0.31 (Compat let ()). If A;T5 AT F e; = eq : Unit and
AT AToFeg <eq: T, then

A;T; ATy WIgHlet () =ep inep <let () =ej inex: T

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

I,y WH, .« M Heap.3Hy, W', Hy,,vo.
Hiw = Hijg WH] wHip AH Hy o WA

w E(dom(H1+),dom(H2+)),rchgclocs( W' LiUFL(cod(H1+)),L2UFL(cod(H24))) W' A
(le (Hll’ Vl)v (H/27 V2)) € v[[T]]P A
(Hag WHa W Hay let - = 2f(vf(er™)) in 77 (vE(e2T))) =1, (Hoy WHY WHap,vo) =

given arbitrary p,yr,yr, W, L1, Lo, Higq, Hagy  © W,vi,Hy, Ho, Hyy
M Heap, Hi,, such that

p-L3 € D[[A]],pF € D[[A]]a (W/YI‘) € g[[F]]pa (W7 Hy, H277L) S g[[rl Lo F2]]P
and

(Hig+ WH1 W H et - = 4 (7f(ex™)) in 7L (vi(e2™))) =r, (Hiovi) »

Then, by Lemma C.0.9, there exist v1,1,vLg, H11, Hir, Haz, Har such that
YL = VL1 W YLe, Hi = Hyy WHy,, Hy = Hyy wHy,,

(W, Hy, Hoovey) € G0,

<W7 Hl’r‘a H27‘77L2) € g[[r2]]p
and for all j € {1,2},

M (heh) =wi(i(er))

7 (v (e2t)) = (v (e2™))

Then, by instantiating the first induction hypothesis with
P VL1 W7 Hllu H2[7 we find

(W, (Hu, 1ei(vi(e17))), (Har, v (77 (e1)))) € E[Unit],
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Thus, by Lemma C.0.14, we have
(Hig+WHuwH L 0H1, 1 (0 (e1h) 21, pnin st eat)) (Hig@HLwHL HT, vy) -
and, for any Ha,,
(Hag+ WH2wHa, WHo 1, 1T (72 (e17))) = [ouprin 3(22(eat))) (HagWHorH2 4 wH3, var) =

where H’

/. /
19> Hag + W' for some

= (dom(Hy, W Hyy ), dom(Hay # Hoy)),
rchgclocs( W, FL(cod(H1,)) U FL(cod(H14)) U FL(yLA (7 (e21))) U Ly,
FL(cod(Hz,)) U FL(cod(H2+)) U FL(yL3 (v (e27))) U L2)

and
(W,7 (HIlaVU)a (H317V2l)) S V[[Ul’llt]]p

By expanding the value relation, we find H}; = H3; = 0 and vi = vo = ().
Thus, the original configuration steps as follows:

(Hig+ WHi W Hy, let - = ypi(vl(er™)) in vni(vi(e2™))) = »
(Hi, @Hy WHyiy let - = () in v (hi(e2t))) —
(H, @Hi WHip, (v (e2 ™))

and

(Hog+ WHy WHay, let - = yri(v2(e1™)) in vn3(v(e2™))) = *
(Hy, W Ha, WHay, let _ = () in yL3(7f(e2))) —
(Hy, W Har W Hyp, y03(7f (e2T)))

Then, since G[I'],,G[I'1 @ I's], are closed under world extension by
Lemma C.0.3, we can instantiate the second induction hypothesis with

P, VL2, Wl? Hl?"? HQT:
(W', (Hir, v3 (vt (e27))), (Har, 3 (vE(e21)))) € E[7], (39)

Next, by the assumption that the configuration on the left-hand side termi-
nates, we have

( /19 WH W H1+77L%(’71£(e2+))) i>L1 (Hl*vvl) nad P
Then, by applying (39), we find

(H1*7V1) = ( lllg w HTT‘ © H1+7V/1)
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and
( ,29 O] H2r W H2+,’)/L%('}/12(82+))) i>L2 ( ,2/9 W H;,r. ) H2+,V/2)

where HY , Hy + W, W' T (qom(H,),dom(Has ) rchgclocs( W/, L UF L(cod(H14 ), LaUFL(cod(Har )
W”, and

(W, (H},,Vv}), (H3,,v2")) € V[7],. By Lemma C.0.3, we find that
W C Wl/ Fi-
=(dom(H14),dom(Hz24)),rchgclocs(W,L1UFL(cod(H1+)),L2UFL(cod(Ha24))) : 1

nally, we can take Hj, = Hf,, H} = Hj,, Hy, = Hj , and Hj = H3,, which

suffices to finish the proof. O

Lemma C.0.32 (Compat if). If A;T; AT F er < e; : Bool and
AT AT ey Req: 7 and AT AT ez <eg: 7, then

AT AT Wl Hif e eg eg Rif ep ez eg: T

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

3H1, HY,-VHay : M Heap.3Hy, W/ Hy  vo.
Hio = Hj, WH wHi AH Hy o WA

W C(dom(H14 ),dom(Has ) rchgelocs( W, L1 UFL(cod(H14)), LaUFL(cod(Ha 1)) W' A
(W/7 (H/17 V1)7 (H/27 VZ)) € V[[T]]ﬂ A

(Hogt WHa WHay, if 4 (72 (e h)) 77 (hE(e2™)) 72 (7R (es™)))
5L, (Hb, W Hy W Hap vo) -

given arbitrary P YL, T, W7L17L27ng+7H29+ : W7V17 H17H27H1+
M Heap, Hi,, such that

p-L3 € D[[A]],pF € D[[A]]a (W,'YI‘) € g[[F]]pa (W7 Hy, H2¢7L) € g[[rl Lo F2]]P

and

(Hig+wHisH if 7 (1 (e ) v (v (e2 ™)) vt (i (es™))) =ry (Huva) =

Then, by Lemma C.0.9, there exist v1,1,YLg, H1i, Hir, Haz, Hor such that
YL = VL1 W YLg, H1 = Hyy W Hy, Hy = Hy W Hopy

<W7 H1l7 H2l7 7L1) € g[[rl]]p

(Wa Hl’f”a H27‘77L2) € g[[r2]]p
and for all j € {1,2},

7 ((e1 ™)) = i (e ™))

7 (H(e2)) = 1 (7 (e2™))
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Then, by instantiating the first induction hypothesis with
Py, YL, W, Hi, Hyy, we find

(W, (Hu, i (vi(e1™))), (Ha,i(vE(en™)))) € E[Bool],

Thus, by Lemma C.0.14, we have

(Hig+HuwH L 8H1, 01 (0 (€17))) = 1, Uppin 30 (ea ) UFLe b (ke ))) (Hig8H1H1 HT, Vi) =

and, for any Hoy,

(Hag+ WH20H2, WHa 1 1T (7(€17))) = LU pL(r3(+2 (ea ) UPLO Y (o (e ))) (HagWHarH2 4 WH, Vo) -

where H/

/. !/
19> Hag + W' for some

"'E (dom(Hy, W Hiy ), dom(Hay & Hay)), W

rehgelocs( W, FL(cod(Hi,)) U FL(cod(H1+)) U FL(y.h(v(e2*))) U FL(y3 (v (es*))) U L,
FL(cod(Hz,)) U FL(cod(Ha+)) U FL(v3(v2(e2 ™)) U FL(y3(v2(e5 ")) U L2)

and
(W/> (HTDVII)? (HZZa V2|)) S V[[BOO]HP

By expanding the value relation, we find Hj, = H}, = 0 and either vy =
vy = 0 or vi = vo = 1. Both cases are trivially similar to each other, so we
only prove the case where vy = vy = 0.

Then, the original configuration steps as follows:

(Hig+ WHy WHy if vl(hd(er™)) vi(vd(ea™)) v (vi(es™))) = 1,
(Hi, WHy, WHyif 0 yn3(0f(e2h)) yus(f(es™))) = 1,
(Hig WH1 WHi 3 (v (e2 ™))

and

(Hog+ W Ho W Hoy, if y.3(h2(e1™)) v.3(72 (e2

(Hh, W Hap & Hop,if 0 y3(vE(e2™)) 13(h(es™))) = #o,
(Hy, W Hap WHay, vr3 (72 (e2™)))

Then, since G[I'],,G[I"y W I's], are closed under world extension by
Lemma C.0.3, we can instantiate the second induction hypothesis with

P, VL2, Wl? H17”7 HQT:

(W', (Hip, yma (i (e27))), (Har, 3 (0E (e2 ) € €71, (40)
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Next, by the assumption that the configuration on the left-hand side termi-
nates, we have

(Hig WH1, WH1, yns (v (e2™))) 21, (Hiw,vi)
Then, by applying (40), we find
(His,v1) = (HYy WHT, WHi4,vq)
and
(Hhy W Hap & Ho 03 (97 (e2T))) 1, (Hy, W H3, W Hay, V)

where HYy, Hy, « W, W' C(qom(H,,),dom(Hay ) rchgeloes( W, Ly UFL(cod(H1 1)), LaUFL(cod(Ha )))
W”, and
(W", (H3,,v}), (H5,,vo")) € V[7],. By Lemma C.0.3, we find that

1r»
W' C(dom(Hy 4 ),dom(Har )),rehgelocs( W, LiUFL(cod(H1 1)), LaUFL(cod(Has ))) W'+ Fi-

nally, we can take Hj, = Hf , H} = Hj,, Hy = H3 , and H) = H3, , which

suffices to finish the proof. O

Lemma C.0.33 (Compat (e1, ez)). If A;I5 AT Fep 2 ep 1 and
AT A ToFeg <eq: 7o, then

AT AT W F (e1, e2) X (e1, €2) : 11 Q T2

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

TH), Hy, VHas + M Heap.IHy, W', Hy,, vo.

Hio = H, W Hy wHi AH HY o WA

W C(dom(H . ),dom(Has ) ,rchgelocs( W, LiUFL(cod(H14 ), LaUFL(cod(Ha 1 ))) W' A
(le (Hll’vl)’ (H/27V2)) € V[[Tl X T2]]P A

(Hogy WHa W Hap, (V2 (v (ex™)), 72 (vE(e2)))) =1, (Hh, WHY W Hay, vo) =

given arbitrary P YL, T, W7L17L27ng+7H29+ : W7V17 H17H27H1+
M Heap, Hi,, such that

p-L3 € D[[A]],pF € D[[A]]a (W;'YF) € g[[F]]pa (W7 Hy, H2¢7L) € g[[rl W F2]]P
and

(Higr W Hi WHLy, (L (i (ex ™)), v (e2))) “ry (Hueva) =
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Then, by Lemma C.0.9, there exist v1,1, 719, H11, Hir, Haz, Har such that
YL = VL1 ¥ YLe, Hi = Hyy WHy,, Hy = Hoy W Hay,,

(W7 H1l7 HQZ?VLI) € gﬂrl]]p

(W7 Hl’r'7 H27‘,7L2) € g[[r2]]p
and for all j € {1,2},

9 ((er)) = 1] (. (ex™))

", (e2")) = (- (e2™))
Then, by instantiating the first induction hypothesis with
Py, YLt Wy Hu, Hay, we find

(W, (Hu,i(vi(e1™))), (Ha, vi(rvi(en™)))) € Elml,

Thus, by Lemma C.0.14, we have
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(Hig+WHuwH L 8H1 71 (1 (e17))) = L Uppin b eatyy) (Hig8H1wH1 wHT, Vi) =

and, for any Hoy,

(Hag WHaHa wH2 4 LT (77 (e17))) = Luprn( 32 (eat))) (HgWH2rWHa WHE, var) -

where H/

/. !/
19> Hag + W' for some

"'E (dom(H1, # His ), dom(Hay  Hoo)),

rchgclocs( W, FL(cod(H1,)) U FL(cod(H14)) U FL(yL3 (7 (e2T))) U Ly,
FI{cod(Ha,)) U FL(cod(Hz.)) U FL(v:3(v3(ex+)) U Lo)
Wl
and

(W/7 (HT[,VU), (H;l,V2|)) € V[[Tl]]p

Thus, since vy}, vy are values as they are in the value relation, the orig-
inal configuration will continue reducing on the second component of the
pair. Then, since G[I'],, G[I'1 & I'2], are closed under world extension by
Lemma C.0.3, we can instantiate the second induction hypothesis with
P, VL2, W', Hip, Hap to find

(W,a (lev WL%(FV%‘(GZ—F))): (H2T7 ’YLg(Vlg(e2+)))) € g[[Tz]]P
Thus, by Lemma C.0.14, we have

(Hi wH1WH1 wHT v (v (e2)) 51, rpivn) (HT,WH1 wHwHT, var) -
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and
(leg&Jle&JH2+L+JH§l>WL%(’Y%(efL))) i>L2UFL(V2|) (Hy,WHa WH3WHS, o) =

where H”

199 H’2’g : W for some

W/ C W//

- (dom(HTl w H1+)7 dom(H;l & H2+))7
rchgclocs( W/, FL(cod(H*l‘l)) U FL(cod(HH_)) U FL(V1|) U Ly,
FL(cod(H%)) U FL(cod(Hay ) U FL(v21) U Lo)

and
(W//’ ( TT’ Vlr)’ (ngv V2I’)) € V[[T2]]P

Thus, the original configurations step as follows:

(Hiyg WH1 WHy, (yui(vi(en)), mwd(af(e2™))) =i,
(Hllg WHy, WHi W HTZ’ (val, 7L%(7%(e2+)))) L
(HY, @ Hi WHY, WHT, (viy, va)) =

and similarly on the other side, the configuration steps to

(H/2/g WHo W H;l wH3,, (Vir, V2r))

Then, choose H} = H}; W HY,, Hy = H5 wH; , W' = W" Hj = H] , and

H5, = H3,. First, notice that
W C (dom(Hi 4 ) dom(Ha )) wehgelocs( W, FL(cod(H1 4 ) ULy, FL(cod(Hay ))ULs) W
by Lemma C.0.2. One can see
(W”’ ( TZ S HTT’ (V1|’V1I’))’ (Hzl & HZW (V2|’V2r))) € V[[Tl X TQ]]p

because we have (W”, (H},,v11), (H3;,va1)) € V[71], (by Lemma C.0.3) and
(W, (H3,,vir), (H5,,vor)) € V[72],. This suffices to finish the proof. O

Lemma C.0.34 (Compat let (x1, x3)). If A;T5A;T1 F er X e
1 ® T2
and AT AsTo,xq 0 T1,Xo : To - ea R eq: 7, then

A;T; AT W Flet (x1, x2) = e1 ineg Xlet (x1, X2) =e1 inex: T
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Proof. Expanding the definition of <, -T, £[-]. and pushing substitutions
in the goal, we are to show that

HY, Hi, YHa : M Heap 3H, W', Hy, va.

