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1 Typed assembly language: T

NOTE: Throughout this technical appendix, we write ret end{τ ;σ} {rr} instead of the halt τ, σ {rr}
that appears in the accompanying paper. We apologize for any confusion caused by the slight difference in
presentation.

1.1 Syntax and Semantics

τ ::= α | unit | int | ∃α.τ | µα.τ | ref 〈τ, . . . , τ 〉 | boxψ

ψ ::= ∀[∆].{χ;σ}q | 〈τ, . . . , τ 〉
q ::= r | i | ε | end{τ ;σ}
ω ::= τ | σ | q

e ::= (I,H)

v ::= (ret end{τ ;σ} {r}, ·)
E ::= (EI, ·)
EI ::= [·]
r ::= r1 | r2 | · · · | r7 | ra
h ::= code[∆]{χ;σ}q.I | 〈w, . . . ,w〉
w ::= () | n | ` | pack〈τ,w〉 as ∃α.τ | foldµα.τ w | w[ω]

u ::= w | r | pack〈τ,u〉 as ∃α.τ | foldµα.τ u | u[ω]

I ::= ι; I | jmpu | call u {σ, q} | ret r {r} | ret i {r} | ret end{τ ;σ} {r}
ι ::= aop rd, rs, u | bnz r, u | ld rd, rs[i] | st rd[i], rs | ralloc rd, n | balloc rd, n | mv rd, u

| unpack 〈α, rd〉 u | unfold rd, u | sallocn | sfreen | sld rd, i | sst i, rs

aop ::= add | sub | mult
H ::= · | H, ` 7→ h

R ::= · | R, r 7→ w

S ::= nil | w :: S

M ::= (H,R, S:σ)

Ψ ::= · | Ψ, ` : νψ

ν ::= ref | box

∆ ::= · | ∆, α | ∆, ζ | ∆, ε

χ ::= · | χ, r : τ

σ ::= ζ | • | τ :: σ

Note that we define E[e]—plugging an evaluation context E with a component e—as follows:

(EI, ·)[(I,H)]
def
= (EI[I],H)
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1.1.1 Return Marker Metafunctions

The metafunctions ret-type and ret-addr-type follow the return marker in order to look up the type returned
by a component, or the type of the return address, respectively.

In the case where the return marker is r or i, ret-type is somewhat redundant since the result of ret-type
is contained in the result of ret-addr-type. But when the return marker is end{τ ;σ}, there is no actual
return address, so only ret-type is defined. Both metafunctions are used throughout the type system.

ret-type(r,χ,σ) = τ ;σ′ if χ(r) = box∀[].{r′ : τ ;σ′}q

ret-type(i,χ,σ) = τ ;σ′ if σ(i) = box∀[].{r′ : τ ;σ′}q

ret-type(end{τ ;σ′},χ,σ) = τ ;σ′

ret-addr-type(r,χ,σ) = ∀[].{r′ : τ ;σ′}q′ if χ(r) = box∀[].{r′ : τ ;σ′}q′

ret-addr-type(i,χ,σ) = ∀[].{r′ : τ ;σ′}q′ if σ(i) = box∀[].{r′ : τ ;σ′}q′

1.1.2 Well-Formed Type ∆ ` τ

α ∈∆

∆ ` α ∆ ` unit ∆ ` int

∆, α ` τ
∆ ` ∃α.τ

∆, α ` τ
∆ ` µα.τ

∆ ` 〈τ0, . . . , τn〉
∆ ` ref 〈τ0, . . . , τn〉

∆ ` ψ
∆ ` boxψ

1.1.3 Well-Formed Heap Value Type ∆ ` ψ

The rule for the code block type uses a judgment for well-formed return markers (presented next). Note
that the external type environment ∆ and the formal type arguments ∆′ are kept separate in that premise.

∆,∆′ ` χ ∆,∆′ ` σ ∆[∆′];χ;σ ` q

∆ ` ∀[∆′].{χ;σ}q
∆ ` τ1 · · · ∆ ` τn

∆ ` 〈τ0, . . . , τn〉

1.1.4 Well-Formed Return Marker ∆[∆′];χ;σ ` q

A code block is not allowed to abstract over its own return marker. Accordingly, this judgment accepts a
type variable environment in two pieces, ∆ and ∆′. A return marker variable ε is only well-formed if ε
appears in the outer ∆. Other return markers are well-formed if ret-type produces a type and stack type
that are well formed under the combined type variable environment ∆,∆′.

When this judgment is called by the well-formed heap type judgment (see Section 1.1.3 above), the outer
∆ is the set of type variables in scope outside the code type, while the inner ∆′ contains the formal type
parameters. The latter may not bind an ε in this position.

ret-type(q,χ,σ) = τ ;σ′ ∆,∆′ ` τ ∆,∆′ ` σ′

∆[∆′];χ;σ ` q

ε ∈∆

∆[∆′];χ;σ ` ε

1.1.5 Well-Formed Register File Type ∆ ` χ

∆ ` ·
∆ ` χ ∆ ` τ

∆ ` χ, r : τ

1.1.6 Well-Formed Stack Type ∆ ` σ

ζ ∈∆

∆ ` ζ ∆ ` nil

∆ ` τ ∆ ` σ
∆ ` τ :: σ
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1.1.7 Register File Subtyping ∆ ` χ1 ≤ χ2

∆ ` χ, χ′

∆ ` (χ, χ′) ≤ χ

1.1.8 Well-Typed Heap Fragment Ψ ` H : Ψ′

dom(Ψ) ∩ dom(Ψ′) = ∅ Ψ′ = `1 : ν1ψ1, . . . , `n : νnψn

· ` ψ1 · · · · ` ψn Ψ,Ψ′ ` h1 :ν1ψ1 · · · Ψ,Ψ′ ` hn :νnψn

Ψ ` {`1 7→ h1, . . . , `n 7→ hn} : Ψ′

1.1.9 Well-Typed Register File Ψ ` R :χ

Ψ ` · : ·
Ψ ` R :χ Ψ; · ` w : τ

Ψ ` R, r 7→ w :χ, r : τ

1.1.10 Well-Typed Stack Ψ ` S :σ

Ψ ` nil :•
Ψ; · ` w : τ Ψ ` S :σ

Ψ ` w :: S : τ :: σ

1.1.11 Well-Typed Memory `M : (Ψ, χ, σ)

· ` H : Ψ Ψ ` R :χ Ψ ` S :σ

` (H,R, S) : (Ψ, χ, σ)

1.1.12 Well-Typed Component Ψ; ∆;χ;σ; q ` e : τ ;σ′

Ψ ` H : Ψ′ boxheap(Ψ′) ret-type(q,χ,σ) = τ ;σ′ (Ψ,Ψ′); ∆;χ;σ; q ` I

Ψ; ∆;χ;σ; q ` (I,H) : τ ;σ′

boxheap(Ψ)
def
= ∀(` : ν ψ) ∈ Ψ. ν = box
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1.1.13 Well-Typed Heap Value Ψ ` h :νψ

· ` ∀[∆].{χ;σ}q Ψ; ∆;χ;σ; q ` I

Ψ ` code[∆]{χ;σ}q.I : box∀[∆].{χ;σ}q
Ψ; · ` w0 : τ0 · · · Ψ; · ` wn : τn

Ψ ` 〈w0, . . . ,wn〉 :ν〈τ0, . . . , τn〉

1.1.14 Well-Typed Word Value Ψ; ∆ ` w : τ

Ψ; ∆ ` () : unit Ψ; ∆ ` n : int

` : refψ ∈ Ψ

Ψ; ∆ ` ` : ref ψ

` : boxψ ∈ Ψ

Ψ; ∆ ` ` : boxψ

Ψ; ∆ ` w : τ [τ ′/α]

Ψ; ∆ ` pack〈τ ′,w〉 as ∃α.τ :∃α.τ
Ψ; ∆ ` w : τ [µα.τ/α]

Ψ; ∆ ` foldµα.τ w :µα.τ

Ψ; ∆ ` w : box∀[α,∆′].{χ;σ}q ∆ ` τ
Ψ; ∆ ` w[τ ] : box∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α]

Ψ; ∆ ` w : box ∀[ζ,∆′].{χ;σ}q ∆ ` σ′

Ψ; ∆ ` w[σ′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ
′/ζ]

Ψ; ∆ ` w : box ∀[ε,∆′].{χ;σ}q ftv(q′) ⊆∆ ∆ ` ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q
′/ε]

Ψ; ∆ ` w[q′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q
′/ε]

1.1.15 Well-Typed Small Value Ψ; ∆;χ ` u : τ

Ψ; ∆ ` w : τ

Ψ; ∆;χ ` w : τ

r : τ ∈ χ
Ψ; ∆;χ ` r : τ

Ψ; ∆;χ ` u : τ [τ ′/α]

Ψ; ∆;χ ` pack〈τ ′,u〉 as ∃α.τ :∃α.τ

Ψ; ∆;χ ` u : τ [µα.τ/α]

Ψ; ∆;χ ` foldµα.τ u :µα.τ

Ψ; ∆;χ ` u : box ∀[α,∆′].{χ;σ}q ∆ ` τ
Ψ; ∆;χ ` u[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α]

Ψ; ∆;χ ` u : box ∀[ζ,∆′].{χ′;σ}q ∆ ` σ′

Ψ; ∆;χ ` u[σ′] : box ∀[∆′].{χ′[σ′/ζ];σ[σ′/ζ]}q[σ
′/ζ]

Ψ; ∆;χ ` u : box ∀[ε,∆′].{χ′;σ}q ftv(q′) ⊆∆ ∆ ` ∀[∆′].{χ′[q′/ε];σ[q′/ε]}q[q
′/ε]

Ψ; ∆;χ ` u[q′] : box ∀[∆′].{χ′[q′/ε];σ[q′/ε]}q[q
′/ε]
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1.1.16 Well-Typed Instruction Sequence Ψ; ∆;χ;σ; q ` I

As a side-condition on this judgment, the environment q must not be ε (This can be written ·[∆];χ;σ ` q).
This argument gives the position of the return address, and a component never abstracts over its own return
address.

The rule for sequencing instructions is straightforward: we use the postconditions of the initial instruction
ι as preconditions to type check the remaining instructions.

Ψ; ∆;χ;σ; q ` ι⇒∆′;χ′;σ′; q′ Ψ; ∆′;χ′;σ′; q′ ` I

Ψ; ∆;χ;σ; q ` ι; I

The return instruction typechecks if the indicated point to return to matches the return marker in the
environment, and if the register containing the result has the right type. Note that our type system does
not permit returns to an address stored on the stack.

χ(r) = box ∀[].{r′ : τ ;σ}q
′

χ(r′) = τ

Ψ; ∆;χ;σ; r ` ret r {r′}
χ(r) = τ

Ψ; ∆;χ;σ; end{τ ;σ} ` ret end{τ ;σ} {r}

The jump instruction is used to continue to the next code block within a component, or equivalently, to
make a tail call. This requires that the code block we jump to share the current return marker, and that its
preconditions are consistent with the current types of the register file and stack.

Ψ; ∆;χ ` u : box ∀[].{χ′;σ}q ∆ ` χ ≤ χ′ ·[∆];χ;σ ` q

Ψ; ∆;χ;σ; q ` jmpu

To call a subroutine, we are required to protect the current return address by storing it in the tail of
the stack that is parametrically hidden from the subroutine. The type rule compares the caller’s view of the
stack at the time the call is made, σ, to the subroutine’s view at the time of the call, σ̂. It also looks at the
subroutine’s view at return time, σ̂′. At both points, the subroutine’s view contains an abstract stack tail ζ
that must be instantiated by the caller’s stack tail type σ0. The return marker of the caller must be some
i that points far enough into σ that the return address is in σ0. At return time, the part of the stack that
was not hidden from the subroutine could have changed length, so the return marker after the subroutine,
which instantiates the subroutine’s type variable ε, must accordingly change.

We also have a type rule for the case of calling a subroutine from the top level, when there is no return
address and the return marker is end{τ ;σ∗}. This case works the same way, except that there is no need
to worry about lengths of stacks.

We use the shorthand ∆ ` χ \ q in the following typing rules to ensure that, in the case that q is some
register r in the domain of χ, then χ without the mapping for r should be well formed under ∆.