Hio =Hj, g H W Hi AH Hy c WA

W E(dom(H1+),dom(H2+)),rchgclocs(W,FL(cod(H1+))UL1,FL(cod(H2+))UL2) WA

(le (H,lv V1)> (H/27V2)) € V[[T]]P A

(Hagy WHy WHyy let p= ~2(72(e1™)) in let x; = fst pin let xo = snd p in V2 (v2(e2T))) > 1,
(H/29 (] HI2 W H2+,V2) >

given arbitrary p,yr,yr, W, L1, La,Hig4, Hogr : W,vi,Hy,Ho  Hiy
M Heap,Hi,, such that

pL3 € D[A], pF € D[A], (W, ) € GITT,, (W, Hi,Ha, 1) € GIT1 W T,
and

(Hig+WHiwWH, let p = 7{(7%(e1+)) in let x; = fst pin let x, =snd p in 7i(7%(e2+))) —*>L1 (Hix,v1) -

Then, by Lemma C.0.9, there exist v1,1, 719, H11, Hir, Ha, Hop such that
YL = YL1 W YLe, Hi = Hyy W Hy, Hy = Hy W Hop,

(W, Hy, Hopyyy) € G[T1],

(Wv lev H2r77L2) S g[[r2]]p
and for all j € {1,2},

7 ((er ™)) = 1] (v(er ™))

7{(’7?(82+)) = 7L§(7%(62+))

Then, by instantiating the first induction hypothesis with
PV VL1 W7 H1l7 H2l7 we find

(W, (Hi,wi(vr(er™))), (Hu, vi(vE(en ™)) € Elm ® 7],

Thus, by Lemma C.0.14, we have

(HigwHuwHL, wH1L vt (1 (e1™)) 2 1upnn i (i eat)) (Hig#HWHL WHT, vi) =

and, for any Hoy,

(HagtHawHa, Hay, 73 (V8 (€17))) = fuurn(an 32 (eaty)) (HagHarWHa WHS, vo)



348

VALUE INTEROPERABILITY: MEMORY MANAGEMENT AND POLYMORPHISM

where H} , Hy, : W' for some

c (dom(HlJr () le),dom(H2+ W H2r))a v
rchgclocs( W, FL(cod(H1,)) U FL(cod(H14+)) U FL(yLi(vE(e21))) U Ly,
FL(cod(Hz)) U FL(cod(Hz+)) U FL(vL3 (7 (e27))) U Le)

and
(W,a (H117V1)7 (ngaV2)) € V[[Tl X 7'2]]p

By expanding the value relation, we find HY; = Hqyy; WHy;,, H5; = Hoy W Hoyy,
vi = (vi1,vir), and vo = (v, vor) where (W', (Hyy, vi), (Hau, var)) € V[71],
and (W', (Hy, vir), (Har, var)) € V[72],.

Thus, the original configuration steps as follows:

(HigWHy WHy WHig let p= yoi(i(er™)) inlet xg = fst p
in let xo = snd p in y.3(7i(e2™))) 5 %,

(H’lg WHy, WHi WHy WHy, let p= (vy,vir) in let x; = fst p
in let xo = snd p in yLi(1E(e2t))) = *,

(Hi, WH WHy WHy W Hyp, x> vi,xo = vy (i (ea ™))

and the original configuration on the other side steps to:
(Hy, & Har W Ha o W Hoy W Hopr, [x1 5 var, X2 — varJyn3 (v7 (e2 1))
Next, notice that

(W' Hiy W Hyp W Hip, Hoy W Hope W Hap 10 (X0 — (Vag, var), %2 = (Vi var)])
€ G[l2,x1 : T1,X2 : T2],

because (W', (Hiy,vu), (Hau,va)) € V[7il,, (W', (Hir,vir), (Hap, vor)) €
V[72],, and (W', Hiy, Hor,y10) € G[T'2], (by Lemma C.0.3).

Let yrb = YLa[x1 = (var,var), x2 = (Vir, var)].

Thus, we can instantiate the second induction hypothesis with
PV, YLy, Hig @ Hygp W Hyp Hoy W Hgp W Hy, to find that

(W', (Hiy WHyp WHy, [x1 = vig,xo = viynd (vE(e2 ), (41)
(Hai W Hap W Hap, [x1 > var, xo = Vo Jvn3 (2 (e2™)))) € €7,

Next, by the assumption that the configuration on the left-hand side
terminates, we have

(H},WH1y WH, WHyWHyg,, [xe = va,xo = vadyns (vF(e2 ) =z, (Hix,va)
Then, by applying (41), we find

(Hl*,vl) = (Hlllg ] HH_ ] H’{f,vlf)



VALUE INTEROPERABILITY: MEMORY MANAGEMENT AND POLYMORPHISM 349

and
(HhyWHa WHa WHoywHapr, [x1 > Vo, x2 5 Vo yn3(hF (e2T))) —r1, (Hy,WHa wH3f, var)

where H”

1o Ho, © W' for some

W’ E(dom(H1+),dom(H2+)),rchgclocs( W ,FL(cod(H1+))UL1,FL(cod(H2+))UL2) w"

and
(W, (Hiy,vir), (Hap,var)) € V7],

Then, choose H} = HY;, Hy = H3,, W' = W" H} =H

s 5 19> and H’QQ = HIQ/g‘
Notice that

W E(dom(H+ ),dom(Hax ),rehgclocs( W, FL(cod(Hy 1 ))UL1, FL(cod(Ha 1 ))uLs) W

by Lemma C.0.2. This suffices to finish the proof. O

Lemma C.0.35 (Compat !v). If A;T; AT v Xv:T , then
AT AT v v e

Proof. Expanding the definition of <, -*, £[-]. and pushing substitutions
in the goal, we are to show that

HY, HY, WHoy « M Heap 3Hy, W', Hj, va.
Hio = Hj  wH] wHi AH, Hyp o W7 A

W C(dom(H1 ) .dom(Has )),rehgclocs( W, LiUFL(cod(H14 ), LaUFL(cod(Ha 1)) W' A
(W', (H],v1), (Hh,v2)) € V[I7], A
(Hagt € Hy WHyy 42 (42(vT))) =L, (Hy, & Hy W Hap vo) =

given arbitrary p,yL,vr, W, L1, Ly, Higy,Hog @ W,vi,Hy,Ho Hig
M Heap,Hq,, such that

p-L3 € D[A], p.F € D[A], (W,r) € G[U]p, (W, Hi, Ha, o) € [T,

and
(Higy WH1 W H1 1,71 (F(v1)) 21, (Hie,vi) =
By Lemma C.0.10, (W,Hy,H2,v1,) € G[!T], implies H; = Hy = (). Then,

by instantiating the first induction hypothesis with p,~vr, v, W, 0,0, we
find

(W, (0,7 (v, (0,12 (E())) € Elr,

Therefore,
(Hl*,vl) = (Hllg ] Hlf (] H1+,V1)
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and
(Hagt W Hap, 72 (VA (V1)) 1, (Hh, WHap WHay v2) 1,

where H

/. !/
19> Hag + W' for some

W E(dom(H1),dom(Has )).rehgelocs( W, Ly UFL(cod(H1 1)), LaUFL(cod(Ha))) W'

and
(W', (Hif,v1), (Hap,v2)) € V[7],

However, by Lemma C.0.11, 74 (v(v")) and 42 (y2(v1)) are target val-
ues, so the original configurations (Hig+ W Hit, v (3 (v1))) and (Hogt W
Hat, 72 (v2(vT))) must be irreducible. Ergo, the heaps that these configura-
tions step to must be the initial configurations, so Hi44 = H’lg W Hpy and
H2g+ = Hl2g (] Hgf.

Now, notice that, by the definition of Atom,, Hiy : M Heap and Hay :
M Heap. However, since Hig4,Hagy : W, we also have Hig4 : GCHeap and
Hogy : GCHeap. Thus, Hiy and Hyy has only manually mapped locations
while Hi44 and Hogq have only garbage collectable locations. However, the
observation above implies Hy1y C Hiyy and Hay C Hagy, so this must imply
H1f = H2f - Q)

Ergo, (W', (0,v1),(0,v2)) € V[r],. From here, it follows that
(W', (0,v1), (0,v2)) € V[!7],, which suffices to finish the proof. O

Lemma C.0.36 (Compat let !x). If A;T; AT Fep < ep @ !y and
AT AT, x: 11 FHeg Xeq:To, then

AT AT Wl Hlet Ix = e ineg <let Ix = e ineg :

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

3HY, HY, VHay : M Heap.3Hy, W/ H5  vo.

Hio = Hj, @ H wHi AH HY o WA

W C(dom(H, . ),dom(Hay )),rehgelocs( W, Ly UFL(cod(H1+)), LaUFL(cod(Ha ))) W' A
(W/7 (H/17 V1)7 (H/27 V2)) € V[[TQHP A

(Hag+ W Hy WHay let x = 4f (2(ex™)) in 7f (7R (e2™))) =1,

(HIQQ ] HIQ H H2+,V2) —

given arbitrary P YL, T, W7L17L27ng+7H29+ : W7V17H17H27H1+
M Heap, Hi,, such that

p-L3 € D[A], p.F € D[A], (W, 1) € G[I'],,
(W7 Hl) H27’YL-I‘) € g[[rl & FZ]],m’YL-A = 710cs(p'L3)
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and
(Hig+ WH1 WHiy let x = 41 (v (ex™)) in v (vi(e2™))) D1, (Hiovi) =

Then, by Lemma C.0.9, there exist v1,1,719, H11, Hir, Haz, Hap such that
YL = YL1 W YLe, Hi = Hyy W Hy, Hy = Hy W Hop,

(Wa H1l7 H2l7’YL1) S g[[rl]]p

(W7 Hlm H2r77L2) S g[[r2]]p
and for all j € {1,2},

At (et) = yi(i(e))

At (e2)) = i (v (e2™))

Then, by instantiating the first induction hypothesis with
P,V VL1 W7 Hlla H2l7 we find

(W, (Hi,vwi(vr(er ™)), (Hu, vi(vi(en™)))) € Eml,

Thus, by Lemma C.0.14, we have
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(Hig+wHuwHL 8H1 71 (7 (e1))) = L Uppin st eatyy) (Hig8H1wH1L wHT, Vi) =

and, for any Hoy,

(Hag+ WHatwH2 0Ho 1, v (02 (1)) = 1,0 prin 302 (eat))) (HagWH2rH2 4 9HZ, var) -

where H/

/. !/
19> Hag + W' for some

WE (dom(Hir & Hiy), dom(Hoy W Ha ),

rchgclocs( W, FL(cod(H1,)) U FL(cod(H14)) U FL(yL3 (7 (e2T))) U L1,
FI{cod(Ha,)) U FL(cod(Hz)) U FL(v3(v3(ex+))) U L2)
Wl

and

(W/7 (HTZ7V1|)7 (H;l,V2|)) € V[[!Tl]]p
By expanding the value relation, we find Hj, = H} = 0 and
(W/, ((Z)v VT)? (@7 V;)) € v[[Tl]],D‘

Thus, the original configuration steps as follows:

(Hig+ WHy WHy, WHip let x = y1(i(en™)) in yd(vi(e2™))) N XL,
(H’lg WHy WHiL, let x = vi in ypi(hi(e2™))) — 1,
(Hi, WH WHig, [x = vilwb (v (e2T))
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and

(Hogt W Hy W Hy WHyy let x = yri(E(er™)) in yn3(vf(e2™))) = *1,
(Hby W Har W Ha let x = v3 in y13(vE(e2))) =1,
(Hy, & Ha W Hay [x = v3]yL5 (7 (e2))

Then, notice that
(le Hir, Hop, 7L2[x = (VI, V;)]) € g[[r7 X Tlﬂp

because, by Lemma C.0.3, (W', Hy., Homviy) € G, x: 7], and
(Wl, (wa VT)? ((Dv V;)) € V[[Tl]]p'

Let 70y = YLo[x — (vi,Vv3)].

FErgo, we instantiate the second induction hypothesis with
P, PYL/27 HlTa H2T to find that:

(W, (Hir, x = vilyms(vi(e2™))), (Har, x = v3]n3(vE (e2T)))) € E72],
(42)
Next, by the assumption that the configuration on the left-hand side
terminates, we have

(Hyy WH1 WHig, [x = vilys (v (e2 ™)) 51, (Hie,va) 1,
Then, by applying (42), we find
(His,vi) = (HY, W H1y W H;, vig)
and

( /29 W H2'r (] H2+7 [X = V;]FYL%(’Y]Z‘(62+))) ;LQ ( /2/9 ) H2+ ] H§f7 V2f)

where H”

1g:Hay + W for some

W' C (dom(Hy ),dom(Ha.)) rehgelocs( W, LiUFL(cod(H1 4 )), LaUFL(cod(Ha 1)) W'

and

(W", (H1 s, vie), (H3p,vor)) € V[72],
Then, choose H| = Hi, H, = H3 W' =w", H/1g = Hlllg’
Notice that

W' E(dom(Hy 4 ),dom(Ha )),rehgelocs( W, L1 UFL(cod(H1 4 )), LaUFL(cod(Hay))) W' by
Lemma C.0.2. This suffices to finish the proof. O

[ "
and Hj, = HY,.

Lemma C.0.37 (Compat dupl e). If A;T; AT e <e: 7, then

A;T; A;T Hdupl e 2 dupl e: 17Q!r
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Proof. Expanding the definition of <, -T, £[-]. and pushing substitutions
in the goal, we are to show that

JHY, HY,-VHay : M Heap.3Hy, W' Hy  vo.

Hio = H, o H wHi AH Hy c WA

w E(dom(H1+),dom(H2+)),rchgclocs(W,L1UFL(cod(H1+)),L2UFL(cod(H2+))) WA
(W', (H},v1), (Hy, vo)) € V[Ir®!7], A

(Hog+ WHa W Hoy let x = ~2(72(e™)) in (x,x)) 51,

(H/29 W HIQ %) H2+,V2) >

given arbitrary p,yr,yr, W, L1, La,Hig4, Hogr : W,vi,Hy,Ho  Hiy
M Heap,Hi,, such that

p.L3 € D[A], p.F € D[A], (W,~r) € G[T'],, (W,Hi,Ha,71) € G[T],
and

(Higy WHiwH4, let x = fy%‘(*yllﬂ(el'*')) in (x,x)) i>L1 (His,v1) -

We can instantiate the first induction hypothesis with p,~r, 1, H1, Ha to
find

(W, (Hi,v (1 (e1)), (Ha, i (R (eT))) € €[t
Thus, we find

*

(ng-‘r WH ¥ H1+77%,(7]£(e+))) L ( llg W HT W H1+7VI) L

and
(Hagi & Ho W Hay, 27 (47 (€7))) =1, (Hyg W HE W Ho 1 v3) -+,
where H} , Hy, : W' for some

W E (dom(Hy 4 ) dom(Ha. )) rehgelocs( W, Ly UFL(cod(H1 4 )), LaUFL(cod(Ha1 ))) W'

and
(W', (H1,v1), (H3,v3)) € V[!7],

By expanding the value relation, we find Hf = H3 = 0.

Thus, the original configuration steps as follows:

(Higr W H1 WHiy let x= ~f (vf(eh)) in (x, x)) = *,
(Hig WHiy let x = viin (x, x)) 5 %,
(Hllg © Hl-‘r) (VI? VT))

353
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and

(Hagt W Ha W Hay let x = ~2(42(e?)) in (x, X)) = *p,

(Hh, W Hap let x = v in (x, X)) = L,

(Hyy W Hay, (v3, v3))
Notice that both of these configurations are irreducible because (vi,v7)
and (v3,v3) are both values. Next, choose H| = 0, H’lg = H’lg, H, = 0,
and Hy, = Hj . Finally, we find (W', (0, (vi,v7)), (0, (v3,v3))) € V['T®!7],
because (W', (0,v7), (0,v3)) € V['7],, which suffices to finish the proof. [

Lemma C.0.38 (Compat drop e). If A;15 AT e <e: 7, then

A;T; A;T + drop e < drop e : Unit

Proof. Expanding the definition of <, -*, £[-]. and pushing substitutions
in the goal, we are to show that

3H1, HY,.VHa : M Heap.3Hy, W/ H5  vo.
Hio = Hj, WH] wHi AH Hy 0 WA

W' C(dom(Hy4 ),dom(Has ) rchgelocs( W, L UFL(cod(H14. ), LaUFL(cod(Ha))) W' A
(W', (H},v1), (H5, v2)) € V[Unit], A

(Hagi W Hy W Hay let - = 47 (72 (e™)) in () S,
(HIQQ ) HIQ (] H2+,V2) >

given arbitrary p,yr,yr, W, L1, Ly, Higy,Hog+ © W,vi,Hi,Ho Hip
M Heap, Hi,, such that

p.L3 € D[A], p.F € D[A], (W, 1) € G[T],,
(W,Hy,Ha, 7 .T) € G[T] 5, 7L-A = Yoes(p.L3)

and

(Hig+ WHy WHyp let - = ~Af(yi(eh))in () S, (His,vi) =1,

We can instantiate the first induction hypothesis with p,~yr, v, H1, Ha to

find
(W, (Hi,9 (7 (e1))), (Ha,2E (P (e1)))) € €Nt
Thus, we find
(Hig+ W HiWHi v (v (eT))) Sy (Hyg WHis W H V) »
and

(H29+ WHy H2+77%(712(e+))) i>Lz (H/2g WHyp & H§7V§) Lo
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!/

where Hj,

H, : W’ for some

w E(dom(HH_),dom(H2+)),rchgclocs( W,L1UFL(cod(H14)),LoUFL(cod(H24))) W'

and
(W/a ( Tuvi)a (sz\/;)) € V[[!T]]P
By expanding the value relation, we find Hf = H} = 0.

Thus, the original configuration steps as follows:

(Higr WHi WHyy let - = ~L(vi(et))in () 5 *1,
(Hllg WHip, let - = vjin 0) 5 X[,
(Hiy wH1, ()

and

(Hag+ & Ho WHap let = ¢ (7(e™)) in () = L,

(Hp, W Hay 0 HE, let = v5 in ()) =5 i,

(Hyy W Ha WH3,, ()
Next, choose Hy = (), H}, = H},, Hy = 0, and Hy, = H5 . Then, we find
(W'.(0,0),@,())) € V[Unit], by definition, which suffices to finish the
proof. O

Lemma C.0.39 (Compat new e). If A;I; A;T' e <e: 7, then
A;T; AT HFnew e <new e: IC.cap(T & !ptr

Proof. Expanding the definition of <, -*, £[-]. and pushing substitutions
in the goal, we are to show that

JHY, HY, VHay : M Heap.3Hy, W' Hy  vo.

Hio =Hj, @ H W Hi AH HY c WA

W C(dom(H),dom(Hay ) rehgelocs( W, L UFL(cod(H14.)), LeUFL(cod(Hz ))) W' A
(W', (H},v1), (Hy,v2)) € V[IC.capCT @ !ptr], A

(Hagt W Ha W Hay let — = callge in let x, = ref 42 (72(e 1)) in ((), x0)) =1,
(HIQg W H/2 ] H2+,V2) —

given arbitrary P VL, T, WJ L17L27ng+)H2g+ : W7V17H17H27H1+
M Heap, Hi,, such that

p-L3 € D[A], p.F € D[A], (W,~r) € G[I],. (W, Hi,Ha, 7)) € G,

and

355

(Higr WHiwH , let — = callgc in let x; = ref A1 (v (e ™)) in ((), x¢)) =1, (His,v1) =1,
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First, notice that

(Hig+ WHy W Hyy, let - = callge in let x, = ref v (vi(e™)) in (), x¢)) =1,
(Higa WH1 W Hip, let = () in let x; = ref 7£(7%(e+)) in (), x¢)) =1,
(Higa W H1 W Hiy, let xp = ref 47 (v (e™)) in (), x¢))

and similarly,

(Hagt WHa WHay, let = callgc in let x, = ref 72 (v2(et)) in ((), x¢)) 1,
(Haga W H2 W Ha let xp = ref 47 (vE(eT)) in (), x/))

for some heaps Hi4q : GCHeap,Hayq : GCHeap. By Lemma C.0.4, there
exists a world

wC Wa

(dom(Hl) %) dOm(H1+), dom(Hg) &) dom(H2+)),
rchgclocs( W, FL(cod(H14)) U FL(yi (7 (e))) U L1,
FL(cod(H2+)) U FL(77 (7 (e))) U L2)

such that Higq, Hoga : Wa.

Then, since G[I'],, G[I'], are closed under world extension by
Lemma C.0.3, we can instantiate the first induction hypothesis with
P>V VL Wav H17 H2a so we find

(Wa, (Hi, v (v (€9))), (He, 72 (0 (€7)))) € €71,

Ergo,

(Higa WH1 W Hiy, 1 (71 (7)) S, (Hy, wHT WH1y,v1)
and

(Haga W Hz & Hoy 72 (77 (€7))) r, (Hiy W H3 © Hay v2)
where H , Hy, : W' for some

Wa E(dom(H1+),dom(H2+)),rchgclocs(W,FL(cod(HlJr))ULl,FL(cod(H2+))UL2) W’

and
(W/7 ( T7V1)7 (H§7V2)) € V[[T]]p
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Thus, the original configuration steps as follows:

Hig+ W Hy WHL, let - = callge in let x, = ref 4l (v (et)) in ((), x¢)) —*>L1
Higa W H1 WHiL, let xp = ref 4f (vE(e™)) in ((), x0)) 5o,

Hi, WHT WHi, let xp = ref vy in ((), x0)) 5o,

H1, wH[G S vi] WHyy let xg = £1 in ((), x¢)) = #1,

Hi, W HT[G & vil W Hiy, (0, 41))

(
(
(
(
(

and, by similar logic,
(Hag+WHawHo let o = ref 77 (77 (e™)) in ((), x¢)) = #1, (HygwH3 [l = vo]wHay, (), £2))

for some locations ¢1 ¢ dom(H},WH]WH; ) and 5 ¢ dom(Hy, WH5WHs ).
Now, we can choose H] = Hi[¢1 — vi], H, = H3[le — o], W' = W/,

HY, = H;

190 and Hy, = H5 . Thus, it suffices to show:

(W/7 (HT[El — V1]7 (()761))7 (H;[eg = V2]7 (()7€2>)) € V[[HC.C&p (7 @ lptr C]]p

By expanding the value relation, it suffices to show:

(W', (Hi[er = va, (), €1)), (H3[l2 = v2], (), €2))) € V[cap ¢ 7 & !ptr Clowacys (e b))

By expanding the value relation and splitting the heaps appropriately, it
suffices to show

(W', (Hi[lr = va], 0), (H3[l2 = v2], ())) € VIcap ¢ Tlyua(e)s ety (43)

and
(W' (0,41),(0,£2)) € V[!ptr Clpws(c)—(e,6)] (44)

We first prove (44). By expanding the value relation, it suffices to show:

(W', (0,41), (0,£2)) € V[ptr C]pmsc)m,6)]

Then, since ¢ clearly maps to (¢1,£2) in the environment in the above value
relation, we are done.

Next, we prove (43). By expanding the value relation, since ¢ clearly
maps to (¢1,%2) in the environment in the value relation, it suffices to show

(W', (H7,v1), (H2,v2)) € V[Tl oLa(c)s (t1,02)]

However, we have (W', (H},v1), (H3,v2)) € V[7],, and extending p does
not remove any atoms from the value relation, so this suffices to finish the
proof. O
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LA
o

Lemma C.0.40 (Compat freee). If A;T;AT e
d¢.cap(T ® !ptr(, then

AT AT+ free e < free e : 3¢.7

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

SHY, HY, YHo . : M Heap.3Hj, W', Hy,, vo.
Hi. = Hj, WH] wH1 AH, Hy 0 WA
w E(dom(H1+),dom(H2+)),rchgclocs(W,FL(cod(H1+))UL1,FL(cod(H2+))UL2) W’ A
(le (Hllv V1)7 (H/2a V2)) € V[[EIC'THP A
(H2g+ WHy W Hoy,

let x = 72 (v3(e™)) in let x, =!(snd x) in let _ = free (snd x) in x,) >,
(Hp, W Hy W Hay vo) =

given arbitrary p,yr,vr, W, L1, Ly, Higy,Hog+ © W,vi,Hi,Ho Hip
M Heap, Hi,, such that

p.L3 € D[A], p.F € D[A], (W,~r) € G[I'],, (W, Hi,Ha,71) € G[T],

and

(Hig+ W H1 WH,
let x = v (vi(eT)) in let x, =!(snd x) in let _ = free (snd x) in x,) —>1,
(Hie,v1) =1,

By instantiating the first induction hypothesis with p, yr,v1,, Hi, Ha, we
find

(W, (Hi, v (v (€9))), (He, 72 (0E(€7)))) € E[FC.cap T @ !Iptr (],

Ergo, by Lemma C.0.14,

*

(Hig+ & Hi W Hi v (v1(e7))) Sry (Hyg WHT W H1 v

and
(Hagt & Ha W Hay 77 (vE(€7))) 1, (Hag WHS WHay va) -1,
where H} , Hy, : W' for some

W E(dom(HlJr),dom(H2+)),rchgclocs( W ,FL(cod(H14))UL1,FL(cod(Ha4))UL2) w'

and
(W', (H1,v1), (H3,v2)) € V[F.cap (T @ !ptr(],
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By expanding the value relation, there exist some locations ¢1, o and, for
any ¢ € {1,2},
Vi = (()7&)
and
H;‘ = H;} ] {@L — Vhi}

where
(W', (HY, vi1), (H3,vh2)) € V[T]pws(c)m(e,6)]

Thus, the original configuration steps as follows:

(Higy WHy WHpy let x = 4L (v (eT)) in let x, =!(snd x) in let _ = free (snd x) in x,) = *1,
(Hy WHY W {f1 — v} WHy,

let x = ((), 1) in let x, =!(snd x) in let _ = free (snd x) in x;) = %z,
H' WHY W{l — vh} WHiL, let x, =107 in let _ = free {1 in x,) = %,

1g 1 + 1
(H’lg WHY W {1 — vh1} WHiy, let x, = vp1 in let _ = free £1 in x,) = XL,

(] W1 — Va1t W Hiy, let = 1Tree £1 In vh1) — *[,

Hi, W HY w {¢ Hyy,l free £y i % %,
(Hllg W H] W Hit,vh1)

and by similar logic,
(Hagy W Ha W Hay et x = 22 (72(e™)) in let x, =!(snd x) in let _ = free (snd x) in x,) = %,

(H5, W HS W Hay vino)

Then, we can take W' = W', H} = H{, H, = Hj, H}, = H{  and
Hy, = Hj,. Thus, it suffices to show

(W,a (H?ljvvhl)7 (Hgavh2)) € V[[EICTHP

Because we have (W', (H{,vn1), (H3,vh2)) € V[T] Ls(c)41,6,)]> the above
statement clearly follows, which suffices to finish the proof. O

Lemma C.0.41 (Compat swap). If A;T5 AT F ep < eq : cap( 7y,
AT AT ey Reg:ptr(, and AT A;T's ez < ez : 13, then

A;T; AT Hswap e es e3 <swap ey ez eg:cap(ms ® 71
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Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

JH1, HY,-VHay : M Heap.3Hy, W' H5  vo.