∆ ` χ \ i
def
= ∆ ` χ

∆ ` χ \ r
def
= ∆ ` χ if r /∈ dom(χ)

∆ ` χ1, r : τ, χ2 \ r
def
= ∆ ` χ1, χ2

Ψ; ∆;χ ` u : box ∀[ζ, ε].{χ̂; σ̂}q̂ ∆ ` χ̂ \ q̂ ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε ∆ ` τ
∆ ` σ̂′[σ0/ζ] ∆ ` ∀[].{χ̂[σ0/ζ][i+k−j/ε]; σ̂[σ0/ζ][i+k−j/ε]}q̂ ∆ ` χ ≤ χ̂[σ0/ζ][i+k−j/ε]

σ = τ0 :: · · · :: τj :: σ0 σ̂ = τ0 :: · · · :: τj :: ζ j < i σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ

Ψ; ∆;χ;σ; i ` callu {σ0, i+k−j}

Ψ; ∆;χ ` u : box∀[ζ, ε].{χ̂; σ̂}q̂
∆ ` χ̂ \ q̂ ret-addr-type(q̂, χ̂, σ̂) = box ∀[].{r : τ ; σ̂′}ε ∆ ` τ ∆ ` σ̂′[σ0/ζ]

∆ ` ∀[].{χ̂[σ0/ζ][end{τ∗;σ∗}/ε]; σ̂[σ0/ζ][end{τ∗;σ∗}/ε]}q̂ ∆ ` χ ≤ χ̂[σ0/ζ][end{τ∗;σ∗}/ε]
σ = τ :: σ0 σ̂ = τ :: ζ σ̂′ = τ ′ :: ζ

Ψ; ∆;χ;σ; end{τ∗;σ∗} ` callu {σ0, end{τ∗;σ∗}}
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1.1.17 Well-Typed Instruction Ψ; ∆;χ;σ; q ` ι⇒∆′;χ′;σ′; q′

As a side-condition on this judgment, the environment q must not be ε.
This judgment uses the following two metafunctions:

inc(q,n) =

{
i + n q = i

q otherwise
dec(q,n) =


i− n q = i ≥ n

undefined q = i < n

q otherwise

Ψ; ∆;χ ` rs : int Ψ; ∆;χ ` u : int q 6= rd

Ψ; ∆;χ;σ; q ` aop rd, rs, u⇒∆;χ[rd : int];σ; q

Ψ; ∆;χ ` rtest : int
Ψ; ∆;χ ` u : box ∀[].{χ′;σ}q ∆ ` χ ≤ χ′

Ψ; ∆;χ;σ; q ` bnz rtest, u⇒∆;χ;σ; q

Ψ; ∆;χ ` rs : ref 〈τ0, . . . , τn〉
0 ≤ i ≤ n q 6= rd

Ψ; ∆;χ;σ; q ` ld rd, rs[i]⇒∆;χ[rd : τi];σ; q

Ψ; ∆;χ ` rs : box 〈τ0, . . . , τn〉
0 ≤ i ≤ n q 6= rd

Ψ; ∆;χ;σ; q ` ld rd, rs[i]⇒∆;χ[rd : τi];σ; q

Ψ; ∆;χ ` rd : ref 〈τ0, . . . , τn〉 0 ≤ i ≤ n Ψ; ∆;χ ` rs : τi

Ψ; ∆;χ;σ; q ` st rd[i], rs ⇒∆;χ[rd : ref 〈τ0, . . . , τn〉];σ; q

len(τ ) = n q 6= rd
χ′ = χ[rd : ref 〈τ 〉] q′ = dec(q,n)

Ψ; ∆;χ; τ :: σ; q ` ralloc rd, n⇒∆;χ′;σ; q′

len(τ ) = n q 6= rd
χ′ = χ[rd : box 〈τ 〉] q′ = dec(q,n)

Ψ; ∆;χ; τ :: σ; q ` balloc rd, n⇒∆;χ′;σ; q′

Ψ; ∆;χ ` u : τ q 6= rd u 6= q

Ψ; ∆;χ;σ; q ` mv rd, u⇒∆;χ[rd : τ ];σ; q

χ(rs) = τ

Ψ; ∆;χ;σ; rs ` mv rd, rs ⇒∆;χ[rd : τ ];σ; rd

Ψ; ∆;χ ` u :∃α.τ q 6= rd

Ψ; ∆;χ;σ; q ` unpack 〈α, rd〉 u⇒∆, α;χ[rd : τ ];σ; q

Ψ; ∆;χ ` u :µα.τ q 6= rd

Ψ; ∆;χ;σ; q ` unfold rd, u⇒∆;χ[rd : τ [µα.τ/α]];σ; q

σ′ = unit :: · · ·n :: unit :: σ q′ = inc(q,n)

Ψ; ∆;χ;σ; q ` sallocn⇒∆;χ;σ′; q′
σ = τ0 :: · · · :: τn−1 :: σ′ q′ = dec(q,n)

Ψ; ∆;χ;σ; q ` sfreen⇒∆;χ;σ′; q′

σ = τ0 :: · · · :: τi :: σ′ q 6= rd

Ψ; ∆;χ;σ; q ` sld rd, i⇒∆;χ[rd : τi];σ; q

σ = τ0 :: · · · :: τi :: σ′

Ψ; ∆;χ;σ; i ` sld rd, i⇒∆;χ[rd : τi];σ; rd

Ψ;χ; ∆ ` rs : τ ′ σ = τ0 :: · · · :: τi :: σ0

σ′ = τ0 :: · · · :: τi−1 :: τ ′ :: σ0 q 6= i

Ψ; ∆;χ;σ; q ` sst i, rs ⇒∆;χ;σ′; q

Ψ;χ; ∆ ` rs : τ ′ σ = τ0 :: · · · :: τi :: σ0

σ′ = τ0 :: · · · :: τi−1 :: τ ′ :: σ0

Ψ; ∆;χ;σ; rs ` sst i, rs ⇒∆;χ;σ′; i
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1.1.18 Reduction Relation

1.1.19 Instruction Sequence Reduction Relation 〈M | I〉−→〈M′ | I′〉

〈(H,R, S) | aop rd, rs, u; I〉 −→〈(H,R[rd 7→ δ(aop,R(rs), R̂(u))], S) | I〉

〈(H,R, S) | bnz r, u; I〉 −→〈(H,R, S) | I〉 if R(r) = 0

〈(H,R, S) | bnz r, u; I〉 −→〈(H,R, S) | I′[ω/∆]〉 if R(r) = n,n 6= 0

where R̂(u) = `[ω] and H(`) = code[∆]{χ;σ}q.I′

〈(H,R, S) | ld rd, rs[i]; I〉 −→〈(H,R[rd 7→ wi], S) | I〉
where R(rs) = ` and H(`) = 〈w0, . . . ,wi, . . . ,wn〉

〈(H,R, S) | st rd[i], rs; I〉 −→〈(H[` 7→ 〈w0, . . . ,w
′, . . . ,wn〉],R, S) | I〉

where R(rs) = w′,R(rd) = `, and H(`) = 〈w0, . . . ,wi, . . . ,wn〉

〈(H,R,w :: S) | ralloc rd, n; I〉−→〈(H[` 7→ 〈w〉],R[rd 7→ `], S) | I〉 if ` /∈ dom(H), len(w) = n

〈(H,R,w :: S) | balloc rd, n; I〉−→〈(H[` 7→ 〈w〉],R[rd 7→ `], S) | I〉 if ` /∈ dom(H), len(w) = n

〈(H,R, S) | mv rd, u; I〉 −→〈(H,R[rd 7→ R̂(u)], S) | I〉

〈(H,R, S) | unpack 〈α, rd〉 u; I〉−→〈(H,R[rd 7→ w], S) | I[τ ′/α]〉
where R̂(u) = pack〈τ ′,w〉 as ∃α.τ

〈(H,R, S) | unfold rd, u; I〉 −→〈(H,R[rd 7→ w], S) | I〉 where R̂(u) = foldµα.τ w

〈(H,R, S) | sallocn; I〉 −→〈(H,R, () :: S) | I〉 len(()) = n

〈(H,R,w :: S) | sfree n; I〉 −→〈(H,R, S) | I〉 len(w) = n

〈(H,R, S) | sld rd, i; I〉 −→〈(H,R[rd 7→ wi], S) | I〉 where S = w0 :: · · · :: wi :: S0

〈(H,R, S) | sst i, rs; I〉 −→〈(H,R, S′) | I〉
where R(rs) = w′,

S = w0 :: · · · :: wi :: S0, and S′ = w0 :: · · · :: w′ :: S0,

〈(H,R, S) | jmpu〉 −→〈(H,R, S) | I[ω/∆]〉
where R̂(u) = `[ω] and H(`) = code[∆]{χ;σ}q.I

〈(H,R, S) | call u {σ, q}〉 −→〈(H,R, S) | I[ω/∆][σ/ζ][q/ε]〉
where R̂(u) = `[ω] and H(`) = code[∆, ζ, ε]{χ;σ}q.I

〈(H,R, S) | ret r {r′}〉 −→〈(H,R, S) | I[ω/∆]〉
where R(r) = `[ω] and H(`) = code[∆]{χ;σ}q.I

where

R̂(w) = w

R̂(r) = R(r)

R̂(u[ω]) = (R̂(u))[ω]

R̂(pack〈τ ′,u〉 as ∃α.τ ) = pack〈τ ′,R̂(u)〉 as ∃α.τ
R̂(foldµα.τ u) = foldµα.τ (R̂(u))

δ(add, n1, n2) = n1 + n2

δ(sub, n1, n2) = n1 − n2

δ(mul, n1, n2) = n1 ∗ n2
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1.1.20 Component Reduction Relation 〈M | e〉 7−→ 〈M′ | e′〉

For purposes of our step-indexed logical relation, we consider the reduction rule that loads heap values from
a component’s heap fragment into the main program heap to take 0 reduction steps.

〈(H,R, S) | (I, (` 7→ h,H′))〉 7−→0 〈((H, `′ 7→ h[`′/`]),R, S) | (I[`′/`],H′[`′/`])〉 `′ /∈ dom(H)

〈M | I〉−→〈M′ | I′〉
〈M | (I, ·)〉 7−→ 〈M′ | (I′, ·)〉

1.2 Contexts and Contextual Equivalence

C ::= (CI,H) | (I,CH)

CI ::= [·] | ι; CI

CH ::= CH, ` 7→ h | H, ` 7→ code[∆]{χ;σ}q.CI

1.2.1 Plug Function C[e]

(CI,H)[(I,H′)] = (CI[I], (H,H′))

(I,CH)[(I′,H′)] = (I, (CH[I′],H′))

[·][I] = I

(ι; CI)[I] = ι; CI[I]

(CH, ` 7→ h)[I] = (CH[I]), ` 7→ h

(H, ` 7→ code[∆]{χ;σ}q.CI)[I] = H, ` 7→ code[∆]{χ;σ}q.(CI[I])

1.2.2 Well-Typed Context ` C : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′; ∆′;χ′;σ0; q′ ` τ ′;σ1)

Ψ′ ` H : Ψ ret-type(q′,χ′,σ0) = τ ;σ1 ` CI : (Ψ; ∆;χ;σ; q ` τ ;σ′) ((Ψ′,Ψ); ∆′;χ′;σ0; q′)

` (CI,H) : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′; ∆′;χ′;σ0; q′ ` τ ;σ1)

` CH : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′ ` Ψ) ret-type(q′,χ′,σ0) = τ ;σ1 (Ψ′,Ψ); ∆′;χ′;σ0; q′ ` I

` (I,CH) : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′; ∆′;χ′;σ0; q′ ` τ ;σ1)

Ψ ⊆ Ψ′ ∆ ⊆ ∆′ ∆ ` χ′ ≤ χ ret-type(q,χ,σ) = τ ;σ′

` [·] : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′; ∆′;χ′;σ; q)

Ψ′; ∆′;χ′;σ0; q′ ` ι⇒∆′′;χ′′;σ1; q′′ ` CI : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′; ∆′′;χ′′;σ1; q′′)

` ι; CI : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′; ∆′;χ′;σ0; q′)

H = `1 7→ h1, . . . , `n 7→ hn H′ = `′1 7→ h′1, . . . , `
′
m 7→ h′n

Ψ = {`1 : ν1ψ1, . . . , `n : νnψn, ` : box∀[∆′].{χ′;σ0}q
′
, `′1 : ν

′
1ψ′1, . . . , `

′
m : ν

′
mψ′m} · ` ψ1 · · · · ` ψn

Ψ′,Ψ ` h1 : ν1ψ1 · · · Ψ′,Ψ ` hn : νnψn ` CI : (Ψ; ∆;χ;σ; q ` τ ;σ′) ((Ψ′,Ψ); ∆′;χ′;σ0; q′)

· ` ψ′1 · · · · ` ψ
′
m Ψ,Ψ ` h′1 : ν

′
1ψ′1 · · · Ψ,Ψ ` h′m : ν

′
mψ′m

` H, ` 7→ code[∆′]{χ′;σ0}q
′
.CI,H

′ : (Ψ; ∆;χ;σ; q ` τ ;σ′) (Ψ′ ` Ψ)
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1.2.3 Contextual Equivalence

Ψ; ∆;χ;σ; q ` e1 ≈ctx e2 : τ ; σ̂
def
=

Ψ; ∆;χ;σ; q ` e1 : τ ; σ̂ ∧ Ψ; ∆;χ;σ; q ` e2 : τ ; σ̂ ∧
∀C,M,Ψ′,χ′,σ′,q′, τ ′, σ̂′.

` C : (Ψ; ∆;χ;σ; q ` τ ; σ̂) (Ψ′; ·;χ′;σ′; q′ ` τ ′; σ̂′) ∧ `M : (Ψ′,χ′,σ′)

=⇒ (〈M | C[e1]〉 ↓ ⇐⇒ 〈M | C[e2]〉 ↓)

1.2.4 CIU Equivalence

Ψ; ∆;χ;σ; q ` e1 ≈ciu e2 : τ ; σ̂
def
=

Ψ; ∆;χ;σ; q ` e1 : τ ; σ̂ ∧ Ψ; ∆;χ;σ; q ` e2 : τ ; σ̂ ∧
∀δ, E,M,Ψ′,q′, τ ′, σ̂′.

· ` δ : ∆ ∧ ` E : (Ψ; ·;χ;σ; q ` τ ; σ̂) (Ψ′; ·;χ;σ; q′ ` τ ′; σ̂′) ∧ `M : (Ψ′,χ,σ)

=⇒ (〈M | E[δ(e1)]〉 ↓ ⇐⇒ 〈M | E[δ(e2)]〉 ↓)
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1.3 Logical Relation

Worlds and Auxiliary Definitions Worlds consist of a sequence of islands that describe the current
state of the memories (and how they are related) of the two computations we wish to relate. The essential
idea here is that the islands θ in the sequence Θ will specify constraints on disjoint parts of memory. We
obtain constraints on the entire memory via a disjoint union of the memories specified by the islands.

Therefore, we begin with some simple definitions for memory objects that we will make use of in islands.
We need to be able to lift various pieces of memory to a full program memory M = (H,R, S). In many
cases, we may not want to impose a constraint on the register file and stack, so we allow ⊥ to appear in
those positions. Since disjoint heap fragments can be merged, the heap can be left unconstrained just by
using an empty heap.

Regs⊥ = {R} ∪ {⊥}
Stack⊥ = {S} ∪ {⊥}

{·} def
= ({·},⊥,⊥)

H�
def
= (H,⊥,⊥)

R�
def
= ({·},R,⊥)

S�
def
= ({·},⊥, S)

A world W consists of a step index k, a pair of heap types Ψ1 and Ψ2, and a sequence Θ of islands θ.
Each island expresses invariants on certain parts of memory by encoding a state transition system and a
memory relation MR that establishes which pairs of memories are acceptable in each state. (See Dreyer et
al. [2] for details.)