Hio =Hj, @ H wHi AH Hy c WIA

W' E (dom(H,),dom(Hs. )),rehgclocs( W, L1 UFL(cod(H1 ), LaUFL(cod(Ha ))) W' A
(W,v (H/17V1)7 (H,Qav2)) € V[cap( T3 ® Tl]]p A
(Hag4 WHy W Hay,

let xp = 2 (72(e2)) in let - =2 (72(e1)) in let xp» = Ixp in

2
let - = (xp := 2 (72 (es+))) in (0, xv)) =1,
(Ha, W Hy W Hay vo) =

given arbitrary P YL, VT W7 le L27 ng+7 H29+ : W7V1a Hla H27 H1+
M Heap,Hi,, such that

p-L3 € D[A], p.F € D[A],(W,4r) € G[I'],, (W,Hi,H,71,) € G[I'1 W 'y W 3],
and

(ng+ WH WH4,

let xp = i (vE(e2™)) inlet - =i (7i(e1)) in let xp» = Ixp in
let - = (xp := 71, (7 (e3+))) in (0 xv1)) =1y

(Hie,va) »1,

Then, by applying Lemma C.0.9 twice, there  exist
YL1,7YL2; VL3> Hlau Hlbv Hle H2a7 H2ba HQC such that ’YLI‘ = TL1 W YL2 W YL3
Hi = Hy, WHyp WHie, Hy = Hag W Hop W Ha,

(Wa H1a> H2a7 7L1) S g[[rl]]p

(W7 H1b7 H2bv ’YLQ) € gIIFZ]]p
(Wv H107 H2ca 'YL3) S g[[FS]]p
and for all j € {1,2},

Then, by instantiating the second induction hypothesis with
P, TL2s W7 H1b7 HQba we find

(W, (Hp, yua (1t (e21))), (Hap, 103 (77 (e2™)))) € Eptr (],
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Thus, by Lemma C.0.14, we have

(Higt W H1a W Hip & Hic W H1 91501 (02))) = 1i0mnn (o (en H)URLGL A G (es )
(Hllg WHigWHic WHiL W H’{b,vlb) -+

and, for any Hoy,

(Hzg+ W Hoy W Hop W Hy e W H2+7 ’7L%(712(e2+))) ngUFL(ny('y[Z.(e1+)))UFL(7L§(7ﬁ(es+)))
(Hl29 ) H2a (] H2c W H2+ W H;ba V2b) -

where H/

/. /
19> Hag o W' for some

W E(dom(H1awH1owH1 ), dom(HagwHzewH24 ),
rchgclocs( W, FL(cod(H1q))UFL(cod(H1c))UFL(cod(H14))UFL(vL1 (vt (ext)))UFL(vLi (v (esT)))ULx,
/
FL(cod(H34))UFL(cod(H¢)\UFL(cod(Ha4 ))UFL(y1.3 (+2 (e1 ) UFL(v3 (v (es+)uLz) W

and
(W/7 ( Tb?vlb)a (H§b7 V2b)) € V[[ptI‘ C]]P

Expanding the value relation, we find that Hf, = H}, = 0 and there exist
locations {1, ¢2 such that p.L3(¢) = (¢1,42) = (V1ib, Vab)-

Then, since G[I'],,G[I'1 ¥ I's & I's],, are closed under world extension

by Lemma C.0.3, we can instantiate the first induction hypothesis with
P> VL1, le Hia, Hoa:

(W', (Hias i (71 (e17))), (Haa, (7 (e 1)) € E[cap ¢ ],
Thus, by Lemma C.0.14, we have

(Hiy W Hie WHie WHLp 71 (€1 ™) 2 Lurnd (i (es))

(Hll/g WHi W H1+ ] HTmVla) —

and, for any Hoy,

(Hoy & Haq W Hoe W H2, v (2 (€17))) = £,0pn(01.3(12 (e0+)))
(Hgg W Hy & H2+ ] H§a7V2a) —#>

where H”

1o H, o W for some

WS (dom(Hie WH1L), dom(Ha, W Hay ), v
rchgclocs( W, FL(cod(Hic)) U FL(cod(H1+)) U FL(yri(vE(es™))) U L1,
FL(cod(Hzc)) U FL(cod(Hz+)) U FL(yL3 (7 (es™))) U L2)

and
(W//7 ( Tav V13)7 (HZav VQQ)) € Vﬂcap C Tl]]p
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Expanding the value relation, we find that vi, = vo, = () and there exist
values v, vp such that H}, = Hig, W {61 MY vi}, H3, = Hagw W {l2 S vo}, and

(W/la (Hlavyvl); (HQaU;VZ)) € V[[Tl]]p

Then, since G[I'],,G[I'1 W I'y W I'3], are closed under world extension
by Lemma C.0.3, we can instantiate the third induction hypothesis with
P> VL3, Wﬂv Hice, Hoc:

(W', (Hie, w3 (vt (es ™)), (Hae, 3 (i (es™)))) € E[7s],

Thus, by Lemma C.0.14, we have

*

(HY, W Hia W {f & vi} WHi W Hi i (vi(es™h))) =1,

(HY W Hig & {6 ™ vi} W H L WHY, vic) -

and, for any Ho,,

*

(Hy, & Hogy W {la ™ vo} W Hoe W Hay 03 (hE (es™))) =1,

(Hg; WHou W {52 Y Vz} ] H2+ ] H;C,Vgc) —

where HYy, Hy, : W for some

W// C WI//

- (dom(HlaU G} H1+),dom(H2m, G} H2+)),
rchgclocs( W”, LU FL(cod(H1+)) U FL(Cod(Hl(w)) U FL(Vl),
Lo U FL(cod(Hay)) U FL(cod(Haay)) U FL(v2))

and
(W”/7 ( ch V1C)7 (ch, V2C)) € VIIT3]]P
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Thus, the original configuration steps as follows:

(ng+ WHi WHp WHic WH4,
let xp = 7L (7E(e2™)) in let - =i (7i(e1)) in let x, = Ixp in
let = (xp := 7L (3 (e3+))) in (), %)) =i,
(Hllg WHig WHic WHi4,
let x, = £1 in let _ =~ (vi(eq1)) in let xp = Ixp in let _= (xp := 7 (vE(es+))) in ((),xv)) =1,
(Hy, ®Hig WHic W H
et = L (vE(er)) in let xys = 16y in et = (&1 = L (1(es))) in (o) i
(Hlllg ] Hla'u ] {fl lﬁ) Vl} ] ch (] H1+,
let - = ()inletxs = Wyinlet - = (¢1:= i (vE(es+))) in (0,x)) =1,
(HY, @ Hia W {6 & vi} WHi W Hy,
let x,» = 01 inlet _ = ({1 := L (vi(es+))) in (), xv)) =1,

(Hll/g W Higy W {gl s Vl} WHi W H1+7

let x, = viin let _ = (f1:= 7 (3 (es+))) in ((),xv)) =1,

(Hll/g WHg W {61 it Vl} WHicWHip, let = ({1 := ’yi(”y%(G:;-F))) in ((),Vl)) i>L1
(HY% W Hia & {6 & vi} WHT W Hy let _= (01 :=vic) in ((),v1)) =1,

(Hlllz7 WHig W {61 udt Vlc} WHi, WHi4, let - = () in ((),V1>) i>L1

(HY% W Hia W {6 S vic WHi W H1, ((),v1)) =

and similarly, on the other side, the configuration steps to:

(H3g & Haao W {€2 7 vac} W H3, W Hay (), v2))

Then, choose Hyy = Hig, W {1 5 vi} W Hi., Hy = Hag W {l2 s

vack WH3, W' = W" Hyj, = Hf}, and Hy, = Hy,. First, notice

that W E(dom(H1+),dom(H2+)),rchgclocs(W,L1UFL(cod(H1+)),LQUFL(cod(H2+))) w"
by Lemma C.0.2. Then, to finish the proof, we must show that

(Wma (Hlavw{gl 'ﬂ V1C}L'HH>{07 (()7 V1))7 (HZaULﬂ{EQ 'g V2C}L+JH;(:7 (()7 VZ))) € Vﬂcap C T3 ® Tl]]p

First, we have (W"', (Hiav, V1), (H2av,v2)) € V[71], by Lemma C.0.3. Thus,
it suffices to show:

(W, ({£1 ™ vicy WHi., (), ({2 7 vac} WH3,,v2)) € V[cap ¢ 73],

This follows from the fact that p.L3({) = ({1,¢2) and that
(W (Hi.,vic), (H5.,vac)) € V[73],, which suffices to finish the proof. [

Lemma C.0.42 (Compat Al.e). If A;T A T'He <e: T, then

AT, AT HAC.e X Al.e: V(C.T
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Proof. Expanding the conclusion, we must show that given

vp?VFaVL? W7H17H2-
p-F € DIA]Ap. L3 € D[A] AN (W,ar) € G[I'], A (W, Hi,Ho,71,.T') € G[I'],
A VLA = Yoes(p-L3)

it holds that:
(W, (Hi, et (1 (€9))), (Ha, A i (vE(eT)))) € EIVC.T,
By Lemma C.0.8, it suffices to show that:
(W, (H1, Axeat, (1 (1)), (Ha, Axe A2 (97 (e1) € VIVEC.7],
By expanding the value relation, for any locations #1, 2, we must show

(W, (Hi, 7 (v (), (He, 72 (vE (1)) € ElTlonaicrer )

Let p' be a record such that p/.F = p.F and p/.L3 = p.L3[( — ({1, 02)]. Tt
is easy to see p/.L3 € D[A,(], given that p.L3 € D[A]. Thus, we can
instantiate the first induction hypothesis with p’, v, v, W, H1, Ha, which
suffices to show the above statement. O

Lemma C.0.43 (Compat e [¢']). If A;T; AT Fe <Xe:VC.7 and ¢’ € A,
then
AT AT Re [ e [¢]:[¢ = ¢Ir

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

ElH’l, H’lg.VH2+ : MHeap.EIH’Q, w’, leg,VQ.

Hio = Hj, @ H wHi AH HY o WIA

w E(dom(H1+),d0m(Hg+)),rChgclOCS(W,L1UFL(COd(H1+)),L2UFL(COd(H2+))) W/ A
(le (H/17V1)7 (Hl2av2)) € V[[[C = C,]T]]P A

(Hag+ & Ho WHap v (v (eT)) () =1,

(Hég &) H/2 WHay,v2) »

given arbitrary P YL, VT W7 le L27 ng+7 H29+ : W’ Vi, Hla H27 H1+
M Heap,Hi,, such that

p-L3 € D[A], p.F € D[A], (W,r) € G[I',,
(W, Hi, H277L-F) € g[[r]]pa’YL-A = ’Ylocs(,O.L3)

and
*

(Hig+ WH1 W Hip, 7 (v () 0) 21, (Hiva) »1,
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First, we can instantiate the first induction hypothesis with
s, 7L, Hi, Ha to find that:

(W, (Hi,71, (vt (eM))), (Ha, 72 (vE () € ENVE.7],

Thus, we find

(Hig+ W H1 W Hip 1 (v (e))) =p, (Hy WHT W HL Vi) 0,

and
(Hog+ W Ha & Ha i 9E (47 (€7))) iy (Hy W HS W Hoy v3) o,
where H , Hy, : W' for some

W' E(dom(H+ ).dom(Ha- )),rehgelocs( W, Ly UFL(cod(H1 1)), LaUFL(cod(Ha ))) W'

and
(W', (H7,v1), (H3,v3)) € V[VC.7],

By expanding the value relation, we find vi = A_.ej and v5 = )\,.e;g where
(W’,( 1reb)s ( 27eb)) € 5[[7']];)[L3 (&)= (£1,02)] (45)

Ergo, the original configuration steps as follows:

(Hig+ & Hi & Hip vf (v (e)) () = *1,
(H'lg WH W Hi, Aef () 5%,
(Hllg @ HT W H1+v e;)

and
(Hagt WHy W Hyp 72 (v2(e™)) () = *1,
(H/2g W H; & H2+a el)

Next, by the fact that the configuration on the left-hand side terminates,
we have
(Hi, WH WHiy ef) =1, (Hi,vi) =1,

Then, by applying (45), we find that
(Hie,vi) = (HY, WH W Hy V)
and
(Hhy WHS WHayel) S, (Hay @ HE W Hay vh) =,

where HY,, Hy, : W for some

1g»

365
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W' C (dom(Hy 1 ),dom(Ha ) rehgelocs( W, Ly UFL(cod(H1 1)), LaUFL(cod(Hz ))) W'

and
(W”’ ( T*’ V;)’ ( 3*7 V;)) € V[[T]]p[LS(C)H(Zl,Zg)}
Then, by Lemma C.0.6, we find

(W, (H{* VD), (H3*,v5)) € V[[¢ — ¢'17],

Finally, we can take H; = Hi*, H, = H W =
w" ~Hy, = Hf, and H; = Hy,. Notice tha/‘f
W E(dom(My4),dom(Hay ) rehgelocs( W, LyUFL(cod(Hy 1)), LaUFL(cod (M1 ))) W
by Lemma C.0.2. This suffices to finish the proof. O

Lemma C.0.44 (Compat "¢, e). If A;T; AT Fe=<e: [ (|7, then
AT, AT, en=rl!, en: 3T

Proof. Expanding the definition of <, -, £[-]. and pushing substitutions
in the goal, we are to show that

TH), Hy, VHay : M HeapHy, W', Hy,, vo.

Hio = Hj, @ Hy wHi AH HY - WIA

W C(dom(H14 ),dom(Has )),rchgelocs( W, L UFL(cod(H14.)), LaUFL(cod(Ha 1 ))) W' A
(le (Hllvvl)’ (H/27V2)) € V[[[C = C,]T]]P A

(Hagy WHa WHay, 7L (4] (1)) =1,

(H, & Hy W Hay vo) =

given arbitrary P YL, T, W7L17L27H1g+7H29+ : W,Vl, H17H27H1+
M Heap,Hi,, such that

p-L3 € D[[A]]va € D[[AII’ (Wafylﬂ) € g[[r]]lh (Wa Hi, H277L) € g[[r]]ﬂ

and
*

(Hig+ WH1 W H, v (vh(e))) i, (Huovi) =1,

First, we can instantiate the first induction hypothesis with
0,70, YL, W, Hi, Ha to find that:

(W, (Hi, 7 (vi(eF), (He, 7P (vE(e1)))) € ENI¢ = <7,

Thus, by Lemma C.0.14, we find

*

(Higr @H1 WHi, 9 (v () =1, (H, HT WHi,v]) -1,
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and
(Hagy W Hy WHay, 4f (vE(e™))) =L, (Hy, WHS W Hoy,v3) -1,
where H , Hy : W' for some W C(qom(Hy, ) dom(Has ) rehgelocs( W, Ly UFL(cod(H1s ), LaUFL(cod(Har )
W’ and
(W', (H1,v1), (H3,v3)) € V[[C — (']7],
Then, we can take H} = H}, H, = Hi, W' = W/, H’lg - H

19 and
Hy, = Hy,. Thus, it suffices to show:

(W/’( T?VD’ (HZ’V;)) € v[[ElCT]]P

By expanding the value relation, it suffices to show:

(W', (H7,v1), (H3,v3)) € VIT]owa(c)ms (,62)]

The above statement must hold by Lemma C.0.6 because we have that
(W', (H1,v3), (H5,v3)) € V[[¢ — ¢’]7], from earlier, which suffices to finish
the proof. O

Lemma C.0.45 (Compat let "¢, x7). If A;T5A; T F ey <eq: 3¢,
A;F;A,C;Fz,x L T1 F ez R eg Ty and FLV(TQ) - A, then

AT AT W Hlet ¢, x7=e1 iney Xlet "¢, x7 = €7 in ez : T

Proof. Expanding the definition of <, -*, £[-]. and pushing substitutions
in the goal, we are to show that

JHY, HY,-VHay : M Heap.3Hy, W' Hy  vo.

Hio = H, o H wHi AH Hy o WA

W C(dom(H1),dom(Hay )),rehgclocs( W, LiUFL(cod(H14 ), LaUFL(cod(Ha 1)) W' A
(W,7 (H/bvl)v (H,27V2)) € V[[T2]]ﬂ A

(Hag+ WHy WHay let x =1 (42 (e1™)) in 72 (R (e2™))) =1,
(H’zg WH, WHop, vo) -

given arbitrary P VL, T, W7L17L27ng+)H2_q+ : W7V17H17H27H1+
M Heap, Hi,, such that

p-L3 € D[A], p.F € DIA], (W, 1) € G[I]p, (W, Hi, Ha 1) € G W ],
and

(Hig+ WHy WHip, let x =1 (v (er™)) in 71 (v (e2™))) Spp (Hiwova) =1,
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Then, by Lemma C.0.9, there exist v1,1, YLy, H11, Hir, Haz, Hor such that
YL = VL1 W yLe, Hi = Hyy WHy, Ha = Hyy W Ha,,

(W7 Hlla H2l7 7L1) € g[[rl]]p

(Wa lea H2T7’YL2) € g[[F2]]p
and for all j € {1,2},
" ((et) = wi(i(et))

7 (v (e2)) = (v (e2 ™))

Then, by instantiating the first induction hypothesis with
P> VL1, W’ Hlla H2la we find

(W, (Hu, i (vt (en™), (Ha, vei(hi(en™)))) € E[3¢m],

Thus, by Lemma C.0.14, we have

(HigrWHuwH L WH1 1 (08 (en™))) = 1, Urpeu (i eaty) (HigWHwHTwHL V) -

and, for any Hoy,

(Hig+WHowH2 0Ho 1, vt (0E (1)) = ,urpn2 2 eaty)) (HigWHarwHRWHo 1, v5) =

where H} , Hy, : W' for some

w E(dom(leLJ:JHpr),dom(HthrJngL)),rchgclocs( W ,FL(cod(H1,))UFL(cod(H14))UFL(vL3 (v (e2 1)UL,
!/

FL(cod(Hay))UFL(cod(Hz4 ) )UFL(vL2(vE (e2T)))UL2) w

and
(W', (HI;,v1), (H3;, v3)) € V[EC.71],
By expanding the value relation, we find there exist locations ¢1, #5 such

that, for any ¢ € {1,2},

(W', (Hi, vi), (Hap, v3)) € VITalpao)os e,

Thus, the original configuration steps as follows:

(Hig+ WHy WHy, WHiy let x = ylll('y%(el"’)) in yi('y%(ef))) = XL,
(Hly @ Hi W Hi WHY let x =i in 73 (vt
(H}, W H1, WH L WHY, [x = il (v (et
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and similarly

(Hig+ W Hy W Hy WHay let x =72 (72(ex™)) in 43 (v2(e2))) = #p,
(H}, & Hop W Hay WHS, [x = vi]hE (hE(e2)))

Let yr.h = yLa[x = (vi, v3)].
First, one can see that

(W', Hip WHT, Hap WHS yno) € G0, % & 71 pius(e)ms (6r,0)]

because (W', (Hf;,vi), (H5;,v3)) € VITilpws)se) — and
(W', Hir,Hor,y1e) € G[I'2], (by Lemma C.0.3, and extending p
with ¢ does not invalidate any atoms in the substitution).

Thus, since G[I'],,G[I'1 ¥ I'z], are closed under world extension by
Lemma C.0.3, we can instantiate the second induction hypothesis with
P[L3(C) = (€1a£2)]771‘,7L,27 le Hi © HT[) Ho, W H;l to find

(W', (Hir & Hp, [x = vilvg (0f(e21))), (Har W HS, [x = v310E (hE(e2))) € Elmal )= e,)]
(46)

Next, by the assumption that the configuration on the left-hand side
terminates, we have

(H}, WH1y WHy WHY, [x = il (vh(e2 1)) = i, (Hie, vi) »1,
Ergo, by applying (46), we have
(Hiw,v1) = (H{, W Hip wHy V)
and
(Hag WHo, wHY wHo, [x = v3Iaf (17 (€2 ™)) = 1, (Hag WHapWHoy, vh) =1,

" "o " /
where HY,, Hy, + W" for some W’ T (qom(Hy 4 ),dom(Hay ), rehgelocs( W, LyUFL(cod(H14 )), LaUFL(cod(Hay )
W' and

(W, (Hyg,Vh), (Hap, VD) e VITal pra()s (en,62)]
Then, by Lemma C.0.7, since FLV (712) C A,

(W//v (H1f7v]]c.)7 (H2f’ V;)) € V[[T2]:|P

Finally, we can take H} = Hyy, H, = Hyp, W =
w" ~Hy, = Hf, and H; = Hj. Notice that

W E(dom(Hy4),dom(Hay)),rehgelocs( W, LiUFL(cod(H14 ), LaUFL(cod(Hz4.))) w"
by Lemma C.0.2. This suffices to finish the proof. O
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Lemma C.0.46 (Compat (e),). If AT AT e <e:7and ™ ~ 7,
then
AT AT (e)r 2 (e)r: T

Proof. Expanding the definition of < and T and pushing substitutions in
the goal, we are to show that

(W, (H1, Crosr (P (WL (), (He, Crisr (E (VE(e7))))) € E7], (47)

given p,vr,vL, W, Hi, Ha such that

p-F € D[A], p.L3 € D[A], (W,r) € G[I'],,
(W,Hi,Ha,v.T) € G[!T] p, 71.-A = Yioes(p-L3)

Our first induction hypothesis, appropriately instantiated, tells us that:

(W, (Hi,7t (v (7)), (H2, 0P (2 (1)) € €l
Since 7 ~ 7, we have (47) by Theorem C.0.15. O

Lemma C.0.47 (Fundamental Property). If A;T; AL e @ 7, then
AT A TRFe<xe:Tandif AT AT Fe: 1, then AT AsTRHe<e: 7.

Proof. By induction on typing derivation, relying on the following compat-
ibility lemmas, which have to exist for every typing rule in both source
languages. O

Theorem C.0.48 (Type Safety for MiniML). If ;-5 F e : 7, then
for any heap H, if (H,et) 5 «(H',¢), either there exist H',e" such that
(H',e") — (H",€") or € is a viaue.

Proof. By the fundamental property, since the environments under which e
is typechecked are empty, (-, (0,e™), (0,e1)) € E[7]..

Then, either (H,¢') — (H"”,e”) or (H',¢) is irreducible. If (H,¢’) is
irreducible, we can apply the expression relation and find that there exists
a world W and expression v, such that (W, (0,¢€'), (0,v2)) € V[7].. Since
expressions in the value relation are target values, this suffices to show that
e’ is a value. 0

Theorem C.0.49 (Type Safety for L2). If-;-;+;- e : T, then for any heap
H, if (H,et) 5 x(H, &), either there exist H', " such that (H', ') — (H" €")
or € is a vlaue.

Proof. By the fundamental property, since the environments under which e
is typechecked are empty, (-, (0,e™), (0, e1)) € E[7]..

Then, either (H',e') — (H"”,€¢”) or (H',¢') is irreducible. If (H,¢)
is irreducible, we can apply the expression relation and find that
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there exists a world W, heaps H/,H}, and an expression v, such that
(W, (H},¢€), (H,,v2)) € V[7].. Since expressions in the value relation are
target values, this suffices to show that €’ is a value. O
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D.0.1  Supporting Lemmas

Lemma D.0.1 (relevant locations subset). If o1 C ¢, 2 C @, and H:, W
then if o1 = flocs(P), (H3S3P) = (H'sS1sPY), and for some o, wtew,
H! W1, then Hy iy, W1

‘ol U1

Proof. Consider what needs to be true for H! :,, W'. For every location
in o, either it is marked as dead in W', or the location must be in H!
and must map to a value in the relation described by W'. Since we know
that o2 C ¢ and H :, W, we have a starting point at which these facts
held. Since W' C W, we know the only changes to the world can be adding
locations or marking existing locations as dead. Since H! fop W1, we know
that anything in o N ¢ is satisfied. What about locations not in that set?
Since 1 = flocs(P), we know the program only knew about the locations in
p1—there is no way for an existing location to be synthesized out of thin
air—and thus any locations in ¢9 \ ¢1 will have been unchanged between H
and Hi, so we are done. O

Corollary D.0.2 (Antireduction \).
If Vk ' HH' S, (k — j, ¢/, push vi;push vo;...push vp; P) € 8)‘[[7]], and
(H3S3P:P) L (H'$S,vi,va,...,vn 3 P) then (k, o, P’;P) € EM[7].

Proof. Our obligation is to show that
WH,H',S,S',j < k. (H3S3 P, P) % (H'55'35.)
— (S' = Fail cAc € OKERR) V Iv. (s' —S,vA(k—jv) e VA[[T]])
From our second hypothesis, we know that

-/

<HgSgP’;P)i><H*gv1,...,vn;P)j1§ GERED

Our first hypothesis then tells us that

(S' = Fail c Ac € OKERR) V 3v. (S’ =SvA((k—j)=(G—4)v) € V)\[[T]])

which suffices to complete the proof.

372
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O

Corollary D.0.3 (Antireduction S).

If VW' o' HH',S. (W', ¢, push vi;push vo;...push vo;P) € E5[r] and
W' CW, Hw W, H iy W, and (H3S3P';P) =5 (H'$S,v1,va, ..., Va3 P)
then (W, p,P'; P) € £5[7].

Proof. We consider heap H :, W, arbitrary stack S. We know that if the
term in question does not run forever (which, if it does, then the suffix
P does as well, so we are done), then it steps to a terminal configuration
(HF $SF¢.). We need to show that, assuming that is not an error, S¥' =S, v
and for some ¥ and W5 T W, HE : p W and (WF, ", v) € VO[r]. We
know that (H3SgP";P) = (H ¢S, v1,...,vn3P) and that for some W’/ C W,
H' :,uy W', So we instantiate our first hypothesis with H and S. After
n steps, it is in exactly the configuration our term left off in. We know it
doesn’t run forever, and if it errors, similarly, our overall term must error, so
we conclude that it runs to a terminal configuration which due to confluence,
will be the same one. Thus, we know HF L pUp UpF W, which is stronger
than we need, and (W¥, o v) € V5[r], exactly as needed. O

D.0.2 FunLang Compatibility Lemmas

[LTEP: 7] =

373

hy. V(K. 0),0,47) € GS[T]. V((k,0),0,4" ) € G¥[T¥]. (k,7) € GAIT] =

S
(kAt (F (PY) € EX7]

We now state and prove all the compatibility lemmas for our source
language. Note that we have to prove these three times: once for each
model, though the boundary terms only exist at the top level, and they are
the most challenging/interesting.

Lemma D.0.4 (unit). Show that [I;1"t push 0 : unit].

Proof. Since 0 has no free variables, what we need to show is that
(k,push 0) € EA[[unit]]. Given any H,v, we can see that we take one
step from (H ¢ push 0) to (H¢~,0¢-), and thus provided k was larger

than 1 (else, trivial), what remains to show is that (k—1,0) € VA [unit].

But this is trivial by the definition of the value relation.
O

Lemma D.0.5 (bool). Show for any n, [I;I"F push n : bool].
Proof. This proof is identical to that of unit. O
Lemma D.0.6 (if). If [I;I'F P : bool], [I;I'F Py : 7], and [I; T F Py : 7]

then
[I;T F P;ifo Py Py 7].



374

BEHAVIOR INTEROPERABILITY: MUTABLE STATE

Proof. We —are given (k,7) € g)‘[[F]], ((k,@),@,’yls) €
GS[15], ((k,0),0,41 ) € G*[1*], and need to show that
(k.7 (/7 (1(P3 f0 Py P2)))) € EM[7].

Pushing the substitutions in and combining fyI o'yIS o7y (for compactness)
to fyI, we refine this slightly to:

(k, 7L (P); if0 A L(P1) 1 (Po)) € EM[7]

Applying Lemma D.0.2, it suffices to show

(k — 4, push vi;if0 41 (P1) /1 (P2)) € €M[7]

, since from the first hypothesis we know VI(P) will reduce to some value
vi in A [bool]. We now appeal to Lemma D.0.2 again, finishing the proof
by noting that if v; is 0 then the induction hypothesis on 'yI(Pl) suffices,
and if it is not, the induction hypothesis on v1(P5)) suffices.

O

Lemma D.0.7 (int). For any n, show [I;1" - push n: int].
Proof. This case is analogous to unit and bool. O

Lemma D.0.8 (op-=). If[[;1'F Py :int] and [[;T'F Py : int], show that
[/;T F P1;Pa;equal? : bool].

Proof. We —are given (k,7) e GMI,  ((k0), Q),'yIS) €
GS[15], ((k,0),0,71) e G*[1%], and need to show that
(k.7 (/7 (7(P1; P1; equal?)))) € EX[boot].

Pushing the substitutions in and combining VI OVIS o7y (for compactness)
to 'yI, we refine this slightly to:

(k,vL(P1); 7L (P2); equal?)) € £ [bool]

We apply Lemma D.0.2 twice, appealing to our inductive hypotheses to
reduce our obligation to showing that

(K', push v1; push vy;equal?)) € 5/\[[bool]]

for some vq and vs in V)‘[[int]]. Since vi and v, are both integers, the term
steps to either 0 or 1 on the stack, which means we satisfy our requirement
to be in Y [bool], sufficient to complete the proof. O]

Lemma D.0.9 (op-j). If[[;T'F Py :int] and [I;T'F Py : int], show that
[1;T F P1;Py;less? : bool].

Proof. This proof is identical to that of =. O

Lemma D.0.10 (op-+). If [[;T'F Py : int] and [[;T' F Py : int], show
that [I;T' F P1;Pp;add : int].
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Proof. This proof is identical to that of =. O
Lemma D.0.11 (var). For any x : 7 € I', show that [I;I" F push x : 7].

Proof. We are given (k,vy) € o Ir], ((k,0), @,’yIs) c G519,
((k,0),0,~1) € G*[17], and need to show that (k,~T (vls(w(push x)))) €
EMNT].

Since z € I, it isn’t in I, and thus we can eliminate the other substitutions.
Further, we know from the definition of G [I'] that there exists some v with
(k,v) € A [7] such that v(x) = v. This means we can substitute, yielding
this as a goal:

(k, push v) € EM[7]

Now we can choose an arbitrary heap H and stack S, take one step, and
end up in a terminal state with stack S,v. Since (k,v) € YA [7], we are
done.

O

Lemma D.0.12 (pair). If [[;I'F Py : 7] and [[;T'F Py : 7], show that
[1;T7 F Py;Pa;lam xp. lam x3.push [x1,x2] : 71 X 72].

Proof. We are given (k,7) e GMI],  ((k,0), @,’VIS) €
GS[15], ((k,0),0,41 ) e G*[1*], and need to show that
(k, T (fyIs(’y(Pl; Po;lam xa.lam x3.push [x1,x%2])))) € 8)‘[71 X Ta].

Pushing the substitutions in and combining 71 oyIS o7 (for compactness)
to 'yI, we refine this slightly to:

(k, L (P1); 4T (P2); lam xa.lam xq.push [x1,%2])) € 5)\[[’7'1 X T

We apply Lemma D.0.2 twice, appealing to both induction hypotheses,
to reduce our obligation to showing

(K', push v1; push vo;lam xp.lam x;.push [x1,x2])) € 5)‘[[71 X To]

where (k/,v1) is in A [r1] and (K, v7) is in V/\[[TQ]]. The term then takes
three steps, resulting in the value [vq,vz] on the stack, which suffices to
finish the proof.