The first three islands in Θ are distinguished: they track the register file, the stack, and the immutable
contents of the heap, respectively. We assign these islands the indices ireg, istk, and ibox, respectively. Further
islands can be added to a world to encode invariants about mutable data.

Worldn
def
= {W = (k,Ψ1,Ψ2,Θ) | k < n ∧ ∃m ≥ 3. Θ ∈ Islandmk ∧

(∃sreg. Θ(ireg) = islandreg(sreg, k) ∧ Ψ1 ` sreg.R1 : sreg.χ1 ∧ Ψ2 ` sreg.R2 : sreg.χ2) ∧
(∃sstk. Θ(istk) = islandstk(sstk, k) ∧ Ψ1 ` sstk.S1 : sstk.σ1 ∧ Ψ2 ` sstk.S2 : sstk.σ2) ∧
(∃sbox. Θ(ibox) = islandbox(sbox, k) ∧Ψref

1 ` sbox.H1 : Ψbox
1 ∧ Ψref

2 ` sbox.H2 : Ψbox
2 )}

Islandn
def
= { θ = (s, S, δ, π,MR,bij) | s ∈ S ∧ S ∈ Set ∧ δ ⊆ S × S ∧ π ⊆ δ ∧

δ, π reflexive ∧ δ, π transitive ∧MR ∈ S → MemReln ∧ bij ∈ S → P(Val×Val) }

MemAtomn
def
= { (W,M1,M2) | W ∈Worldn ∧ M1,M2 ∈ Heap× Regs⊥ × Stack⊥ }

MemReln
def
= {ϕM ⊆ MemAtomn | ∀(W,M1,M2) ∈ ϕM . ∀W ′ wW. (W ′,M1,M2) ∈ ϕM }

The transition systems for θreg and θstk encode the current contents of each side’s register file and stack,
respectively. They may transition freely between states, since the register file and stack are fairly free in how
they can change during program execution. The states of θbox encode the contents of the immutable part of
the heap on each side. This island is allowed to transition only by adding more immutable data to the heap.

ireg = 1

Sreg = { (R1,χ1,R2,χ2) }
islandreg(s, k) = (s, Sreg, Sreg × Sreg, Sreg × Sreg, λs.{(W, s.R1� , s.R2� ) |W ∈Worldk}, λs.∅)

istk = 2

Sstk = { (S1,σ1,S2,σ2) }
islandstk(s, k) = (s, Sstk, Sstk × Sstk, Sstk × Sstk, λs.{(W, s.S1� , s.S2� ) |W ∈Worldk}, λs.∅)
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ibox = 3

Sbox = { (H1, H2) }
δbox = {((H1, H2), (H ′1, H

′
2)) | H1 ⊆ H ′1 ∧H2 ⊆ H ′2}

islandbox(s, k) = (s, Sbox, δbox, δbox, λs.{(W, (s.H1)� , (s.H2)� ) |W ∈Worldk}, λs.∅)
Two memory objects that describe disjoint parts of memory can be merged into one compound memory

object via the ⊗ operator.

M1 ⊗M2 where M1,M2 ∈ ({H} × Regs⊥ × Stack⊥)

(H1,R1,S1)⊗ (H2,R2,S2) =


(H1 ]H2,R,S) where R = R1 if R2 = ⊥; R = R2 if R1 = ⊥

S = S1 if S2 = ⊥; S = S2 if S1 = ⊥
undefined otherwise

ϕM ⊗ ϕ′M = { (W,M1 ⊗M ′1,M2 ⊗M ′2) | (W,M1,M2) ∈ ϕM ∧ (W,M ′1,M
′
2) ∈ ϕ′M }

These are standard operations for dealing with step indexing: we can approximate a world or relation to
a given number of steps with b·ck, and we can expend a step using the B operator (read “later”).

b(θ1, . . . , θm)ck
def
= (bθ1ck, . . . , bθmck)

b(s, S, δ, π,MR,bij)ck
def
= (s, S, δ, π, bMRck,bij)

bMRck
def
= λs. bMR(s)ck

bϕMck
def
= { (W,M1,M2) ∈ ϕM | W.k < k }

B(k + 1,Ψ1,Ψ2,Θ)
def
= (k,Ψ1,Ψ2, bΘck)

Bϕe
def
= { (W, e1, e2) |W.k > 0 =⇒ (BW, e1, e2) ∈ ϕe }

Bϕv
def
= { (W, v1, v2) |W.k > 0 =⇒ (BW, v1, v2) ∈ ϕv }

Bϕw
def
= { (W,w1, w2) |W.k > 0 =⇒ (BW,w1, w2) ∈ ϕw }

Future worlds W ′ of a given world W , written W ′ wW , may differ from W in any or all of the following
ways: they may have expended steps, allocated additional memory, added new islands, or taken transitions
in existing islands. Public future worlds W ′ wpub W are similar, but must have taken public transitions
from the island states in W .

(k′,Ψ′1,Ψ
′
2,Θ

′) w (k,Ψ1,Ψ2,Θ)
def
= k′ ≤ k ∧ Ψ′1 ⊇ Ψ1 ∧ Ψ′2 ⊇ Ψ2 ∧ Θ′ w bΘck′
∧ (k,Ψ1,Ψ2,Θ) ∈World ∧ (k′,Ψ′1,Ψ

′
2,Θ

′) ∈World

(θ′1, . . . , θ
′
m′) w (θ1, . . . , θm)

def
= m′ ≥ m ∧ ∀j ∈ {1, . . . ,m}. θ′j w θj

(s′, S′, δ′, π′,MR′,bij′) w (s, S, δ, π,MR,bij)
def
= (S′, δ′, π′,MR′,bij′) = (S, δ, π,MR,bij) ∧ (s, s′) ∈ δ

W ′ AW
def
= W ′.k < W.k ∧ W ′ wW

(k′,Ψ′1,Ψ
′
2,Θ

′) wpub (k,Ψ1,Ψ2,Θ)
def
= k′ ≤ k ∧ Ψ′1 ⊇ Ψ1 ∧ Ψ′2 ⊇ Ψ2 ∧ Θ′ wpub bΘck′
∧ (k,Ψ1,Ψ2,Θ) ∈World ∧ (k′,Ψ′1,Ψ

′
2,Θ

′) ∈World

(θ′1, . . . , θ
′
m′) wpub (θ1, . . . , θm)

def
= m′ ≥ m ∧ ∀j ∈ {1, . . . ,m}. θ′j wpub θj

(s′, S′, δ′, π′,MR′,bij′) wpub (s, S, δ, π,MR,bij)
def
= (S′, δ′, π′,MR′,bij′) = (S, δ, π,MR,bij) ∧ (s, s′) ∈ π

Given a world W , we often need to talk about future worlds of W where the only change is that new
immutable memory has been allocated. We use this notation to capture this:

W � (H1, H2)
def
= (W.k,W.Ψ1 ]Ψ1,W.Ψ2 ]Ψ2,W.Θ[ibox 7→ islandbox(W (ibox).s ] (H1, H2), W.k)])

if W.Ψ1 ` H1 : Ψ1 ∧ W.Ψ2 ` H2 : Ψ2 ∧ boxheap(Ψ1) ∧ boxheap(Ψ2).
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The following are convenient shorthands for frequently-used pieces of a world:

currentMR(θ)
def
= θ.MR(θ.s) W (i)

def
= W.Θ(i)

W.R1
def
= W.Θ(ireg).s.R1 W.S1

def
= W.Θ(istk).s.S1 W.χ1

def
= W.Θ(ireg).s.χ1 W.σ1

def
= W.Θ(istk).s.σ1

W.R2
def
= W.Θ(ireg).s.R2 W.S2

def
= W.Θ(istk).s.S2 W.χ2

def
= W.Θ(ireg).s.χ2 W.σ2

def
= W.Θ(istk).s.σ2

W.Φ1
def
= (W.Ψ1,W.χ1,W.σ1) W.Φ2

def
= (W.Ψ2,W.χ2,W.σ2)

Atoms are well-formed worlds together with a pair of components or values that are well-typed at the
indicated type under the appropriate memory type of the world.

TermAtomn[(q1 ` τ1;σ1), (q2 ` τ2;σ2)]
def
=

{ (W, e1, e2) |W ∈Worldn ∧ W.Ψ1; ·;W.χ1;W.σ1; q1 ` e1 : τ1;σ1 ∧
W.Ψ2; ·;W.χ2;W.σ2; q2 ` e2 : τ2;σ2 }

WvalAtomn[τ1, τ2]
def
= { (W,w1,w2) | W ∈Worldn ∧ W.Ψ1; · ` w1 : τ1 ∧ W.Ψ2; · ` w2 : τ2 }

StackAtomn[σ1,σ2]
def
= { (W,S1� ,S2� ) | W ∈Worldn ∧ W.Ψ1 ` S1 :σ1 ∧ W.Ψ2 ` S2 :σ2 }

HvalAtomn[ψ1,ψ2]
def
= { (W,h1,h2) | W ∈Worldn ∧ W.Ψ1 ` h1 : νψ1 ∧ W.Ψ2 ` h2 : νψ2 }

ContAtom[(q1 ` τ1;σ1), (q2 ` τ2;σ2)] [(q′1 ` τ ′1;σ′1), (q′2 ` τ ′2;σ′2)]
def
=

{(W,E1, E2) |W ∈World ∧
` E1 : (W.Ψ1; ·;W.χ1;W.σ1; q1 ` τ1;σ1) (W.Ψ1; ·;W.χ1;W.σ1; q′1 ` τ ′1;σ′1) ∧
` E2 : (W.Ψ2; ·;W.χ2;W.σ2; q2 ` τ2;σ2) (W.Ψ2; ·;W.χ2;W.σ2; q′2 ` τ ′2;σ′2)}

ContAtom[(q1 ` τ1;σ1), (q2 ` τ2;σ2)]
def
=

{(W,E1, E2) | ∃q′1,q′2, τ ′1, τ ′2,σ′1,σ′2.
(W,E1, E2) ∈ ContAtom[(q1 ` τ1;σ1), (q2 ` τ2;σ2)] [(q′1 ` τ ′1;σ′1), (q′2 ` τ ′2;σ′2)]}

WvalRel[τ1, τ2]
def
= {ϕw ⊆WvalAtom[τ1, τ2] | ∀(W,w1,w2) ∈ ϕw. ∀W ′ wW. (W ′,w1,w2) ∈ ϕw}

TValRel
def
= {VR = (τ1, τ2, ϕw) | ϕw ∈WvalRel[τ1, τ2] }

StackRel[σ1,σ2]
def
= {ϕS ⊆ StackAtom[σ1,σ2] }

TStackRel
def
= { SR = (σ1,σ2, ϕS) | ϕS ∈ StackRel[σ1,σ2] }

The set DJ∆K ensures that an environment ρ mapping type variables to value relations is well-formed.

DJ·K def
= { ∅ }

DJ∆,αK def
= { ρ[α 7→ VR] | ρ ∈ DJ∆K ∧ VR ∈ TValRel }

DJ∆, ζK def
= { ρ[ζ 7→ SR] | ρ ∈ DJ∆K ∧ SR ∈ TStackRel }

DJ∆, εK def
= { ρ[ε 7→ (q1,q2)] | ρ ∈ DJ∆K ∧ ftv(q1) = ∅ ∧ ftv(q2) = ∅ }

We use ρ1 and ρ2 to denote the substitutions formed by mapping variables in dom ρ to the first and
second components, respectively, of the tuples they map to.

We also use some shorthands for referring to atoms of a particular type in terms of an environment ρ:

TermAtom[q ` τ ;σ]ρ
def
= TermAtom[(ρ1(q) ` ρ1(τ); ρ1(σ)), (ρ2(q) ` ρ2(τ); ρ2(σ))]

WvalAtom[τ ]ρ
def
= WvalAtom[ρ1(τ ), ρ2(τ )]

HvalAtom[ψ]ρ
def
= HvalAtom[ρ1(ψ), ρ2(ψ)]

ContAtom[q ` τ ;σ]ρ [q′ ` τ ′;σ′]ρ′ def= ContAtom[(ρ1(q) ` ρ1(τ); ρ1(σ)), (ρ2(q) ` ρ2(τ); ρ2(σ))]

 [(ρ′1(q′) ` ρ′1(τ ′); ρ′1(σ′)), (ρ′2(q′) ` ρ′2(τ ′); ρ′2(σ′))]
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The following relation says that a memory relation ϕM satisfies the constraints imposed by a memory
relation ϕ′M in all worlds accessible from W .

ϕM bW ϕ′M
def
= ∀(W̃ ,M1,M2) ∈ ϕM . W̃ wW =⇒ (W̃ ,M1,M2) ∈ ϕ′M

WJαKρ = ρ(α).ϕw

WJunitKρ = { (W, (), ()) ∈WvalAtom[unit]ρ }
WJintKρ = { (W,n,n) ∈WvalAtom[int]ρ }
WJ∃α.τ Kρ = { (W,pack〈τ1,w1〉 as ρ1(∃α.τ ),pack〈τ2,w2〉 as ρ2(∃α.τ )) ∈WvalAtom[∃α.τ ]ρ |

∃ϕw ∈WvalRel[τ1, τ2]. (W,w1,w2) ∈ WJτ Kρ[α 7→ (τ1, τ2, ϕw)] }
WJµα.τ Kρ = { (W, foldρ1(µα.τ ) w1, foldρ2(µα.τ ) w2) ∈WvalAtom[µα.τ ]ρ |

(W,w1,w2) ∈ BWJτ [µα.τ/α]Kρ }
WJref ψKρ = { (W, `1, `2) ∈WvalAtom[ref ψ]ρ | ∃i. ∀W ′ wW.