O

Lemma D.0.13 (fst). If [I;I' + P:7 x ], show that [I;I" F
P1; push 0;idx : 71].

Proof. We —are given (k,v) € QA[[F]], ((k, @),@,’yls) €
GS[t5],  ((k,0),0,4 ) € G*[1°], and need to show that
(k.7 (/F (v(Py; push 0;idx)))) € M),

Pushing the substitutions in and combining 7I o*yIS o7y (for compactness)
to ’yI, we refine this slightly to:

375
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(k,7(P1); push 0;idx)) € EM[r1]

We apply Lemma D.0.2 to reduce this to showing

(k’, push v; push 0;idx)) € 2 ]

where (k',v) € A [r1 x 7], and thus has shape [v1,vs]. The term takes
three steps to result in v; on top of the stack, which suffices to finish the
proof.

O]

Lemma D.0.14 (snd). If [I;I' + P:7 x 7], show that [I;I'" F
P1;push 1;idx : 72].

Proof. This proof is nearly identical to that of fst. O

Lemma D.0.15 (inl). If [L;I' + P:7], show that [L;I' F
P;lam x.push [0,x] : 71 + 72].

Proof. We are given (k,7) € G Il ((k,0), @,’YIS) €
GS[15],  ((k,0), 0,71y e g [T*], and need to show that
(k, vt (’yIS(V(P; lam x.push [0,x])))) € 5)‘[[7'1 + 72].

Pushing the substitutions in and combining fyI o*yIS o7 (for compactness)
to VI, we refine this slightly to:

(k, 7L (P1);lam x.push [0,x]) € 5)‘[[71 + 73]

We apply Lemma D.0.2 to reduce this to

(K’, push v1;lam x.push [0,x]) € 5)‘[[71 + 7]

where (K',v1) € A [71]. This takes three steps to result in [0,v;] on the
stack, which suffices to complete the proof. O

Lemma D.0.16 (inr). If [I;I' F P:7], show that [I;I'" F
P;lam x.push [1,x] : 71 + 72].

Proof. This proof is nearly identical to that of inl. O

Lemma D.0.17 (match). If [I;T° + P:7m+ 7], [L;T,z2:7 F
Pi:7], and [L;T,y:7 + Py:7], show that [I;T +
P: DUP; push 1;idx; SWAP; 7).
push 0;idx;if0 (lam x.P1) (lam y.P3)

Proof. We are given (k) € GMIT, ((k0),047) € G515,
((k,0),0,~* ) € ¢*[1°], and need to show that, after pushing substi-

S
tutions and combining fyI o ,YI o~y (for compactness) to 'yI,

(k,~L(P); DUP; push 1;idx; SWAP; push 0;idx; if0 (lam x.4L(P1)) (lam y.4L(P2)))
€ EM[r]

We apply Lemma D.0.2 to reduce this to showing
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(k’,v; DUP; push 1;idx; SWAP; push 0;idx;if0 (lam x.'yI(Pl)) (lam y.'yI(Pg))) € S)‘[[T]]

where (k/,push v) € V)\[[Tl + 7). We appeal to Lemma D.0.2 again,
noting that after seven steps we will either have a vi,0 where vy is in A [74]
or vp,1 where v, is in PA [2] on the top of the stack, and thus in either
case, after two more steps we can appeal to one of our induction hypotheses

to complete the proof.
O

Lemma D.0.18 (fold). If [I;T' + P: 7|uca.7/al], show that [I;T F P :

pee.t].

Proof. We are given (k,y) € o Il ((k,0), Q),’yIs) e G919,
((k,0),0,71) € GX[1], and need to show that (k,7L (v (4(P)))) €
& A[[[LO(.T]].

This means we need to pick an arbitrary heap H and stack S and show
that this runs down to a value in the value relation (or else runs forever or
to a well-defined error).

We can instantiate our hypothesis with the same substitutions, combining
,YI ) fyIS o~ (for compactness) to 'yI, and heap and stack. This means
that (assuming no divergence beyond k, or error, which would finish the
proof immediately):

(H3S5~+X(P)) & (H5S,vs )

Now, we know from the hypothesis that (k—j,v) € A [r[pe.r/c]]. What
we need to show is that (k — j,v) is also in A [pece.7]. But this is fine, since
that definition only requires that the value be in A [7[pe.7/a]] for smaller

step index, and our relations are closed under smaller step index.
O

Lemma D.0.19 (unfold). If [I;I" = P : poa.r], show that [I;I" +
P;noop : 7[pa.T/al].

Proof. We —are given (k,7) e GMI],  ((k,0), @,’VIS) €
GS[15], ((k,0),0,41 ) € G*[1*], and need to show that
(k7" (37 (3(Pinoop)))) € EX[r [t /al].

This means we need to pick an arbitrary heap H and stack S and show
that this runs down to a value in the value relation (or else runs forever or
to a well-defined error).

We can instantiate our hypothesis with the same substitutions, combining

S
A1 041 o4 (for compactness) to 4T, and heap and stack. This means
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that (assuming no divergence beyond k, or error, which would finish the
proof immediately):

o o J o o
(H 9S9VI(P)> = (H§S,vs)
Now, we return to our original program, which runs as:

(H3S5~%(P);noop) % (H3S,vsnoop) — (H3S,vs-)

Now, we know from the hypothesis that (k — j,v) € VA [pee.r]. What
we need to show is that (kK — j — 1,v) (since we took one more step) is in
pA [7[pe.7/]]. But, the definition of VA [pece.7] gives us this immediately,
as our step index is lower. ]

Lemma D.0.20 (fun). If [I;0f: (m,...,7) =7 %13 B P : 7],
show that [I;T F push (thunk push (thunk lam f.lam x,.... lam x3.P);fix) :

Proof. We are given (k) € GMIT, ((k0),047) € G519,
((k,0),0,v1 Yeg [I”], and need to show, after pushing in substitutions

S
and combining 71 o4! o~ (for compactness) to y1:

(k, push (thunk push (thunk lam f.lam x,.... lam xq.y2(P)); fix))
€ EN[(re, ..., ) = 7]

Following the definition of £ )\[[7']], we choose an arbitrary H and S and
run the term, which after one step, results in the thunk on the stack. That
means what we need to show is:

(k,thunk push (thunk lam f.lam x,.... lam x;.7(P)); fix) € V)\[[(Tl. o) = 7]

Syntactically, this clearly satisfies the value relation; that means what we
need to show is:

Wi k' < kA (K, vi) € VA [r]
= (K, [x1 — V1,..., %Xy — Vp,
f — (thunk push (thunk lam f.lam x,.... lam x;.41(P)); fix)|P) € 5/\[[7/]]

We do this by appeal to our hypothesis. Specifically, we construct an
extended substitution ~':

AT X1V, - X Vs (thunk push (thunk lam f.lam x,.... lam xl.yI(P));fix)
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Note that f can be given the needed type in the relation because we
are only considering step k' < k, and our overall induction is over step
indices. Further, our relations are closed under step indices, which means
our substitution 7I is still valid when restricted to &’. This means that we
know:

(K,7(P)) € €[]

Which, expanding out «/, is exactly what we needed to show.
O

Lemma D.0.21 (app). If [I; T - P : (74,....,7) = 7] and for i €
{1,...,n} [I; T F P;: 7] then
[I;T F P;P1; SWAP ... P,; SWAP; call : 7]

Proof. We are given (k,7) € gkﬂr]], ((k,0),0,7°1%) €
GS[15], ((k,0),0,41 ) € G*[1*], and need to show that
(k,AL (417 (7(P; P1; SWAP ... P,; SWAP; call)))) € &[+/].  Pushing
the substitutions in and combining fyI o fyIs o~y (for compactness) to 'yI,
we refine this slightly to:

(k, 7 (P); 7L (P1); SWAP ... 7L (P,); SWAP; call) € £M[]

Following the definition of £ /\[[T]], we choose an arbitrary H and S and
run the term. To figure out how it steps, we instantiate our first hypothesis
with fyI, H, and S. This tells us that either P runs forever (in which case,
the term is in the relation trivially), or:

(HsSs~1(P) & (H' 555

And either S’ is a well-defined error (in which case, the entire program
would have run to the same error, and we are again done), or S,vf with
(k—7j,vf) € V)‘H(Tl, ooy ) = T

Then, we instantiate the second hypothesis with 'yI, H’, and S, resulting
in a similar result for a smaller step index k1 and H; and value v;. We can
repeat this process another n — 1 times. This results in an overall evaluation

of:

(H3S 5~ (P); 71 (P1); SWAP ... L (P,); SWAP; call)
X (H' S, ve 57 (P1); SWAP ...~ (P,): SWAP; call)
(Hy $S, v, v1 s SWAP ... 4L(P,): SWAP:; call)
2 (H1$S,v1,ve 5. ..vL(Pn); SWAP; call)

*
— (Hp $S,vi,va, ..., vn, vs ¢ call)

379
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that out and step further:

(Hn §S,v1,Vva, ...,V (thunk push (thunk lam f.lam x,.... lam x;.P); fix) 5 call)
— (H,, $S,v1,Va, ..., v, ¢ push (thunk lam f.lam x,.... lam x;.P); fix)
— (Hn 8S,v1,Va, ..., Vs, thunk lam f.lam x,.... lam x;.P ¢ fix)
— (Hn §S,v1,Va, ..., Vg, thunk(push(thunk lam f.lam x,.... lam x;.P);fix)3
lam f.lam x,.... lam x;.P)
s (Hpn §S ¢ [x — vi, f +— thunk(push(thunk lam f.lam x,.... lam x;.P);fix)]P)

Now we can appeal to the definition of V)‘[[(n, ...y Ta) — 7], which tells
us that this term is in £ [7'], which is exactly what we need to complete
the proof: we can instantiate that relation with H,, S, and compose the two
reductions together to produce the result needed. O

Lemma D.0.22 (boundary S). [ISW1T ks P: 7] = [I;T' F P;(|7): |7]

Proof. Expanding the goal, we see we need to show:

VEy. Y((k,0),0,9") € [T W((k,0), 0,47 ) € G¥[T*]. (k,7) € GM[TT
I

(kyr X (VF (v(P; (1)) € EMU]

From Lemma 9.5.2, we know (|7) is closed, so we can push the substitu-
tions in to just over P. Further, from the hypothesis, we know that P has
no free variables from I, so we can eliminated that substitution.

The hypothesis that we are working with says:

YW o' (W, 0,7') € GS[ISWIT] A p = flocs(1(P) = (k. .7/ (P)) € £5[1]

To instantiate the hypothesis, we need an environment ' that satisfies
GS[1° w1T]. We argue that it is exactly v composed with ’yIS: we know
they are disjoint, and we know the former can be lifted into the latter via
Lemma 9.5.1. This means, in particular, that ¢ is (.

Since we have no relevant locations, any heap will satisfy the expression
relation: in particular, the arbitrary H that we have to consider for our
obligation, and we can similarly use the arbitrary stack S. This means that
we our hypothesis tells us that:

(H3S5 (7 (v(P))) = (H'35'5)

Unless we run beyond our step budget, in which case we are trivially
in the relation. Similarly, if we run to Fail ¢, we are also in our relation.
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Otherwise, we know that S’ = S, v and, for a future world W’ C W that H’
satisfies with the relevant locations ¢, (W', ¢’,v) € V5[r].

Now, what we want to show is that this value is “contained” by the code
in ([7) to behave like |7. But, clearly we can’t show that using the & A 71
logical relation, as the value still can have locations it is closing over, etc.
So, we proceed by two steps. First, we appeal to Lemma 9.5.3

This will tell us that we can evaluate the whole program at question
further, to get to a point with a world W” T W', ¢, H" :n  W" and
(W”, ()0//7 V/) c VS [Tiﬂ]

" (v (P)); (1))

Now, we appeal to Lemma 9.5.1
This means that the value that we ran down to is in (W".k,V') € VA [47],
which is exactly what we need to show.
O

D.0.3 FunLang with S Compatibility Lemmas

[CFs Per] =YWy, (W,g,9) € G3[I] = (W, flocs(v(P)),¥(P)) € £3[7]
Lemma D.0.23 (unit). Show that [I' g push 0 : unit].

Proof. We expand the goal, pushing out substitution through and simplifying
, given there are no free variables in push 0, to get an obligation:

(W, 0, push 0) € E5[unit]

To satisfy this, we note that we can take 1 step (if W.k = 1, we are in the
relation trivially) to having 0 on top of the stack, with a world that has the
same heap typing and, still, no relevant locations, thus satisfying V5 [unit],
as needed. O

Lemma D.0.24 (bool). Show for any n, [I' Fg n : bool].
Proof. This proof is identical to that of unit. O

Lemma D.0.25 (if). If [['Fs P : bool], [I'Fs Py : 7], and [I' kg Py : 7]
then
[I'Fg P;if0 Py Py 7].

Proof. We are given (W, ¢f,v) € GS[+], where ¢ = flocs(y(P;if0 Py Py)),
and need to show that (W, o, y(P;if0 Py Py)) € £5[]. Pushing the substi-
tutions in, we refine this slightly to:
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(W, @,7(P);if0 7(P1) ¥(P2))) € £5[7]

We appeal to Lemma D.0.3, which reduces our obligation to

(W', ¢, v;if0 7(P1) v(P2))) € E5[7]

where from our induction hypothesis we know that for H :, W and
arbitrary S, (H3S3~(P)) = (H'$S's ) and either S' is a dynamic failure,
in which case we are done, or it is v above, where for some W' C W, ¢/,
Hl . , W/
.(PULP .
From the definition of VS[bool], we know v is either 0 or non-zero. In
either case, we appeal to Lemma D.0.3 again, relying on the corresponding
hypotheses in the corresponding case that the term reduces to. O

Lemma D.0.26 (int). For any n, show [I' g push n : int].
Proof. This proof is essentially equivalent to that of unit and bool. O

Lemma D.0.27 (op-—). I [I" s Py s ] and [T ks Pa s int]. show that
[T s P1;P2;equal? : bool].

Proof. We are given (W, ', ~) € GS[+], where ¢ = flocs(y(P1; P2; equal?)),
and need to show that (W, p,y(P1; Pa;equal?)) € £5[bool]. Pushing the
substitutions in, we refine this slightly to:

(W, ¢, 7(P1);7(P2) equal?) € £5[bool]

We then apply Lemma D.0.3 twice, relying on our two hypotheses to
reduce our obligation to

(W', ¢, push vi; push vo; equal?) € £5[bool]

Note that we instantiate the second hypothesis with ¢” = flocs(v(P2)) C
¢, noting that H! Lol W' via Lemma D.0.1.