(`1, `2) ∈W ′(i).bij(W ′(i).s) ∧
∃ϕM . currentMR(W ′(i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJψK)ρ } }
WJbox 〈τ1, . . . , τn〉Kρ = { (W, `1, `2) ∈WvalAtom[box 〈τ1, . . . , τn〉]ρ |

∀(W̃ ,M1,M2) ∈ currentMR(W (ibox)). W̃ AW

=⇒ (W̃ ,M1(`1),M2(`2)) ∈ HVJ〈τ1, . . . , τn〉Kρ }
WJbox ∀[∆].{χ;σ}qKρ = {(W, `1[ω1], `2[ω2]) ∈WvalAtom[box ∀[∆].{χ;σ}q]ρ |

∀(W̃ ,M1,M2) ∈ currentMR(W (ibox)). W̃ AW

=⇒ (M1(`1) = code[β1,∆]{χ1;σ1}q1 .I1 ∧
ρ1(χ) = χ1[ω1/β1] ∧ ρ1(σ) = σ1[ω1/β1] ∧ ρ1(q) = q1[ω1/β1] ∧
M2(`2) = code[β2,∆]{χ2;σ2}q2 .I2 ∧
ρ2(χ) = χ2[ω2/β2] ∧ ρ2(σ) = σ2[ω2/β2] ∧ ρ2(q) = q2[ω2/β2] ∧
(W̃ , (code[∆]{χ1;σ1}q1 .I1)[ω1/β1],

(code[∆]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[∆].{χ;σ}qKρ ) }

HVJ∀[∆].{χ;σ}qKρ =

{(W, code[∆]{ρ1(χ); ρ1(σ)}ρ1(q).I1, code[∆]{ρ2(χ); ρ2(σ)}ρ2(q).I2) ∈ HvalAtom[∀[∆].{χ;σ}q]ρ |
∀W ′ wW. ∀ρ∗ ∈ DJ∆K. ∀τ ,σ′. let ρ′ = ρ ∪ ρ∗ in τ ;σ′ =ρ′ ret-type(q,χ,σ) ∧

currentMR(W ′(ireg)) bW ′ RJχKρ′ ∧ currentMR(W ′(istk)) bW ′ SJσKρ′

=⇒ (W ′, (ρ∗1(I1), ·), (ρ∗2(I2), ·)) ∈ EJq ` τ ;σ′Kρ′ }

τ ;σ′ =ρ ret-type(q,χ,σ)
def
= ρ1(τ ); ρ1(σ′) = ret-type(ρ1(q), ρ1(χ), ρ1(σ)) ∧

ρ2(τ ); ρ2(σ′) = ret-type(ρ2(q), ρ2(χ), ρ2(σ))

HVJ〈τ1, . . . , τn〉Kρ = { (W, 〈w11, . . . ,w1n〉, 〈w21, . . . ,w2n〉) ∈ HvalAtom[〈τ1, . . . , τn〉]ρ |
∀j ∈ {1, . . .,n}. (W,w1j,w2j) ∈ WJτjKρ }
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(M1,M2) : W
def
= `M1 :W.Φ1 ∧ `M2 :W.Φ2 ∧

(W.k > 0 =⇒ (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈W.Θ })

running(k, 〈M | e〉) def
= ∃M ′, e′. 〈M | e〉 7−→k 〈M ′ | e′〉

O = { (W, e1, e2) | ∀(M1,M2) : W. (〈M1 | e1〉 ↓ ∧ 〈M2 | e2〉 ↓) ∨
(running(W.k, 〈M1 | e1〉) ∧ running(W.k, 〈M2 | e2〉) }

KJq ` τ ;σKρ = { (W,E1,E2) | ∀W ′,q′, r1, r2.
W ′ wpub W ∧ (q =ρ q′ =ρ end{τ ;σ} ∨
(∃r.q′ = r ∧ ret-addr1(W,ρ1(q)) = W ′.R1(r) ∧ ret-addr2(W,ρ2(q)) = W ′.R2(r) ∧

ret-reg1(W ′, r) = r1 ∧ ret-reg2(W ′, r) = r2)) ∧
(BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτKρ ∧ currentMR(W ′(istk)) bW ′ SJσKρ
=⇒ (W ′,E1[(ret ρ1(q′) {r1}, ·)],E2[(ret ρ2(q′) {r2}, ·)]) ∈ O }

q =ρ q′
def
= ρ1(q) = ρ1(q′) ∧ ρ2(q) = ρ2(q′)

ret-addr1(W, r) = W.R1(r) ret-addr1(W, i) = W.S1(i)

ret-addr2(W, r) = W.R2(r) ret-addr2(W, i) = W.S2(i)

ret-reg1(W, r) = r′ if W.χ1(r) = box∀[].{r′ : τ ;σ′}q

ret-reg2(W, r) = r′ if W.χ2(r) = box∀[].{r′ : τ ;σ′}q

EJq ` τ ;σKρ = { (W, e1, e2) ∈ TermAtom[q ` τ ;σ]ρ |
∀E1, E2. (W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W,E1[e1], E2[e2]) ∈ O }

HJ{·}K = World

HJΨ, ` : refψK = HJΨK ∩ {W ∈World | (W, `, `) ∈ WJref ψK∅ }
HJΨ, ` : boxψK = HJΨK ∩ {W ∈World | (W, `, `) ∈ WJboxψK∅ }

RJχKρ = { (W,R1� ,R2� ) | ∀(r : τ ) ∈ χ. (W,R1(r),R2(r)) ∈ WJτ Kρ }

SJζKρ = ρ(ζ).ϕS

SJ•Kρ = { (W,nil� ,nil� ) | W ∈World }
SJτ :: σKρ = { (W, (w1 :: S1)� , (w2 :: S2)� ) | (W,w1,w2) ∈ WJτKρ ∧ (W,S1� ,S2� ) ∈ SJσKρ }

Ψ; ∆;χ;σ; q ` e1 ≈ e2 : τ ;σ′
def
= Ψ; ∆;χ;σ; q ` e1 : τ ;σ′ ∧ Ψ; ∆;χ;σ; q ` e2 : τ ;σ′ ∧
∀W,ρ. W ∈ HJΨK ∧ ρ ∈ DJ∆K ∧

currentMR(W (ireg)) bW RJχKρ ∧
currentMR(W (istk)) bW SJσKρ
=⇒ (W,ρ1(e1), ρ2(e2)) ∈ EJq ` τ ;σ′Kρ
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1.3.1 Other Logical Equivalences

To simplify the structure of the Lemmas in subsequent chapters, we define the following notions of logical
equivalence for heaps, values, and instruction sequences:

Definition 1.1 (Logical Equivalence for Heaps)

Ψ ` H1 ≈H H2 : Ψ′
def
= Ψ ` H1 : Ψ′ ∧ Ψ ` H2 : Ψ′ ∧ ∀(` :ν ψ) ∈ Ψ′. Ψ,Ψ′ ` H1(`) ≈hv H2(`) :νψ

Ψ ` h1 ≈hv h2 :νψ
def
= Ψ ` h1 :νψ ∧ Ψ ` h2 :νψ ∧ ∀W ∈ HJΨK. (W,h1,h2) ∈ HVJψK∅

Definition 1.2 (Logical Equivalence for Values)

Ψ; ∆ ` w1 ≈w w2 : τ
def
= Ψ; ∆ ` w1 : τ ∧ Ψ; ∆ ` w2 : τ ∧
∀W ∈ HJΨK. ∀ρ ∈ DJ∆K. (W,ρ1(w1), ρ2(w2)) ∈ WJτ Kρ

Ψ; ∆;χ ` u1 ≈u u2 : τ
def
= Ψ; ∆;χ ` u1 : τ ∧ Ψ; ∆;χ ` u1 : τ ∧
∀W ∈ HJΨK. ∀ρ ∈ DJ∆K. currentMR(W (ireg)) bW RJχKρ

=⇒ (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJτ Kρ

Definition 1.3 (Logical Equivalence for Instruction Sequences)

Ψ; ∆;χ;σ; q ` I1 ≈I I2
def
= Ψ; ∆;χ;σ; q ` I1 ∧ Ψ; ∆;χ;σ; q ` I2 ∧
∀W ∈ HJΨK. ∀ρ ∈ DJ∆K.

currentMR(W (ireg)) bW RJχKρ ∧ currentMR(W (istk)) bW SJσKρ
=⇒ (W,ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ

1.4 Basic Properties

1.4.1 Operations on Worlds

Lemma 1.4 (World Extension is Reflexive and Transitive)
For any W,W ′,W ′′ ∈World, we have

1. W wW

2. W wpub W

3. if W ′′ wW ′ and W ′ wW , then W ′′ wW

4. if W ′′ wpub W
′ and W ′ wpub W , then W ′′ wpub W .

Proof

1. By definition of w for worlds and islands, and by the reflexivity of transition relations δ in the
definition of World.

2. By definition of wpub for worlds and islands, and by the reflexivity of public transition relations
π in the definition of World.

3. By definition of w for worlds and islands, and by the transitivity of transition relations δ in the
definition of World.

4. By definition of wpub for worlds and islands, and by the transitivity of public transition relations
π in the definition of World.

Lemma 1.5 (Properties of �)

1. If (M1,M2) : W and M ′1 = (H1,⊥,⊥), M ′2 = (H2,⊥,⊥), then

(M1 ]M ′1,M2 ]M ′2) : W � (H1,H2).
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2. (W � (H1, H2))� (H ′1, H
′
2) = W � (H1 ]H ′1, H2 ]H ′2).

3. If W ∈World and (W � (H1, H2)) is defined, then (W � (H1, H2)) wW and (W � (H1, H2)) wpub W .

Proof

1. By definition of W (ibox).

2. By definition of W (ibox).

3. By definition of w, wpub, and islandbox.

Lemma 1.6 (Properties of B and A)
For any W ∈World, we have

1. BW wW

2. BW wpub W

3. If (M1,M2) : W , then (M1,M2) : BW .

4. If W ′ AW , then W ′ wW .

5. If W ′ AW , then W ′ w BW .

Proof

1. By definition of B and w, it suffices to show that bθcW.k−1 w bθcW.k−1 for each island θ ∈ W.Θ.
But this relation is reflexive, so we are done.

2. Similar.

3. Note that if W.k = 0, there is nothing to show. Otherwise, the claim follows from the definitions
of MemRel and bϕMck.

4. Immediate from the definition of A.

5. From the definition of A we have W ′.k < W.k and W ′ wW . The latter implies that W ′ ∈World,
which gives us 0 ≤W ′.k. Hence, 0 < W.k.

Let W = (k + 1,Ψ1,Ψ2,Θ). We have that:

(W ′.k,W ′.Ψ1,W
′.Ψ2,W

′.Θ) A (k + 1,Ψ1,Ψ2,Θ)

We must show that:

(W ′.k,W ′.Ψ1,W
′.Ψ2,W

′.Θ) w (k,Ψ1,Ψ2, bΘck)

It suffices to show the following:

• W ′.k ≤ (BW ).k: this follows from W ′.k < W.k and (BW ).k = W.k − 1.

• W ′.Ψi ⊇ Ψi: by (4) we have W ′ wW , from which this fact is immediate.

• W ′.Θ w bbΘckcW ′.k: From above we have that W ′.Θ′ w bΘck′ . Furthermore, since W ′.k ≤
(BW ).k = W.k − 1 = k, we have that bbΘckcW ′.k = bΘcW ′.k so we are done.
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1.4.2 Properties of the Observation Relation

Lemma 1.7 (O Closed under Anti-Reduction)
Given W ′ wW , if W.k ≤W ′.k + k1, W.k ≤W ′.k + k2, and

∀(M1,M2) : W. ∃(M ′1,M ′2) : W ′. 〈M1 | e1〉 7−→k1 〈M ′1 | e′1〉 ∧ 〈M2 | e2〉 7−→k2 〈M ′2 | e′2〉,

then
(W ′, e′1, e

′
2) ∈ O =⇒ (W, e1, e2) ∈ O.

Proof

Let (M1,M2) : W . Then, by our assumption, 〈M1 | e1〉 7−→k1 〈M ′1 | e′1〉 and 〈M2 | e2〉 7−→k2 〈M ′2 | e′2〉
for some (M ′1,M

′
2) : W ′. Since (W ′, e′1, e

′
2) ∈ O, we have either that 〈M ′1 | e′1〉 ↓ and 〈M ′2 | e′2〉 ↓ or

that running(W ′.k, 〈M ′1 | e′1〉) and running(W ′.k, 〈M ′2 | e′2〉).
In the former case, we have 〈M1 | e1〉 ↓ and 〈M2 | e2〉 ↓ by assumption. In the latter case, we have
running(W ′.k+k1, 〈M1 | e1〉) and running(W ′.k+k2, 〈M2 | e2〉). Since we have assumptions that both
of these are more steps than needed, we have the result.

1.4.3 Monotonicity and Reduction

Lemma 1.8 (Monotonicity)
Let ρ ∈ DJ∆K, where ∆ ` τ and ∆ ` ψ. If W ′ wW , then

1. (W,w1,w2) ∈ WJτ Kρ =⇒ (W ′,w1,w2) ∈ WJτ Kρ

2. (W,h1,h2) ∈ HVJψKρ =⇒ (W ′,h1,h2) ∈ HVJτ Kρ.

Proof

1. Proved by induction on W ′.k and on the structure of τ , simultaneously with Claim 2.

In each case, we will need to show (W ′,w1,w2) ∈WvalAtom[τ ]ρ. This amounts to showing that
W ′.Ψi; · ` wi : τ for i ∈ {1, 2}. We have by assumption that W.Ψi; · ` wi : τ . By definition of
world extension, W ′.Ψi ⊇W.Ψi, so this property holds.

To complete the proof, consider the possible cases of τ :

Case α Follows from ρ(α).ϕTv ∈WvalRel[ρ(α).τ1, ρ(α).τ2], which holds by ρ(α) ∈ TValRel.

Case unit Immediate.

Case int Immediate.

Case ∃α.τ ′ Follows from the induction hypothesis for the type.

Case µα.τ ′ Follows from the induction hypothesis for the step index.