Since vi and vy are integers, this takes three steps to either 0 or 1 on
top of the stack (with unchanged heap), which is sufficient to complete the
proof.

O

Lemma D.0.28 (op-j). If [I'Fs P1 : int] and [I" g P2 : int], show that
[ s P1; P2;less? : bool].

Proof. This proof is identical to that of =. O

Lemma D.0.29 (op-+). If [I' Fg Py : int] and [I' Fg P2 : int], show that
[T s P1;P2;add : int].
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Proof. This proof is identical to that of =. O

Lemma D.0.30 (var). For any x: 7 € I', show that [I" g push x : 7].

Proof. We are given (W, ¢, ~) € G5[4], where ¢ = flocs(y(push x)), and
need to show that (W, o, y(push x)) € £3[7].

Based on the definition of GS[v], we know that v(x) = v for some v where
(W, ¢',v) € VS[r] and ¢’ C . Substituting, we can refine our proof goal to:

(W, p,push v) € Es 1

And since ¢ = flocs(v), we know ¢’ = . This means that after one step
starting from a heap satisfying W and ¢, we terminate with v on the top
of the stack, and we are done. O

Lemma D.0.31 (pair). If [I' Fg Py : 71] and [I' kg Py : 73] then [I' kg
P1; Paslam xo.lam xq.push [x1,%2] : 71 X 72]

Proof. We —are given (W, f,7) €  G°[h], where ¢ =
flocs(y(P1; P2;lam xp.lam x;.push [x1,%2])), and need to show that
(W, 0, v(P1; P2; lam xo.lam x;.push [x1,%2])) € E5[r1 x 72].

Pushing the substitutions in, we refine this slightly to:

(W, ©,7(P1);7(P2); lam xa.lam x1.push [x1,x2])) € £5[r1 x 73]

This follows from two applications of Lemma D.0.3 and the operational
semantics, relying on Lemma D.0.1 for the choice of relevant locations. [

Lemma D.0.32 (fst). If[I' g P : 71 x 73], show that [I" g P1; push 0;idx :

’7'1]].

Proof. We are given (W, of,~) € G5[7], where ¢ = flocs(y(P1; push 0;idx)),
and need to show that (W, ¢, ~(P1; push 0;idx)) € £5[r].

Pushing the substitutions in, we refine this slightly to:

(W, ,7(P1); push 0;idx) € £5[r]

We apply Lemma D.0.3, which, combined with the hypothesis, the opera-
tional semantics, and definition of the value relation is sufficient to complete
the proof. O

Lemma D.0.33 (snd). If [I' Fs P:71 x 73], show that [I' kg
P1;push 1;idx : 72].

Proof. This proof is identical to fst. O

Lemma D.0.34 (inl). If[I' s P : 71], show that [I" s P;lam x.push [0,x] :
71 + ’7'2]].
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Proof. We are given (W, pf,7) € G°[y], where ¢ =
flocs(y(P; lam x.push [0,x])), and need to show that
(W, @, v(P1;lam x.push [0,x])) € ES[ry + 72].

Pushing the substitutions in, we refine this slightly to:

(W, ,v(P);lam x.push [0,%]) € £5[ry + 72]

As in other cases, this follows from Lemma D.0.3 and our hypothesis. [

Lemma D.0.35 (inr). If[I" g P : 73], show that [I" kg P;lam x.push [1,x] :
™ + 7'2]].

Proof. This proof is identical to that of inl. O

Lemma D.0.36 (match). If [I' Fs P:7m+7], [[Lz:m ks
Pr:7], and [I,y:72 ks  Pa:7], show that [I' Fg
P; DUP; push 1;idx; SWAP; push 0;idx;if0 (lam x.P1) (lam y.P2) : 7].

Proof. We are given (W, ', ~) € GS[+], where

¢ = flocs(y(P; DUP; push 1; idx; SWAP; push 0;idx; if0 (lam x.P1) (lam y.P2)))

and need to show that, after pushing in substitutions: Pushing the
substitutions in, we refine this slightly to:

(W, ©,v(P); DUP; push 1;idx; SWAP; push 0;idx; if0 (lam x.v(P1) (lam y.y(P2))))
€ ESm + 2]

We appeal to Lemma D.0.3 and the operational semantics to reduce this
to considering the two possible branches: when V5[ +71] is [0, v] and when
it is [1,v]. In both cases, we again appeal to Lemma D.0.3, but to the second
or third hypothesis respectively, as operationally that is what we will reduce
to, with appropriate substitution. O

Lemma D.0.37 (fold). If [I' Fs P : 7{pua.7/al], show that [I' Fs P : pae7].

Proof. We are given (W, ¢',v) € G5[+], where ¢ = flocs(v(P)), and need
to show that (W, p,v(P)) € £5[ua.7].

This means we are given an heap H :, W, stack v, and, assuming we
don’t run forever or out of steps (in W.k budget), we run down to (H'§+"3").
We instantiate our first hypothesis with W, H, v, and ¢, to get that:

1
(HsS37(P)) & (H'5S' s )

Now, either S is Fail ¢ for appropriate c, in which case the entire program
will be and we are done, or S! =S, v and for W' C W, H! Lol U W1l and
(W ol v) € VS[r[pa.7/a]]. Now, our obligation only needs us to prove
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that the resulting value, which is the same value, is in this relation at lower
step index, so we are done. O

Lemma D.0.38 (unfold). If [I' Fs P : pa.r], show that [I' kg
P; noop : 7[pa.T]].

Proof. We are given (W, ¢, ~) € G5[], where ¢ = flocs(v(P; noop)), and
need to show that (W, ¢, y(P;noop)) € E3[[ua.7]].
This means we are given an heap H :, W, stack 7, and, assuming we

don’t run forever or out of steps (in W.k budget), we run down to (H §~"¢-).

We instantiate our first hypothesis with W, H, v, and ¢, to get that:

-1
(H3Ss5~(P)) & (H'3S'5+)

Now, either S* is Fail c for appropriate c, in which case the entire program
will be and we are done, or S' =S, v and for W' C W, H! folUp W1, and
(W1 @b v) € VS[ua.7]. Now, our original term steps as follows:

-1
(H3S5~(P;noop)) L
(H'$S,v$noop) —
(H 3S,vs )

We need to fulfill £5[7[pua.7]], which means we need to choose W/ C W,
¢ such that H! :,; W’ and (W', ¢',v) € V3[r[ua.7]]. We choose W’ to be
W1 with the step index decreased by one. Because this is a strictly future
world of W1, this follows directly from the definition of VS [ua.7].

O

Lemma D.0.39 (fun). If [[',f: (74,...,7) = 7/,%; : 73 Fs P : 7'], show
that [I' Fs push (thunk push (thunk lam f.lam x,.... lam x1.7(P));fix)

(T1y. .., Tn) = ]

Proof. We are given (W, ¢f,~) € GS[+], where

¢ = flocs(y(push (thunk push (thunk lam f.lam x,.... lam x;1.P);fix)))

and need to show that

(W, ,v(push (thunk push (thunk lam f.lam x,.... lam x1.P);fix))) € £5[(n,

We can then push the substitution in to refine that to:

(W, @, push (thunk push (thunk lam f.lam x,.... lam x;.7(P);fix)) € E5[(r,
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This means we are given a H :, W, stack S, and, assuming we don’t run
forever or out of steps (in W.k budget), we run down to (H' §S"¢-).

This clearly takes a single step to put
thunk push (thunk lam f.lam x,.... lam x;.y(P);fix on the stack. = We
can thus choose W’ to be W with k decreased by 1, the same relevant
location set (). Thus we need to satisfy the value relation, which amounts
to:

Wi o W3 W.
©p; C dOHl(W/\I/) AN (W/, (pi,vi) € VS [[Ti]]
= (W', oUU; @i, [X1 = V1,..., %0 — Vp,
f — (thunk push (thunk lam f.lam x,.... lam x;.v(P)):fix)]y(P)) € £5[]

Thus we choose an arbitrary future world W” = W’ and construct
an extended substitution v = 7,x1 — vi,..., X, > vy, f — (thunk...). We
argue that (W” o U, ¢i,7') € GZ[Tf : (11,..., ™) — 7/, %; : 73] Clearly,
all of the values v; are in the value relation at the correct type. And, since
W' is a strict world extension, it has a smaller step index, which means
that we can appeal to our inductive hypothesis to get that our function has
the correct semantic type at that world.

That means we can instantiate our first hypothesis with W, o U, i

and 7/ to complete the proof.
O

Lemma D.0.40 (app pure). If [['Fs P : (71,...,7) — 7'] and for i €
{1,...,n} [I'Fs P;i: 1] then
[T s P;P1; SWAP ... Py; SWAP; call : 7]

Proof. We are given (W, o',~) € G5[7], where

¢ = flocs(y(P; P1; SWAP ... P,; SWAP; call))

and need to show that

(W, 9,~7(P; P1; SWAP ... P,; SWAP; call)) € £5[7']

We can then push the substitution in to refine that to:

(W, @, P;P1;SWAP ... P,; SWAP; call € £5[7']

This means we are given a H :, W, stack S, and, assuming we don’t run
forever or out of steps (in W.k budget), we run down to (H §S"¢ ).

To figure out how it steps, we instantiate our first hypothesis with W, ~,
H, S and ¢’, where ¢/ = flocs(vy(P1)) C ¢, noting that the heap will still
satisfy the same world with the smaller ¢’, to get that:
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-1
(H5S357(P) & (H'55'5)

Now, either S' is Fail c for appropriate c, in which case the entire program
will be and we are done, or S* =S, v¢ and for W' C W, H! Ll Ug! W1, and
(WL ol ve) € VS[(71,...,7) — 7']. From the value relation, we note that
ol is 0.

We then instantiate out second hypothesis with W', H!, S and ¢’ =

flocs((P2)) C ¢. Note that H! : sy W! from Lemma D.0.1.
This means that:

-2
(H S, ve 5 v(P2)) &5 (H?5S%5 )

Since this program began running in the same state as the previous
one stopped, and the previous one began at the beginning of our whole
program, again, we are either trivially in the relation or else we know that
S?2 =S vi =S, v,vq and for W2 C W1, H? S plUg W2 and (W2, ol vi) €
VS [[7'1]].

We can repeat this process another n — 1 times. This results in an overall
evaluation of:

(H3S3v(P);v(P1); SWAP ... ~4(P,); SWAP: call)
5 (H'3S,vs 5(P1); SWAP ... ~v(P,,); SWAP; call)
5 (H13S, vi,v1 3 SWAP ... (P,); SWAP: call)
5 (Hy ¢S, v, ve 5. ..7(Pn); SWAP; call)

*
— (Hp $S,vi,va,. .., vn, vy ¢ call)

that out and step further:

(Hn $S,v1,V2,...,Vy, (thunk push (thunk lam f.lam x,.... lam x1.P); fix) ¢ call)
— (Hp 8S,v1,va, ..., vy § push (thunk lam f.lam x,.... lam x1.P); fix)
— (Hp $S,v1,v2,. .., Vy, thunk lam f.lam x,.... lam x3.P ¢ fix)
— (Hp, $S,v1, V2, ..., Vy, thunk(push(thunk lam f.lam x,.... lam x;.P);fix)s
lam f.lam xp.... lam x1.P)
! (Hpn 5S¢ [xi — vi, f = thunk(push(thunk lam f.lam x,.... lam x1.P);fix)|P)
Now we can appeal to the definition of VS[(71,...,7,) — 7], which tells

us that this term is in £5[7'], given the values were in the value relation,
which we know from each instantiated hypothesis. We then instantiate that
relation with W+, o/ U U, ¢' , and compose the reductions together to
produce the result needed. O



388

BEHAVIOR INTEROPERABILITY: MUTABLE STATE

Lemma D.0.41 (app state). If [['Fs P: (11,...,7) = 7'] and fori €
{1,...,n} [I' ks Pi: 7i] then
[T s P;P1; SWAP ... Py; SWAP; call : 7]

Proof. This proof is nearly identical to the previous one: the only difference
is that ¢f is not empty, but that just carries down to the final instantiation
which we left unsimplified in the above proof for clarity. O
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E.0.1 Supporting Lemmas

Lemma E.0.1 (£°[7] Embeds V*[7]). If (W,p,v) € V*[r], then
(W, ¢, push v) € E-]7].

Proof. We choose heap H :, W, arbitrary stack S, take a single step and
the result is immediate. O

Lemma E.0.2 (£°[7]7 Embeds E*[7]). If (W,0,P) € E7[7], then
(W, P) e 7]

Proof. Our obligation is to show that for arbitrary 7', K, where (W, oK ) €
K[ = 7], (W, puU ¥ K[P]) € £*[r]. We do this by appealing to our
hypothesis, as we know that if we do not run forever, or result in an
acceptable error, we will reduce to a final value on the stack. In that case,
we simply appeal to the first case of R[7] and we are done. O

Lemma E.0.3 (Monotonicity X). If (W, p,v) € V*[7] and W' I W, then
(W o,v) € VAT

Proof. This follows from the definition of world extension: step indices
can decrease, which can only have the effect of bringing more terms into
the relation, in the case that we run out of steps before we can rule our
membership, and the heap typing can expand or mark existing locations as
dead, neither of which rules out existing values being in the relation. [

Lemma E.0.4 (Antireduction X).

IfF VW' ' HH')S. (W’ ¢, push vi;push vo;...push vy; P) € E7[7] and
W' CW, H:w W, H iy W, and (H3S5P';P) = (H'$S,v1,va, ..., Va3 P)
then (W, ,P';P) € E4[7]-.

Proof. We consider heap H :, W, arbitrary stack S. We know that if the
term in question does not run forever (which, if it does, then the suffix
P does as well, so we are done), then it steps to a terminal configuration
(HF $SF5.). We need to show that, assuming that is not an error, S¥' =S, v
and for some ¢! and W¥ C W, HF (oF WE and (WF, o v) € V][]
We know that (HgS 5P P) = (H §$S,vi,...,v, § P) and that for some
W' C W, H :,uy W'. So we instantiate our first hypothesis with H" and
S. After n steps, it is in exactly the configuration our term left off in. We
know it doesn’t run forever, and if it errors, similarly, our overall term must
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error, so we conclude that it runs to a terminal configuration which due to
confluence, will be the same one. Thus, we know H LU U F WF which
is stronger than we need, and (W, o' v) € V*[7], exactly as needed. [

Lemma E.0.5 (Monadic Bind X). If (W, ¢p, P) € £%[7]e, and (W', o1 U
@, KIP']) € E7[7']e whenever (W', ¢,,P") € R[7] and W' 2 W, then
(W, ok Upp, K[P]) € €77 To.

Proof. Given (W, ¢, ,K') € K[r' = 7], we must show (W,¢} U ¢ U
op, K'IK[P]]) € E7[7"]. Because (W,pp,P) € E*[r]e, it suffices if
(W, 01Uy, K'[K]) € K[7 = 7"]. Given (W', ¢, P') € R[7] where W 3 W,
we must show (W', ¢} U pp U, K'K[P']]) € £4[7"]-. By assumption,
(W, 01, U gl KIP') € £5 Lo, 50 (W0}, U gl U, KTKIPT) € €51
by definition of £ [7Je. O

Corollary E.0.6 (Antireductiong X).

IfF VW' ' HH',S. (W', ¢’ push vyi;push vo;...push vy;P) € E7[7]e and
W' CW,H: W, H iy W, and (H3S3P';P) 5 (H'§S,v1,va,...,va3P)
then (W, o, P';P) € E5[7]e.

Proof. In Lemma E.0.4, the only cases are divergence, (type-sound) termi-
nation, and failure. Here, we must also consider exceptions, but we can
use Lemma FE.0.5 as needed. Otherwise, the proof proceeds as in Lemma
E.0.4. O

Lemma E.0.7 (Thread X). If (W,p,,P) € E[r]e, and (W', ¢, U
v, K[push v]) € £ [7']e whenever (W', p,,v) € V*[7] and W I W, then
(W ok Upp, K[P]) € 5[ ]o.

Proof. By Lemma E.0.5, it suffices if (W', ¢ U, K[P']) € £ [7']e given
(W', ¢, P') € R[7] where W’ J W. Unfolding R[], there are two cases.

e P"=push v for (W', ¢}, v) € V*[7]. Then apply the second premise.

= push [0,v]; shift - ();P” for (W', p,v) € VU],
Yo C ¢, Given (W', ¢, K) € K[/ = I, we must
Lo U oo U, KKpush [0,v]; shift - ();P7]]) €
EXT]e Since K = push v [];Px, we must show
(W', @5, U o U @, K'[push v; push [0, v]; shift _ (); P”;Py]) € 4[]
Applying Lemma E.0.4, it suffices if (W, ¢} U ¢p U
@y, K'[push [0, v]; shift _ ();P";Py]) € £7[7"].. But notice that
(W", or U @y, push [0, v]; shift _ (); P”;P,) € R[], so applying the
definition of K[7" = 7"] is sufficient.

&
<)
e
I

O]
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E.0.2 FunLang with X Compatibility Lemmas

(T s Pr =YWy, (Wp,7) € GH[IT = (W, floces((P)),~(P)) € £
Lemma E.0.8 (unit). Show that [JI" Fx push 0 : unit.

Proof. We are given (W, ¢',~) € G*[7], where ¢ = flocs(y(push 0)) = 0 ,
and need to show that (W, (), ~(push 0)) € £* [unit].
Thus, we consider arbitrary continuation K with (W, o*, K) € Kunit =
]. We need to show that (W, ¢* K[y (push 0)]) € £*[]. But this follows
exactly from the definition of R[7]. O

Lemma E.0.9 (bool). Show for any n, [JI'Fx n : bool.
Proof. This proof is essentially identical to that of unit. O

Lemma E.0.10 (if). If [JI' Fx Py : bool, [JI'Fx P2 : 7, and [JI" Fx P3:
then
[[]]F F Pl; if0 P2 P3 .

Proof. Unfolding []- and pushing substitutions, we must show

(W, 0,7(P1);if0 v(P2) ¥(P3)) € £7[7]

given (W, pf,v) € G*[I'] where ¢ = |Jp; and @; = flocs(y(P;)). Applying
Lemma E.0.7 with the first premise, it suffices if

(W', @2 U g3, push n;if0 v(P2) v(P3)) € £7[7]
given (W', 0,n) € V*[bool] and W' J W. There are two cases.

e Suppose n = 0. Then by Lemma E.0.6, it suffices if
(W', 02,7(P2)) € £7[7]
Applying Lemma E.0.7 with the second premise, it suffices if
(W", ¢ push v) € E7[7]

where (W” ¢/, v) € V*[r], W” 3 W', Then apply Lemmas E.0.1,
E.0.2.

e Suppose n # 0. Then by Lemma E.0.6, it suffices if
(W/’903a’Y(P3)) S [[ ]]
Applying Lemma E.0.7 with the third premise, it suffices if

(W" ¢ push v) € E°[7]

391
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where (W” ¢',v) € V*[r], W’ 3 W'. Then apply Lemmas E.0.1,

E.0.2.
O
Lemma E.0.11 (int). For any n, show [JI' Fx push n: int.
Proof. This proof is essentially identical to that of unit. O

Lemma E.0.12 (op-=). If [[I'Fx P1:int and [JT'tx Py : int, then
[IT Fx P1;P2;equal? : bool.

Proof. Unfolding []J- and pushing substitutions, we are to show
(W, @,7v(P1);7(P2); equal?) € £ [bool]

given (W, o1, ) € G*[I'] where ¢ = Jp; and o; = flocs(y(P;)).
Applying Lemma E.0.7 twice, it sufficies if

(W', 0, push ny; push ny;equal?) € £ [bool]

given (W’ 0, n;) € V*[int] and W' 3 W. Applying Lemma E.0.6, there
are two cases:

e Suppose n; = np. Then we must show
(W' 0, push 0) € £ [bool]
which we have by Lemmas E.0.1, E.0.2 and the definition of V" [bool].
e Suppose ni # ny. Then we must show
(W', 0, push 1) € £*[bool]
which we have by Lemmas E.0.1, E.0.2 and the definition of V** [bool].
O

Lemma E.0.13 (op-i). If [[I'Fx P1:int and [JI'Fx Py:int, then
[IT Fx P1;Pa;less? : bool.

Proof. This proof is essentially identical to that of =. O

Lemma E.0.14 (op-+). If [JI'Fx P1:int and [JI'tx Py :int, then
[IT Fx P1;P2;add : int.

Proof. This proof is essentially identical to that of =. O

Lemma E.0.15 (var). [JT" Fx push x:
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Proof. Unfolding []- and pushing substitutions, we are to show
(W, ¢, push v) € £7[7]

given (W, pTUg, y[x = v]) € G*[I'] where (W, p,v) € V*[+]. Then apply

Lemmas E.0.1, E.0.2. 0
Lemma E.0.16 (pair). If [JI'Fx Py: and [T Fx Pa: then
[IT Fx P1;Pa;lam xp.lam x;.push [xq,x2] : 71 X

Proof. Unfolding []- and pushing substitutions, we are to show
(W, ©,7(P1);v(P2); lam xa.lam x1.push [x1,x2]) € E7[r1 % 73]

given (W, ¢f,~) € G*[I'] where ¢ = Jp; and ¢; = flocs(y(P1))-
Applying Lemma E.0.7 twice, it sufficies if

(W' ', push vi;push vo;lam xp.lam xi.push [x1,x2]) € E7[71 x 73]

given (W', ¢l vi) € V*[ri] and ¢’ = |J ¢} and W' 3 W. Applying Lemma
E.0.6, it suffices if

(W”,¢',push [v1,v2]) € 7 [r1 x 72]

given W” 3 W’ which we have by Lemmas E.0.1, E.0.2 and the definition
of V*[r1 x 75]. O

Lemma E.0.17 (fst). If [JI' Fx P: 7 x 75, then [JT" Fx P;push 0;idx :

Proof. Unfolding []- and pushing substitutions, we are to show
(W, ,7(P); push 0;idx) € £ [7]

given (W, ¢f, ) € G*[I'] where ¢ = flocs(v(P)).
Applying Lemma E.0.7, it sufficies if

(W', ¢, push [vi, va]; push 0;idx) € £ [71]

where (W', ¢}, vi) € V*[ri] and ¢’ = ¢, and W' I W. Applying
Lemma E.0.6, it suffices if

(W",gpll’ pUSh Vl) €& [[ ]]
where W” J W’ which we have by Lemmas E.0.1, E.0.2. O

Lemma E.0.18 (snd). If [T Fx Py x 72, then
[T Fx Py1;push 1;idx :
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Proof. As in Lemma E.0.17. O

Lemma E.0.19 (inl).  If [T Fx P 7, then
[IT Fx P;lam x.push [0,x] : 71 +

Proof. Unfolding []- and pushing substitutions, we are to show
(W, ,7(P);lam x.push [0,x]) € €7 [r1 + 72]

given (W, of,~v) € G*[I'] where ¢ = flocs(v(P)).
Applying Lemma E.0.7, it sufficies if
(W', ¢, push v;lam x.push [0,x]) € E*[71 + 72]

given (W' ¢/ ;v) € V*[r1] and W/ J W. Applying Lemma E.0.6, it
suffices if
(W", ¢, push [0, v]) € £ + 72]

given W” 3 W’ which we have by Lemmas E.0.1, E.0.2 and the definition

of V*[r1 + m2]. O
Lemma E.0.20 (inr). If [T Fx P 7, then
[T Fx P;lam x.push [1,x] : 71 +

Proof. As in Lemma E.0.19. O
Lemma E.0.21 (match). If [T Fx Po: 71 + 72,
T,z : 7 bx Py, and T,y :7mbFx Py, then

[T Fx Po; DUP; push 1;idx; SWAP; push 0;idx;if0 (lam x.P1) (lam y.P2) :
Proof. Unfolding []J- and pushing substitutions, we must show
(W, @, v(Po); DUP; push 1;idx; SWAP; push 0;idx; if0 (lam x.v(P1)) (lam y. v(P>2)))
e &[]
given (W, o', v) € G*[I'] where ¢ = |J¢; and @; = flocs(y(P;)). Applying

Lemma E.0.7 with the first premise, it suffices if

W',
push [n,v]; DUP; push 1;idx; SWAP; push 0;idx; if0 (lam x.v(P1)) (lam y. v(P2)))
€ &[]

given (W', ¢, [n,v]) € V[ + 2] and W I W where ¢ = ¢ U w1 Ups.
There are two cases.
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e Suppose n = 0 and (W', ¢(,v) € V*[71]. Then by Lemma E.0.6 and
pushing substitutions, it suffices if

(W/awlvv[XHv](Pl)) €& [[ ]]

Applying Lemma E.0.7 with the second premise, it suffices if
(W”,¢", push v') € £7[7]

where (W” ¢" v) € V*[r], W’ 3 W'. Then apply Lemmas E.0.1,
E.0.2.

e Suppose n =1 and (W', ¢(,v) € V*[72]. Then by Lemma E.0.6 and
pushing substitutions, it suffices if

(W', 02,9ly = vI(P2)) € £ [7]

Applying Lemma E.0.7 with the third premise, it suffices if
(W" " push V') € E7[7]

where (W” ¢" v) € V*[r], W’ 3 W'. Then apply Lemmas E.0.1,
E.0.2.

Lemma E.0.22 (fold). If [[T' Fx P : 7[po.7/a], then [T Fx P po.r.

Proof. Unfolding []- and pushing substitutions, we are to show

W, 0,7(P)) € & [par7]

given (W, o', ) € G*[I'] where ¢ = flocs(v(P)).
Applying Lemma E.0.7 with the first premise, it sufficies if

(W' ¢, push v) € E* [pa.7]

given (W' ¢’ v) € V*[r[po.7/0]] and W 3 W. Applying Lemmas E.0.1,
E.0.2, it suffices if
(W' @' v) € Vi [pa.r]
which is immediate from the assumption, the definition of V" [uc.7], and

Lemma E.0.3. O

Lemma E.0.23 (unfold).  If [T Fx P:pa.r, then
[T Fx P;noop : 7[pua.7].
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Proof. Unfolding []- and pushing substitutions, we are to show

(W, ¢,7(P);noop) € & [7[pc.7]]

given (W, o',7) € G*[I'] where ¢ = flocs(y(P)).
Applying Lemma E.0.7 with the first premise, it suffices if

(W' ¢, push v;noop) € £ [7[uc.7]]

given (W' ¢',v) € V*[po.7] and W I W. Applying Lemma E.0.6, it
suffices if

(W",¢',push v) € £ [7[pa.7]]

given W” 3 W' (N.B., we take care to strictly advance the world, here).
Applying Lemmas E.0.1, E.0.2, it suffices if

(W", ¢ v) €V [r[po.r]]

which is immediate from the assumption, the definition of V" [uc.7], and
Lemma E.0.3. O

Lemma E.0.24 (fun). If [[I'f: (r4,...,7) — 7\ xs i bx P
[IT" Fx push (thunk push (thunk lam f.lam x,.... lam x;.P);fix) : (

Proof. Unfolding []- and pushing substitutions, we are to show

(W, @, push (thunk push (thunk lam f.lam x,.... lam x;.7(P));fix))
€ EX(rn.. ) B 7]

given (W, p',7) € G*[I'] where ¢ = flocs(y(P)).
Applying Lemmas E.0.1, E.0.2, it suffices if

(W, @, thunk push (thunk lam f.lam x,.... lam x;.7(P)); fix)
VX[ m) B 7]

Unfolding the definition of V*[(71,...,7,) — 7'] and pushing substitu-
tions, we must show

(W', ¢, y[xi — vi, f — thunk push (thunk lam f.lam x,.... lam x1.7(P)); fix](P))
e &[]

given W/ I3 W and (W', p;,v;) € V*[7:] where ¢' = Jpi Up C W0,
which is immediate from the premise. O
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Lemma E.0.25 (app). If [[I'Fx Po:(71,....7) — 7" and for i €
{1,...,n} [T Fx Pj: 7 then
[IT Fx Po; P1; SWAP ... P,; SWAP; call :

Proof. Unfolding []- and pushing substitutions, we are to show
(W, ,7(Po); ¥(P1); SWAP . .. v(Pn); SWAP; call) € £7[]

given (W, ¢l ) € G*[I'] where ¢; = flocs(P;) and ¢ = |J P;.
Applying Lemmas E.0.7, E.0.6 with the premises in order, it suffices if
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(W' ¢, push vi;...;push vp; push (thunk push (thunk lam f.lam x,.... lam x3.P); fix);

call) e £4[7']
given W/ I W, (W', ¢}, vi) € V*[r] for i > 0, and
(W', ©h, thunk push (thunk lam f.lam x,.... lam x;.P);fix) € V*[(71,. ..,

where ¢’ = |J¢}. Applying Lemma E.0.6, it suffices if

) =71

(W' ¢, [xi — vi, f — thunk push (thunk lam f.lam x,.... lam x1.P); fix](P)) € £*[]

which is immediate from the definition of V*[(71,...,7,) — 7']. O
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