Case ref ψ We need to show that (W ′, `1, `2) ∈ WJref ψKρ. Let W ′′ w W ′. By transitivity
of world extension, W ′′ w W . Thus everything we need holds by our assumption that
(W, `1, `2) ∈ WJref ψKρ.

Case box 〈τ1, . . . , τn〉 We need to show that (W ′, `1, `2) ∈ WJbox 〈τ1, . . . , τn〉Kρ.

Let (W̃ ,M ′1,M
′
2) ∈ currentMR(W ′(ibox)) such that W̃ A W ′. By definition of islandbox,

M ′1 = (W ′(ibox).s.H1)� and M ′2 = (W ′(ibox).s.H2)� . By our assumption, to show

(W̃ ,M ′1(`1),M ′2(`2)) ∈ HVJ〈τ1, . . . , τn〉Kρ

it suffices to find some M1 and M2 such that (W̃ ,M1,M2) ∈ currentMR(W (ibox)), M1(`1) =

M ′1(`1), and M2(`2) = M ′2(`2), noting that W̃ AW follows from W̃ AW ′ wW .
We claim that M1 = (W (ibox).s.H1)� and M2 = (W (ibox).s.H2)� are suitable. The first
condition holds immediately by definition of islandbox. Since W ′ w W , we know that
W ′(ibox) w bW (ibox)cW ′.k. Thus ((H1, H2), (H ′1, H

′
2)) ∈ δbox, that is, H1 ⊆ H ′1 and H2 ⊆ H ′2.

Since `1 and `2 must be in the domain of H1 and H2, we have the desired property that
M1(`1) = M ′1(`1) and M2(`2) = M ′2(`2).
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Case box ∀[∆].{χ;σ}q Let (W̃ ,M ′1,M
′
2) ∈ currentMR(W ′(ibox)) such that W̃ AW ′. It suffices

to find some M1 and M2 such that (W̃ ,M1,M2) ∈ currentMR(W (ibox)), M1(`1) = M ′1(`1),

and M2(`2) = M ′2(`2), noting that W̃ A W . This can be done exactly as in the previous
case.

2. Proved simultaneously with Claim 1.

In both cases, we need to show that (W ′,h1,h2) ∈ HvalAtom[ψ]ρ. This amounts to showing that
W ′.Ψi ` hi :

νψ for i ∈ {1, 2}. We have by assumption that W.Ψi ` hi :
νψ. By definition of world

extension, W ′.Ψi ⊇W.Ψi, so this property holds.

Consider the possible cases of ψ:

Case ∀[∆].{χ;σ}q We need to show that (W ′,h1,h2) ∈ HVJ∀[∆].{χ;σ}qKρ. Let W ′′ w
W ′. By transitivity of world extension, W ′′ w W . Thus everything we need holds by our
assumption that (W,h1,h2) ∈ HVJ∀[∆].{χ;σ}qKρ.

Case 〈τ1, . . . , τn〉 Follows from Claim 1 using the induction hypothesis for the type.

Lemma 1.9 (Monotonicity for Heaps)
If W ′ wW and W ∈ HJΨK, then W ′ ∈ HJΨK.

Proof

We use induction on the structure of Ψ. If Ψ = {·} then there is nothing to show.

If Ψ = Ψ′, ` : refψ, then by the induction hypothesis, W ′ ∈ HJΨ′K, and it remains to show that
(W ′, `, `) ∈ WJref ψK∅. But this follows from W ∈ HJΨ′, ` : refψK and Lemma 1.8.

If Ψ = Ψ′, ` : boxψ, then by the induction hypothesis, W ′ ∈ HJΨ′K, and it remains to show that
(W ′, `, `) ∈ WJboxψK∅. But this follows from W ∈ HJΨ′, ` : boxψK and Lemma 1.8.

Lemma 1.10 (Monotonicity for Evaluation Contexts)
If W ′ wpub W and if either q =ρ q′ =ρ end{τ ;σ} or ret-addr1(W,ρ1(q)) = ret-addr1(W ′, ρ1(q′)) and
ret-addr2(W,ρ2(q)) = ret-addr2(W ′, ρ2(q′)), then

(W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W ′, E1, E2) ∈ KJq′ ` τ ;σKρ.

Proof

Follows from the transitivity of wpub and our hypotheses about the relationship between q and q′.

Lemma 1.11 (EJq ` τ ;σKρ Closed under Type-Preserving Anti-Reduction)
Let (W, e1, e2) ∈ TermAtom[q ` τ ;σ]ρ. Given W ′ wpub W , W.k ≤ W ′.k + k1, W.k ≤ W ′.k + k2, and
if q =ρ q′ =ρ end{τ ;σ} or if ret-addr1(W,ρ1(q)) = ret-addr1(W ′, ρ1(q′)) and ret-addr2(W,ρ2(q)) =
ret-addr2(W ′, ρ2(q′)), and if

∀(M1,M2) : W. ∃(M ′1,M ′2) : W ′. 〈M1 | e1〉 7−→k1 〈M ′1 | e′1〉 ∧ 〈M2 | e2〉 7−→k2 〈M ′2 | e′2〉,

then
(W ′, e′1, e

′
2) ∈ EJq′ ` τ ;σKρ =⇒ (W, e1, e1) ∈ EJq ` τ ;σKρ.

Proof

Let (W,E1, E2) ∈ KJq ` τ ;σKρ. We need to show that (W,E1[e1], E2[e2]) ∈ O. Since (W ′, E1, E2) ∈
KJq′ ` τ ;σKρ by Lemma 1.10, we have (W ′, E1[e′1], E2[e′2]) ∈ O. By inspection of the operational
semantics and by assumption, for any (M1,M2) : W , there is an (M ′1,M

′
2) : W ′ such that

〈M1 | E1[e1]〉 7−→k1 〈M ′1 | E1[e′1]〉 and 〈M2 | E2[e2]〉 7−→k2 〈M ′2 | E2[e′2]〉.

The result follows by Lemma 1.7.
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1.4.4 Substitution

The next lemma is a simple property, but its proof shows the induction structure by which properties of the
mutually-dependent parts of the logical relation can be proved.

Definition 1.12

ξ ::= α | ζ | ε
AR ::= VR | SR | QR

Lemma 1.13
[Weakening] If ρ[ξ 7→ AR] ∈ DJ∆, ξK and ξ 6∈ ftv(τ ), ξ 6∈ ftv(σ), ξ 6∈ ftv(χ), ξ 6∈ ftv(ψ), then

1. SJσKρ = SJσKρ[ξ 7→ AR]

2. RJχKρ = RJχKρ[ξ 7→ AR]

3. WJτ Kρ =WJτ Kρ[ξ 7→ AR]

4. HVJψKρ = HVJψKρ[ξ 7→ AR]

5. EJq ` τ ;σKρ = EJq ` τ ;σKρ[ξ 7→ AR]

6. KJq ` τ ;σKρ = KJq ` τ ;σKρ[ξ 7→ AR].

Proof

Assume ξ 6∈ ftv(τ ) and ξ 6∈ ftv(σ). We will need to prove the following:

1. (a) (W,S1,S2) ∈ SJσKρ =⇒ (W,S1,S2) ∈ SJσKρ[ξ 7→ AR]

(b) (W,S1,S2) ∈ SJσKρ[ξ 7→ AR] =⇒ (W,S1,S2) ∈ SJσKρ

2. (a) (W,R1,R2) ∈ RJχKρ =⇒ (W,R1,R2) ∈ RJχKρ[ξ 7→ AR]

(b) (W,R1,R2) ∈ RJχKρ[ξ 7→ AR] =⇒ (W,R1,R2) ∈ RJχKρ

3. (a) (W,w1,w2) ∈ WJτ Kρ =⇒ (W,w1,w2) ∈ WJτ Kρ[ξ 7→ AR]

(b) (W,w1,w2) ∈ WJτ Kρ[ξ 7→ AR] =⇒ (W,w1,w2) ∈ WJτ Kρ

4. (a) (W,h1,h2) ∈ HVJψKρ =⇒ (W,h1,h2) ∈ HVJψKρ[ξ 7→ AR]

(b) (W,h1,h2) ∈ HVJψKρ[ξ 7→ AR] =⇒ (W,h1,h2) ∈ HVJψKρ

5. (a) (W, e1, e2) ∈ EJq ` τ ;σKρ =⇒ (W, e1, e2) ∈ EJq ` τ ;σKρ[ξ 7→ AR]

(b) (W, e1, e2) ∈ EJq ` τ ;σKρ[ξ 7→ AR] =⇒ (W, e1, e2) ∈ EJq ` τ ;σKρ

6. (a) (W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W,E1, E2) ∈ KJq ` τ ;σKρ[ξ 7→ AR]

(b) (W,E1, E2) ∈ KJq ` τ ;σKρ[ξ 7→ AR] =⇒ (W,E1, E2) ∈ KJq ` τ ;σKρ.

We will prove all these claims simultaneously, by induction on W.k and τ .

1. We use an additional induction and case analysis on the structure of σ.

Case ζ Immediate, since ξ 6= ζ.

Case • Immediate.

Case τ :: σ For part (a), we have S1 = w1 :: S′1, S2 = w2 :: S′2, (W,w1,w2) ∈ WJτ Kρ, and
(W,S′1,S

′
2) ∈ SJσKρ. We need to show that (W,w1,w2) ∈ WJτ Kρ[ξ 7→ AR] and (W,S′1,S

′
2) ∈

SJσKρ[ξ 7→ AR]. The latter holds by the induction hypothesis for σ and the former holds by
claim 3.
Part (b) is similar.

2. Follows from claim 3.

3. Consider the possible cases of τ :

Case α Immediate, since α 6= ξ.
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Case unit Immediate.

Case int Immediate.

Case ∃α.τ By the induction hypothesis for τ .

Case µα.τ By the induction hypothesis for W.k.

Case ref 〈τ1, . . . , τn〉 Follows from claim 4.

Case box 〈τ1, . . . , τn〉 Follows from claim 4.

Case box ∀[∆].{χ;σ′}q′ Follows from claim 4.

4. Consider the two possible cases of ψ:

Case ∀[∆].{χ;σ′}q′ Follows from claims 1 and 2 (using the induction hypothesis for τ ) and
from claim 5 (using the induction hypothesis for W.k).

Case 〈τ1, . . . , τn〉 Follows from claim 3 (using the induction hypothesis for τ ).

5. Follows from claim 6.

6. Follows from claims 1 and 3.

Lemma 1.14 (Substitution)
Let ρ ∈ DJ∆K, α 6∈∆, ∆ ` τ ′, and ∆, α ` τ , ∆, α ` σ, ∆, α ` χ, ∆, α ` ψ. Then

1. SJσKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = SJσ[τ ′/α]Kρ

2. RJχKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = RJχ[τ ′/α]Kρ

3. WJτ Kρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] =WJτ [τ ′/α]Kρ

4. HVJψKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = HVJψ[τ ′/α]Kρ

5. EJq ` τ ;σKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = EJq[τ ′/α] ` τ [τ ′/α];σ[τ ′/α]Kρ

6. KJq ` τ ;σKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = KJq[τ ′/α] ` τ [τ ′/α];σ[τ ′/α]Kρ.

Proof

Follows the structure of the proof of Lemma 1.13. The only case that depends on ρ is in claim 3, in
the case where τ = β. But the needed equality is immediate in this case, whether α = β or not.

Lemma 1.15 (Substitution for Stack Types)
Let ρ ∈ DJ∆K, ζ 6∈∆, ∆ ` σ′, and ∆, ζ ` τ , ∆, ζ ` σ, ∆, ζ ` χ, ∆, ζ ` ψ. Then

1. SJσKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = SJσ[σ′/ζ]Kρ

2. RJχKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = RJχ[σ′/ζ]Kρ

3. WJτ Kρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] =WJτ [σ′/ζ]Kρ

4. HVJψKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = HVJψ[σ′/ζ]Kρ

5. EJq ` τ ;σKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = EJq[σ′/ζ] ` τ [σ′/ζ];σ[σ′/ζ]Kρ

6. KJq ` τ ;σKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = KJq[σ′/ζ] ` τ [σ′/ζ];σ[σ′/ζ]Kρ.

Proof

Follows the structure of the proof of Lemma 1.13. The only case that depends on ρ(ζ) is in claim 1,
in the case where σ = ζ′. But the needed equality is immediate, whether ζ = ζ′ or not.

Lemma 1.16 (Substitution for Return Markers)
Let ρ ∈ DJ∆K, ∆ ` q′, and ∆, ε ` τ , ∆, ε ` σ, ∆, ε ` χ, ∆, ε ` ψ. Then
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1. SJσKρ[ε 7→ (ρ1(q′), ρ2(q′))] = SJσ[q′/ε]Kρ

2. RJχKρ[ε 7→ (ρ1(q′), ρ2(q′))] = RJχ[q′/ε]Kρ

3. WJτ Kρ[ε 7→ (ρ1(q′), ρ2(q′))] =WJτ [q′/ε]Kρ

4. HVJψKρ[ε 7→ (ρ1(q′), ρ2(q′))] = HVJψ[q′/ε]Kρ

5. EJq ` τ ;σKρ[ε 7→ (ρ1(q′), ρ2(q′))] = EJq[q′/ε] ` τ [q′/ε];σ[q′/ε]Kρ

6. KJq ` τ ;σKρ[ε 7→ (ρ1(q′), ρ2(q′))] = KJq[q′/ε] ` τ [q′/ε];σ[q′/ε]Kρ.

Proof

Followed the structure of the proof of Lemma 1.13. There are no interesting cases.

1.4.5 Properties of Semantic Interpretations

Lemma 1.17
If ρ ∈ DJ∆K and ∆ ` τ , then WJτ Kρ ∈WvalRel[ρ1(τ ), ρ2(τ )].

Proof

Follows from monotonicity.

Lemma 1.18
If ρ ∈ DJ∆K and ∆ ` σ, then SJσKρ ∈ StackRel[ρ1(σ), ρ2(σ)].

Proof

Proceed by induction on the structure of σ.

Case ζ From ∆ ` σ we have that ζ ∈ ∆. Since ρ ∈ DJ∆K, it follows that SJζKρ = ρ(ζ).ϕS ∈
StackRel[ρ1(ζ), ρ2(ζ)].

Case • In this case, SJ•Kρ = { (W,nil� ,nil� ) | W ∈World } ∈ StackRel[•,•] is immediate from the
definition of StackRel.

Case τ :: σ For any (W,w1 :: S1 � ,w2 :: S2 � ) ∈ SJτ :: σKρ, we need thatW.Ψi ` wi :: Si : ρi(τ :: σ).
From the definition of SJτ :: σKρ we have (W,w1,w2) ∈ WJτ Kρ and (W,S1� ,S2� ) ∈ SJσKρ, from
which we have that W.Ψi; · ` wi : ρi(τ ) and W.Ψi ` Si : ρi(σ), which gives us what we need.

Lemma 1.19 (Register File Subtyping Implies Inclusion)
Let ρ ∈ DJ∆K and ∆ ` χ ≤ χ′. Then RJχKρ ⊆ RJχ′Kρ.

Proof

Consider arbitrary (W,M1,M2) ∈ RJχKρ. Note that M1 = R1� and M2 = R2� . We must show that
(W,M1,M2) = (W,R1� ,R2� ) ∈ RJχ′Kρ.

Consider (r : τ ) ∈ χ′. We must show (W,R1(r),R2(r)) ∈ WJτ Kρ. From the hypothesis ∆ ` χ ≤ χ′,
it follows that r : τ ∈ χ. We use the latter to instantiate (W,R1� ,R2� ) ∈ RJχKρ, which gives us
what we needed to show.

Lemma 1.20 (World Updates that Respect Register-File Relation)
Let currentMR(W (ireg)) bW RJχKρ and W ′ wW .

1. If W ′(ireg) = W (ireg), then currentMR(W ′(ireg)) bW ′ RJχKρ.

2. Let W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]), where
s = (W.R1[rd 7→ w1],W.χ1[rd : ρ1(τ )],W.R2[rd 7→ w2],W.χ2[rd : ρ2(τ )]). If (W ′,w1,w2) ∈ WJτ Kρ,
then currentMR(W ′(ireg)) bW ′ RJχ[rd : τ ]Kρ.
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Proof

1. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(ireg)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ RJχKρ.

Instantiate the first premise with (W̃ ,M1,M2), noting that the latter is in currentMR(W (ireg))

since W ′(ireg) = W (ireg), and noting that W̃ w W by transitivity of w. Hence, (W̃ ,M1,M2) ∈
RJχKρ as we needed to show.

2. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(ireg)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ RJχKρ. Note that Mi must be of the form Ri� and Ri = W ′.Ri.

Consider arbitrary (r : τ ′) ∈ χ[rd : τ ]. We must show that (W̃ ,R1(r),R2(r)) ∈ WJτ ′Kρ.

Case r = rd: Then τ ′ = τ and Ri(r) = wi, which means that it suffices to show (W̃ ,w1,w2) ∈
WJτ Kρ. This latter is immediate from the premise (W ′,w1,w2) ∈ WJτ Kρ using monotonicity
(Lemma 1.8).

Case r 6= rd: Then Ri(r) = W ′.Ri(r) = W.Ri(r), which means that it suffices to show

(W̃ ,W.R1(r),W.R2(r)) ∈ WJτ ′Kρ. Instantiate the first premise with (W̃ ,W.R1� ,W.R2� )
noting that the latter is in currentMR(W (ireg)) by the definition of islandreg. Also note

that W̃ w W by transitivity of w. Hence, we have that (W̃ ,W.R1 � ,W.R2 � ) ∈ RJχKρ.

Instantiating the latter with (r : τ ′) ∈ χ gives us (W̃ ,W.R1(r),W.R2(r)) ∈ WJτ ′Kρ as we
needed to show.

Lemma 1.21 (World Updates that Respect Stack Relation)
Let currentMR(W (istk)) bW SJσKρ and W ′ wW .

1. If W ′(istk) = W (istk), then currentMR(W ′(istk)) bW ′ SJσKρ.

2. Let W.S1 = w11 :: · · · :: w1n :: S′1, W.S2 = w21 :: · · · :: w2n :: S′2, σ = τ1 :: · · · :: τn :: σ′ and
W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandreg(s,W.k)]), where
s = (S′1, σ

′, S′2, σ
′). currentMR(W ′(istk)) bW ′ SJσ′Kρ.

3. Let W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandreg(s,W.k)]), where
s = (w11 :: · · · :: w1n :: S1, τ1 :: · · · :: τn :: σ,w21 :: · · · :: w2n :: S2, τ1 :: · · · :: τn :: σ). If
(W ′,w1i,w2i) ∈ WJτ iKρ, then currentMR(W ′(istk)) bW ′ SJτ1 :: · · · :: τn :: σKρ.

4. Let W.S1 = w11 :: · · · :: w1n :: S′1, W.S2 = w21 :: · · · :: w2n :: S′2, σ = τ1 :: · · · :: τn :: σ′ and
W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandreg(s,W.k)]), where
s = (w11 :: · · · :: w1n−1 :: w′1 :: S′1, τ1 :: · · · :: τn−1 :: τ ′ :: σ′, w21 :: · · · :: w2n−1 :: w′2 :: S′2, τ1 :: · · · ::
τn−1 :: τ ′ :: σ′). If (W ′,w′1,w

′
2) ∈ WJτ ′Kρ, then currentMR(W ′(istk)) bW ′ SJτ1 :: · · · :: τn−1 :: τ ′ :: σKρ.

Proof

1. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(istk)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ SJσKρ.

Instantiate the first premise with (W̃ ,M1,M2), noting that the latter is in currentMR(W (istk))

since W ′(istk) = W (istk), and noting that W̃ w W by transitivity of w. Hence, (W̃ ,M1,M2) ∈
SJσKρ as we needed to show.

2. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(istk)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ SJσ′Kρ. Note that Mi must be of the form S′i� and S′i = W ′.Si. The desired result
follows directly from monotonicity (Lemma 1.8) after unfolding currentMR(W (istk)) bW SJσKρ.

3. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(istk)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ SJτ1 :: · · · :: τn :: σKρ. Note that Mi must be of the form wj1 :: · · · :: wjn :: Sj�
and wj1 :: · · · :: wjn :: Sj = W ′.Sj. The desired result follows directly from monotonicity (Lemma 1.8)
after unfolding currentMR(W (istk)) bW SJτ1 :: · · · :: τn :: σKρ and premise (W ′,w1i,w2i) ∈
WJτ iKρ.
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4. Let σ′ = τ1 :: · · · :: τn :: σ. Consider arbitrary 1 ≤ k ≤ |σ′| such that such that (σ′(k) = τk.

We must show that (W̃ ,W′.S1(k),W′.S2(k)) ∈ WJτ Kρ.

Case k = n: Then τ ′ = τk and W′.Sj(k) = w′j, which means that it suffices to show

(W̃ ,w′1,w
′
2) ∈ WJτ ′Kρ. This latter is immediate from the premise (W ′,w1,w2) ∈ WJτ Kρ

using monotonicity (Lemma 1.8).

Case k 6= n: Then W′.Sj(k) = W.Sj(k), which means that it suffices to show (W̃ ,W.S1(k),W.S2(k)) ∈
WJτkKρ. Instantiate the first premise with (W̃ ,W.S1� ,W.S2� ) noting that the latter is in

currentMR(W (ireg)) by the definition of islandreg. Also note that W̃ w W by transitivity

of w. Hence, we have that (W̃ ,W.S1 � ,W.S2 � ) ∈ RJσKρ. Instantiating the latter with

(τk) = σ(k) gives us (W̃ ,W.S1(k),W.S2(k)) ∈ WJτkKρ as we needed to show.

Lemma 1.22 (Heap Interpretation Extension with Boxheap)
If W ∈ HJΨK, Ψ ` H1 ≈H H2 : Ψ′, and boxheap(Ψ′), then W � (H1,H2) ∈ HJΨ,Ψ′K.

Proof

By induction on W.k.

To show W � (H1,H2) ∈ HJΨ,Ψ′K, it suffices to show

∀(` :ν ψ) ∈ (Ψ,Ψ′). (W � (H1,H2), `, `) ∈ WJν ψK∅

where ν is box or ref .

Consider arbitrary (` :ν ψ) ∈ (Ψ,Ψ′). If ` ∈ dom(Ψ), for any value of W.k, it follows from the
first premise that (W, `, `) ∈ WJν ψK∅. By Lemma 1.5 we have that W � (H1,H2) w W , so by
monotonicity we have (W � (H1,H2), `, `) ∈ WJν ψK∅.
Therefore, it remains for us to show that if ` ∈ dom(Ψ′) then (W � (H1,H2), `, `) ∈ WJboxψK∅.

Case W.k = 0: Consider arbitrary (W̃ ,M1,M2) ∈ currentMR((W � (H1,H2))(ibox)) such that

W̃ A (W � (H1,H2)). But the latter implies W̃ .k < W.k = 0 which leads to a contradiction since

W̃ ∈World which requires that W̃ .k ≥ 0. So we are done.

Case W.k = n+ 1 for n ≥ 0: By the induction hypothesis we know that the lemma we wish to prove
holds for any W such that W.k = n. We must prove it for any W such that W.k = n+ 1.

We have that ` ∈ dom(Ψ′) and must show that (W � (H1,H2), `, `) ∈ WJboxψK∅.
Consider arbitrary (W̃ ,M1,M2) ∈ currentMR((W � (H1,H2))(ibox)) such that W̃ A (W �
(H1,H2)). Note that it must be the case thatM1 = (W (ibox).s.H1]H1)� andM2 = (W (ibox).s.H2]
H2) � . Also, since ` ∈ dom(Ψ′), from the second premise it follows that ` ∈ dom(H1) and
` ∈ dom(H2). Regardless of whether ψ is a code type or tuple type, it suffices to show:

(W̃ ,M1(`),M2(`)) ∈ HVJψK∅
≡ (W̃ ,H1(`),H2(`)) ∈ HVJψK∅

From the second premise, since (` :box ψ) ∈ Ψ′, it follows that:

Ψ,Ψ′ ` H1(`) ≈hv H2(`) : boxψ. (1)

Since BW ∈ HJΨK by heap monototonicity (Lemma 1.9) and since (BW ).k = n, by the induction
hypothesis we have that (BW � (H1,H2)) ∈ HJΨ,Ψ′K. Thus, we can instantiate (1) with
BW � (H1,H2), which allows us to conclude that

(BW � (H1,H2),H1(`),H2(`)) ∈ HVJψK∅

Now, since W̃ A (W � (H1,H2)), we can use by Lemma 1.6 to conclude W̃ w B(W � (H1,H2)).

Hence, by monotonicity, we have (W̃ ,H1(`),H2(`)) ∈ HVJψK∅ as we needed to show.
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1.5 Compatibility Lemmas

Lemma 1.23 (Component)
If Ψ ` H1 ≈H H2 : Ψ′, boxheap(Ψ′), ret-type(q,χ,σ) = τ ;σ′, and (Ψ,Ψ′); ∆;χ;σ; q ` I1 ≈I I2, then
Ψ; ∆;χ;σ; q ` (I1,H1) ≈ (I2,H2) : τ ;σ′.

Proof

From the premises, we have that Ψ; ∆;χ;σ; q ` (Ii,Hi) : τ ;σ′.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((I1,H1)), ρ2((I2,H2))) ∈ EJq ` τ ;σ′Kρ

or equivalently, noting that the typing rules for heap fragments ensure they have no free type variables,

(W, (ρ1(I1),H1), (ρ1(I2),H2)) ∈ EJq ` τ ;σ′Kρ

In the following, let τr;σr = ret-type(q,χ,σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (ρ1(I1),H1), (ρ1(I2),H2)) ∈ TermAtom[q ` τr;σr]ρ. To establish this, we
must show:

W.Ψi; ·;W.χi;W.σi; ρi(q) ` (ρi(Ii),Hi) : ρi(τr); ρi(σr)

Applying the typing rule, we see we need to show that

W.Ψi ` Hi : Ψ
′ and (W.Ψi,Ψ

′); ·;W.χi;W.σi; ρi(q) ` ρi(Ii)

We know that Ψ ⊆ W.Ψi (from W ∈ HJΨK), χ ⊆ W.χi (from currentMR(W (ireg)) bW RJχKρ),
and σ ⊆ W.σi (from currentMR(W (istk)) bW SJσKρ). Combining these with the premise
(Ψ,Ψ′); ∆;χ;σ; q ` Ii yields what we need.

• Let H′1 = H1[`′/`] and H′2 = H2[`′/`], where `′ /∈ (dom(W.Ψ1) ∪ dom(W.Ψ2)) and `′ are

mutually disjoint. Let Ψ′′ = Ψ′[`′/`]. Note that Ψ ` H′i : Ψ
′′ and boxheap(Ψ′′).

Let W ′ = W � (H′1,H
′
2).

• Let Hb1 = W (ibox).s.H1 and Hb2 = W (ibox).s.H2. Note that W ′(ibox).s = (Hb1 ]H′1,Hb2 ]
H′2).

• Note that W ′ ∈World.

• By Lemma 1.5, we have that W ′ wpub W

• Consider arbitrary (M1,M2) : W . Let Mi = (HMi,Ri, Si). Note that dom(HMi) = dom(W.Ψi),
which implies `′ /∈ dom(HMi). Also note that

〈(HMi,Ri, Si) | (ρi(Ii),Hi)〉 7−→0 . . . 7−→0 〈((HMi,H
′
i),Ri, Si) | (ρi(Ii)[`′/`], ·)〉

Let M ′i = ((HMi,H
′
i),Ri, Si). From our choice of W ′, it follows that

(BW ′,Hb1 ]H′1,Hb2 ]H′2) ∈ currentMR(W ′(ibox))

which together with (M1,M2) : W is sufficient to show (M ′1,M
′
2) : W ′.

• Note that W.k ≤W ′.k.

• Note that q 6= ε, which follows from the first hypothesis since it is a side condition of the
component typing rules.
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• Next, from our last hypothesis, by alpha-renaming locations in dom(Ψ′) to dom(Ψ′′)—which we
can do since `′ /∈ Ψ, a fact that follows from `′ /∈ W.Ψ1 ∪W.Ψ2 and W ∈ HJΨK—we have the
following:

(Ψ,Ψ′′); ∆;χ;σ; q ` I1[`′/`] ≈I I2[`′/`]

We instantiate the above with W ′ and ρ. Note that W ′ ∈ HJΨ,Ψ′′K by Lemma 1.22; ρ ∈ DJ∆K
from above; currentMR(W ′(ireg)) bW ′ RJχKρ by Lemma 1.20 since W ′(ireg) = W (ireg); and
currentMR(W ′(istk)) bW ′ SJσKρ by Lemma 1.21 since W ′(istk) = W (istk).

Thus, we can conclude that:

(W ′, (ρ1(I1)[`′/`], ·), (ρ2(I2)[`′/`], ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Now, the result follows by Lemma 1.11.

Lemma 1.24 (Heap Fragment)
Let · ` ψ1, . . . , · · · ` ψn and Ψ′ = `1 : ν1ψ1, . . . , `n : νnψn such that dom(Ψ) ∩ dom(Ψ′) = ∅. If for each
i, we have Ψ,Ψ′ ` h1i ≈hv h2i :

νiψi, then Ψ ` `1 7→ h11, . . . `n 7→ h1n ≈H `1 7→ h21, . . . `n 7→ h2n : Ψ′.

Proof

From Ψ,Ψ′ ` h1i ≈hv h2i :
νiψi we have Ψ,Ψ′ ` h1i :

νiψi and Ψ,Ψ′ ` h2i :
νiψi. This means that

Ψ ` `1 7→ hi1, . . . `n 7→ hin : Ψ′ for i ∈ {1, 2}. Now choose arbitrary `i 7→ ψi ∈ Ψ′. We must show
Ψ,Ψ′ ` H1(`i) ≈hv H2(`i) :νiψi, where Hi = `1 7→ hi1, `2.... But note that H1(`i) is h1i, and from
the hypothesis we know that Ψ,Ψ′ ` h1i ≈hv h2i :

νiψi, so the result is immediate.

Lemma 1.25 (Code Block)
If · ` ∀[∆].{χ;σ}q and Ψ; ∆;χ;σ; q ` I1 ≈I I2, then

Ψ ` code[∆]{χ;σ}q.I1 ≈hv code[∆]{χ;σ}q.I2 : box∀[∆].{χ;σ}q.

Proof

By our hypothesis, Ψ; ∆;χ;σ; q ` I1 and Ψ; ∆;χ;σ; q ` I2, so we have

Ψ ` code[∆]{χ;σ}q.I1 : box∀[∆].{χ;σ}q and Ψ ` code[∆]{χ;σ}q.I2 : box∀[∆].{χ;σ}q.

Let W ∈ HJΨK. We need to show that

(W, code[∆]{χ;σ}q.I1, code[∆]{χ;σ}q.I2) ∈ HVJ∀[∆].{χ;σ}qK∅.

Let W ′ w W , ρ ∈ DJ∆K such that currentMR(W ′(ireg)) bW ′ RJχKρ and currentMR(W ′(istk)) bW ′
SJσKρ. We need to show that (W ′, (ρ1(I1), ·), (ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

By Lemma 1.9, W ′ ∈ HJΨK. We can instantiate our hypothesis with W ′ and ρ to get the result.

Lemma 1.26 (Tuple)
If for each i, we have Ψ; · ` w1i ≈w w2i : τi, then Ψ ` 〈w10, . . . ,win〉 ≈hv 〈w20, . . . ,w2n〉 :ν〈τ0, . . . , τn〉.

Proof

Clearly, Ψ ` 〈w10, . . . ,win〉 :ν〈τ0, . . . , τn〉 and Ψ ` 〈w10, . . . ,win〉 :ν〈τ0, . . . , τn〉.
Let W ∈ HJΨK. We need to show that (W, 〈w10, . . . ,win〉, 〈w20, . . . ,w2n〉) ∈ HVJ〈τ0, . . . , τn〉K∅.
But this only requires that for each i, (W,w1i,w2i) ∈ WJτiK∅, and this holds by our hypothesis.

Lemma 1.27 (Unit)
Ψ; ∆ ` () ≈w () : unit.

Proof

Immediate, by definition of WJunitKρ.
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Lemma 1.28 (Integer)
Ψ; ∆ ` n ≈w n : int.

Proof

Immediate, by definition of WJintKρ.

Lemma 1.29 (Mutable Location)
If ` : refψ ∈ Ψ, then Ψ; ∆ ` ` ≈w ` : ref ψ.

Proof

By our hypothesis, Ψ; · ` ` : ref ψ. Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that (W, `, `) ∈
WJref ψKρ. We know that ftv(ψ) = ∅, so by Lemma 1.13, WJref ψKρ =WJref ψK∅. By definition of
HJΨK, (W, `, `) ∈ WJref ψK∅, so we are done.

Lemma 1.30 (Immutable Location)
If ` : boxψ ∈ Ψ, then Ψ; ∆ ` ` ≈w ` : boxψ.

Proof

By our hypothesis, Ψ; · ` ` : boxψ. Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that (W, `, `) ∈
WJboxψKρ. We know that ftv(ψ) = ∅, so by Lemma 1.13, WJboxψKρ =WJboxψK∅. By definition
of HJΨK, (W, `, `) ∈ WJboxψK∅, so we are done.

Lemma 1.31 (Pack)
If Ψ; ∆ ` w1 ≈w w2 : τ [τ ′/α], then Ψ; ∆ ` pack〈τ ′,w1〉 as ∃α.τ ≈w pack〈τ ′,w2〉 as ∃α.τ :∃α.τ .

Proof

We have Ψ; ∆ ` pack〈τ ′,w1〉 as ∃α.τ : ∃α.τ and Ψ; ∆ ` pack〈τ ′,w2〉 as ∃α.τ : ∃α.τ by our hy-
pothesis and the typing rules.

Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that

(W,ρ1(pack〈τ ′,w1〉 as ∃α.τ ), ρ2(pack〈τ ′,w2〉 as ∃α.τ )) ∈ WJ∃α.τ Kρ.

By our hypothesis, (W,w1,w2) ∈ WJτ [τ ′/α]Kρ. By Lemma 1.14,

WJτ [τ ′/α]Kρ =WJτ Kρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)].

Thus we can complete the proof by supplying WJτ ′Kρ as the relation required by WJ∃α.τ Kρ.

Lemma 1.32 (Fold)
If Ψ; ∆ ` w1 ≈w w2 : τ [µα.τ/α], then Ψ; ∆ ` foldµα.τ w1 ≈w foldµα.τ w2 :µα.τ .

Proof

We have Ψ; ∆ ` foldµα.τ w1 :µα.τ and Ψ; ∆ ` foldµα.τ w2 :µα.τ by our hypothesis and the typing
rules.

Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that

(W,ρ1(w1), ρ2(w2)) ∈ BWJτ [µα.τ/α]Kρ.

By our hypothesis, (W,ρ1(w1), ρ2(w2)) ∈ WJτ [µα.τ/α]Kρ. The result follows by monotonicity.

Lemma 1.33 (Word Type Application)
If Ψ; ∆ ` w1 ≈w w2 : box ∀[α,∆′].{χ;σ}q and ∆ ` τ , then

Ψ; ∆ ` w1[τ ] ≈w w2[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α].

Proof
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From the hypotheses, we have Ψ; ∆ ` wi[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α] for i = 1, i = 2.

Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that

(W,ρ1(w1[τ ]), ρ2(w2[τ ])) ∈ WJbox ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α]Kρ.

Let (W̃ ,M1,M2) ∈ currentMR(W (ibox)) such that W̃ AW . Instantiating the first hypothesis with W
and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that

(W,ρ1(w1), ρ2(w2)) ∈ WJbox ∀[α,∆′].{χ;σ}qKρ.

Hence, there must be some `i and ωi such that ρi(wi) = `i[ωi]. Instantiating the above with

(W̃ ,M1,M2) ∈ currentMR(W (ibox)), noting that W̃ AW , we have thatMi(`i) = code[βi, α,∆
′]{χi;σi}qi .Ii,

ρi(χ) = χi[ωi/βi], ρi(σ) = σi[ωi/βi], ρi(q) = qi[ωi/βi], and

(W̃ , (code[α,∆′]{χ1;σ1}q1 .I1)[ω1/β1], (code[α,∆′]{χ2;σ2}q2 .I2)[ω2/β2])

∈ HVJ∀[α,∆′].{χ;σ}qKρ. (2)

From the above equalities, we can conclude ρi(χ[τ/α]) = χi[ωi/βi][ρi(τ )/α], ρi(σ[τ/α]) = σi[ωi/βi][ρi(τ )/α],
and ρi(q[τ/α]) = qi[ωi/βi][ρi(τ )/α].

It remains to show that

(W̃ , (code[∆′]{χ1;σ1}q1 .I1)[ω1/β1][ρ1(τ )/α], (code[∆′]{χ2;σ2}q2 .I2)[ω2/β2][ρ2(τ )/α])

∈ HVJ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α]Kρ.

Let W ′ w W̃ , ρ∗ ∈ DJ∆′K, ρ′ = ρ ∪ ρ∗ such that currentMR(W ′(ireg)) bW ′ RJχ[τ/α]Kρ′ and
currentMR(W ′(istk)) bW ′ SJσ[τ/α]Kρ′. We need to show that

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq[τ/α] ` ret-type(q[τ/α],χ[τ/α],σ[τ/α])Kρ′.

Next, we instantiate (5) withW ′, ρ† = ρ∗[α 7→ (ρ1(τ ), ρ2(τ ),WJτ Kρ)], and τ ′; sigma′ = ret-type(q,χ,σ),

noting that W ′ w W̃ and ρ† ∈ DJα,∆′K, the latter since WJτ Kρ ∈ WvalRel[ρ1(τ ), ρ2(τ )] by Lemma
1.17. Let ρ′′ = ρ∪ρ†. Note that ρ′′ = ρ′[α 7→ (ρ1(τ ), ρ2(τ ),WJτ Kρ)] = ρ′[α 7→ (ρ′1(τ ), ρ′2(τ ),WJτ Kρ′)].
Using Lemma 1.14 we have that RJχ[τ/α]Kρ′ = RJχKρ′′ and SJσ[τ/α]Kρ′ = RJσKρ′′. Therefore, note
that currentMR(W ′(ireg)) bW ′ RJχKρ′′ and currentMR(W ′(istk)) bW ′ SJσKρ′′. Hence, it follows that

(W ′, ρ†1(I1[ω1/β1]), ρ†2(I2[ω2/β2])) ∈ EJq ` τ ′;σ′Kρ′′.

Note that the above is equivalent to

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq ` τ ′;σ′Kρ′′.

By Lemma 1.14, we have that

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq[τ/α] ` τ ′[τ/α];σ′[τ/α]Kρ′.

Finally, note that by the definition of ret-type, since ret-type(q,χ,σ) = τ ′;σ′, it follows that
ret-type(q[τ/α],χ[τ/α],σ[τ/α]) = τ ′[τ/α];σ′[τ/α], which allows us to conclude:

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq[τ/α] ` ret-type(q[τ/α],χ[τ/α],σ[τ/α])Kρ′.

Lemma 1.34 (Stack Type Application)
If Ψ; ∆ ` w1 ≈w w2 : box ∀[ζ,∆′].{χ;σ}q and ∆ ` σ′, then

Ψ; ∆ ` w1[σ′] ≈w w2[σ′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ].
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Proof

From the hypotheses, we have Ψ; ∆ ` wi[σ
′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ] for i = 1, i = 2.

Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that

(W,ρ1(w1[σ′]), ρ2(w2[σ′])) ∈ WJbox∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ]Kρ.

Let (W̃ ,M1,M2) ∈ currentMR(W (ibox)) such that W̃ AW . Instantiating the first hypothesis with W
and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that

(W,ρ1(w1), ρ2(w2)) ∈ WJbox ∀[ζ,∆′].{χ;σ}qKρ.

Hence, there must be some `i and ωi such that ρi(wi) = `i[ωi]. Instantiating the above with

(W̃ ,M1,M2) ∈ currentMR(W (ibox)), noting that W̃ AW , we have thatMi(`i) = code[βi, ζ,∆
′]{χi;σi}qi .Ii,

ρi(χ) = χi[ωi/βi], ρi(σ) = σi[ωi/βi], ρi(q) = qi[ωi/βi], and

(W̃ , (code[ζ,∆′]{χ1;σ1}q1 .I1)[ω1/β1], (code[ζ,∆′]{χ2;σ2}q2 .I2)[ω2/β2])

∈ HVJ∀[ζ,∆′].{χ;σ}qKρ. (3)

From the above equalities, we can conclude ρi(χ[σ′/ζ]) = χi[ωi/βi][ρi(σ
′)/ζ], ρi(σ[σ′/ζ]) = σi[ωi/βi][ρi(σ

′)/ζ],
and ρi(q[σ′/ζ]) = qi[ωi/βi][ρi(σ

′)/ζ].

It remains to show that

(W̃ , (code[∆′]{χ1;σ1}q1 .I1)[ω1/β1][ρ1(σ′)/ζ], (code[∆′]{χ2;σ2}q2 .I2)[ω2/β2][ρ2(σ′)/ζ])

∈ HVJ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ]Kρ.

Let W ′ w W̃ , ρ∗ ∈ DJ∆′K, ρ′ = ρ ∪ ρ∗ such that currentMR(W ′(ireg)) bW ′ RJχ[σ′/ζ]Kρ′ and
currentMR(W ′(istk)) bW ′ SJσ[σ′/ζ]Kρ′. We need to show that

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq[σ′/ζ] ` ret-type(q[σ′/ζ],χ[σ′/ζ],σ[σ′/ζ])Kρ′.

Next, we instantiate (6) withW ′, τ ′;σ′′ = ret-type(q,χ,σ), and ρ† = ρ∗[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)],

noting that W ′ w W̃ and ρ† ∈ DJζ,∆′K, the latter since SJσ′Kρ ∈ StackRel[ρ1(σ′), ρ2(σ′)] by Lemma
1.18. Let ρ′′ = ρ∪ρ†. Note that ρ′′ = ρ′[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = ρ′[ζ 7→ (ρ′1(σ′), ρ′2(σ′),SJσ′Kρ′)].
Using Lemma 1.15 we have that RJχ[σ′/ζ]Kρ′ = RJχKρ′′ and SJσ[σ′/ζ]Kρ′ = RJσKρ′′. Therefore,
note that currentMR(W ′(ireg)) bW ′ RJχKρ′′ and currentMR(W ′(istk)) bW ′ SJσKρ′′. Hence, it follows
that

(W ′, ρ†1(I1[ω1/β1]), ρ†2(I2[ω2/β2])) ∈ EJq ` τ ′;σ′′Kρ′′.

Note that the above is equivalent to

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq ` τ ′;σ′′Kρ′′.

By Lemma 1.15, we have that

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq[σ′/ζ] ` τ ′[σ′/ζ];σ′′[σ′/ζ]Kρ′.

Finally, note that by the definition of ret-type, since ret-type(q,χ,σ) = τ ′;σ′′, it follows that
ret-type(q[σ′/ζ],χ[σ′/ζ],σ[σ′/ζ]) = τ ′[σ′/ζ];σ′′[σ′/ζ], which allows us to conclude:

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq[σ′/ζ] ` ret-type(q[σ′/ζ],χ[σ′/ζ],σ[σ′/ζ])Kρ′.
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Lemma 1.35 (Return Marker Type Application)
If Ψ; ∆ ` w1 ≈w w2 : box ∀[ε,∆′].{χ;σ}q, ftv(q′) ⊆∆, and ∆ ` ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε], then

Ψ; ∆ ` w1[q′] ≈w w2[q′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε].

Proof

From the hypotheses, we have Ψ; ∆ ` wi[q
′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε] for i = 1, i = 2.

Let W ∈ HJΨK and ρ ∈ DJ∆K. We need to show that

(W,ρ1(w1[q′]), ρ2(w2[q′])) ∈ WJbox∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε]Kρ.

Let (W̃ ,M1,M2) ∈ currentMR(W (ibox)) such that W̃ AW . Instantiating the first hypothesis with W
and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that

(W,ρ1(w1), ρ2(w2)) ∈ WJbox∀[ε,∆′].{χ;σ}qKρ.

Hence, there must be some `i and ωi such that ρi(wi) = `i[ωi]. Instantiating the above with

(W̃ ,M1,M2) ∈ currentMR(W (ibox)), noting that W̃ AW , we have thatMi(`i) = code[βi, ε,∆
′]{χi;σi}qi .Ii,

ρi(χ) = χi[ωi/βi], ρi(σ) = σi[ωi/βi], ρi(q) = qi[ωi/βi], and

(W̃ , (code[ε,∆′]{χ1;σ1}q1 .I1)[ω1/β1], (code[ε,∆′]{χ2;σ2}q2 .I2)[ω2/β2])

∈ HVJ∀[ε,∆′].{χ;σ}qKρ. (4)

From the above equalities, we can conclude ρi(χ[q′/ε]) = χi[ωi/βi][ρi(q
′)/ε], ρi(σ[q′/ε]) = σi[ωi/βi][ρi(q

′)/ε],
and ρi(q[q′/ε]) = qi[ωi/βi][ρi(q

′)/ε].

It remains to show that

(W̃ , (code[∆′]{χ1;σ1}q1 .I1)[ω1/β1][ρ1(q′)/ε], (code[∆′]{χ2;σ2}q2 .I2)[ω2/β2][ρ2(q′)/ε])

∈ HVJ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε]Kρ.

Let W ′ w W̃ , ρ∗ ∈ DJ∆′K, ρ′ = ρ ∪ ρ∗ such that currentMR(W ′(ireg)) bW ′ RJχ[q′/ε]Kρ′ and
currentMR(W ′(istk)) bW ′ SJσ[q′/ε]Kρ′. We need to show that

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq[q′/ε] ` ret-type(q[q′/ε],χ[q′/ε],σ[q′/ε])Kρ′.

Next, we instantiate (7) with W ′, τ ′;σ′′ = ret-type(q,χ,σ), and ρ† = ρ∗[ε 7→ (ρ1(q′), ρ2(q′))], noting

that W ′ w W̃ and ρ† ∈ DJε,∆′K, the latter since the hypothesis specifies ftv(q′) ⊆ ∆ and thus
ftv(ρi(q

′)) = ∅ . Let ρ′′ = ρ ∪ ρ†. Note that ρ′′ = ρ′[ε 7→ (ρ1(q′), ρ2(q′))] = ρ′[ε 7→ (ρ′1(q′), ρ′2(q′))].
Using Lemma 1.16 we have that RJχ[q′/ε]Kρ′ = RJχKρ′′ and SJσ[q′/ε]Kρ′ = RJσKρ′′. Therefore, note
that currentMR(W ′(ireg)) bW ′ RJχKρ′′ and currentMR(W ′(istk)) bW ′ SJσKρ′′. Hence, it follows that

(W ′, ρ†1(I1[ω1/β1]), ρ†2(I2[ω2/β2])) ∈ EJq ` τ ′;σ′Kρ′′, where τ ′;σ′ = ret-type(q,χ,σ).

Note that the above is equivalent to

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq ` τ ′;σ′Kρ′′.

By Lemma 1.16, we have that

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq[q′/ε] ` τ ′[q′/ε];σ′[q′/ε]Kρ′.

Finally, note that by the definition of ret-type, since ret-type(q,χ,σ) = τ ′;σ′, it follows that
ret-type(q[q′/ε],χ[q′/ε],σ[q′/ε]) = τ ′[q′/ε];σ′[q′/ε], which allows us to conclude:

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq[q′/ε] ` ret-type(q[q′/ε],χ[q′/ε],σ[q′/ε])Kρ′.
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Lemma 1.36 (Word Value)
If Ψ; ∆ ` w1 ≈w w2 : τ , then Ψ; ∆;χ ` w1 ≈u w2 : τ .

Proof

We need to first show that Ψ; ∆;χ ` w1 : τ and Ψ; ∆;χ ` w2 : τ .

From the hypothesis, we know that Ψ; ∆ ` w1 : τ and Ψ; ∆ ` w1 : τ , and the typing rule for small
values yields the above.

Next, consider arbitrary W ∈ HJΨK and ρ ∈ DJ∆K such that currentMR(W (ireg)) bW RJχKρ. We

need to show that (W,W.R̂1(ρ1(w1)),W.R̂2(ρ2(w2))) ∈ WJτ Kρ.

Instantiating the hypothesis with W and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that
(W,ρ1(w1), ρ2(w2)) ∈ WJτ Kρ. Note that w1 and w2 are not registers, which means that ρi(wi) are
not registers. Hence, W.R̂i(ρi(wi)) = ρi(wi), which means our proof obligation is immediate from
(W,ρ1(w1), ρ2(w2)) ∈ WJτ Kρ.

Lemma 1.37 (Register)
If r : τ ∈ χ, then Ψ; ∆;χ ` r ≈u r : τ .

Proof

Consider arbitrary W ∈ HJΨK and ρ ∈ DJ∆K such that currentMR(W (ireg)) bW RJχKρ.

We know ρi(r) = r, which means we must show

(W,W.R̂1(r), R̂2(r)) = (W,W.R1(r),R2(r)) ∈ WJτ Kρ

Since currentMR(W (ireg)) bW RJχKρ and r : τ ∈ χ, the definition of RJχKρ yields the result.

Lemma 1.38 (Pack)
If Ψ; ∆;χ ` u1 ≈u u2 : τ [τ ′/α], then Ψ; ∆;χ ` pack〈τ ′,u1〉 as ∃α.τ ≈u pack〈τ ′,u2〉 as ∃α.τ :∃α.τ .

Proof

We have Ψ; ∆;χ ` pack〈τ ′,u1〉 as ∃α.τ : ∃α.τ and Ψ; ∆;χ ` pack〈τ ′,u2〉 as ∃α.τ : ∃α.τ by our
hypothesis and the typing rules.

Let W ∈ HJΨK and ρ ∈ DJ∆K, where currentMR(W (ireg)) bW RJχKρ. We need to show that

(W,W.R̂1(ρ1(pack〈τ ′,u1〉 as ∃α.τ )),W.R̂2(ρ2(pack〈τ ′,u2〉 as ∃α.τ ))) ∈ WJ∃α.τ Kρ

which is equivalent to

(W,ρ1(pack〈τ ′,W.R̂1(u1)〉 as ∃α.τ )), ρ2(pack〈τ ′,W.R̂2(u2)〉 as ∃α.τ ))) ∈ WJ∃α.τ Kρ.

By instantiating our hypothesis withW and ρ, we have that (W,W.R̂1(u1),W.R̂2(u2)) ∈ WJτ [τ ′/α]Kρ.
By Lemma 1.14,

WJτ [τ ′/α]Kρ =WJτ Kρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)].

By Lemma 1.17, WJτ ′Kρ ∈ WvalRel[ρ1(τ ′), ρ2(τ ′)]. Thus we can complete the proof by supplying
WJτ ′Kρ as the relation required by WJ∃α.τ Kρ.

Lemma 1.39 (Fold)
If Ψ; ∆;χ ` u1 ≈u u2 : τ [µα.τ/α], then Ψ; ∆;χ ` foldµα.τ u1 ≈u foldµα.τ u2 :µα.τ .

Proof
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We have Ψ; ∆;χ ` foldµα.τ u1 :µα.τ and Ψ; ∆;χ ` foldµα.τ u2 :µα.τ by our hypothesis and the
typing rules.

Let W ∈ HJΨK and ρ ∈ DJ∆K where currentMR(W (ireg)) bW RJχKρ.

We need to show that

(W,W.R̂1(ρ1(foldµα.τ u1)),W.R̂2(ρ2(foldµα.τ u2))) ∈ WJµα.τ Kρ.

This proof goal is equivalent to

(W, foldρ1(µα.τ) W.R̂1(ρ1(u1)), foldρ2(µα.τ) W.R̂2(ρ2(u2))) ∈ WJµα.τ Kρ.

To establish this goal, it is sufficient to establish the following subgoal,

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ BWJτ [µα.τ/α]Kρ.

Using W and ρ from unrolling our hypothesis, Ψ; ∆;χ ` u1 ≈u u2 : τ [µα.τ/α] we obtain

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJτ [µα.τ/α]Kρ.

We derive the desired subgoal from the above conclusion and lemmas 1.6 and 1.8.

Lemma 1.40 (Word Type Application)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[α,∆′].{χ;σ}q and ∆ ` τ , then

Ψ; ∆;χ ` u1[τ ] ≈u u2[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α].

Proof

From the hypotheses, we have Ψ; ∆;χ ` ui[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α] for i = 1, i = 2.

Let W ∈ HJΨK and ρ ∈ DJ∆K, where currentMR(W (ireg)) bW RJχKρ.

We need to show that

(W, R̂1(ρ1(u1[τ ])), R̂1(ρ2(u2[τ ]))) ∈ WJbox ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α]Kρ.

Let (W̃ ,M1,M2) ∈ currentMR(W (ibox)) such that W̃ AW . Instantiating the first hypothesis with W
and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that

(W, R̂1(ρ1(u1)), R̂1(ρ2(u2))) ∈ WJbox ∀[α,∆′].{χ;σ}qKρ.

Hence, there must be some `i and ωi such that R̂i(ρi(ui)) = `i[ωi]. Instantiating the above with

(W̃ ,M1,M2) ∈ currentMR(W (ibox)), noting that W̃ AW , we have thatMi(`i) = code[βi, α,∆
′]{χi;σi}qi .Ii,

ρi(χ) = χi[ωi/βi], ρi(σ) = σi[ωi/βi], ρi(q) = qi[ωi/βi], and

(W̃ , (code[α,∆′]{χ1;σ1}q1 .I1)[ω1/β1], (code[α,∆′]{χ2;σ2}q2 .I2)[ω2/β2])

∈ HVJ∀[α,∆′].{χ;σ}qKρ. (5)

From the above equalities, we can conclude ρi(χ[τ/α]) = χi[ωi/βi][ρi(τ )/α], ρi(σ[τ/α]) = σi[ωi/βi][ρi(τ )/α],
and ρi(q[τ/α]) = qi[ωi/βi][ρi(τ )/α].

It remains to show that

(W̃ , (code[∆′]{χ1;σ1}q1 .I1)[ω1/β1][ρ1(τ )/α], (code[∆′]{χ2;σ2}q2 .I2)[ω2/β2][ρ2(τ )/α])

∈ HVJ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α]Kρ.
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Let W ′ w W̃ , ρ∗ ∈ DJ∆′K, ρ′ = ρ ∪ ρ∗ such that currentMR(W ′(ireg)) bW ′ RJχ[τ/α]Kρ′ and
currentMR(W ′(istk)) bW ′ SJσ[τ/α]Kρ′. We need to show that

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq[τ/α] ` ret-type(q[τ/α],χ[τ/α],σ[τ/α])Kρ′.

Next, we instantiate (5) with W ′, τ ′;σ′ = ret-type(q,χ,σ) and ρ† = ρ∗[α 7→ (ρ1(τ ), ρ2(τ ),WJτ Kρ)],

noting that W ′ w W̃ and that ρ† ∈ DJα,∆′K, the latter since WJτ Kρ ∈ WvalRel[ρ1(τ ), ρ2(τ )]
by Lemma 1.17. Let ρ′′ = ρ ∪ ρ†. Note that ρ′′ = ρ′[α 7→ (ρ1(τ ), ρ2(τ ),WJτ Kρ)] = ρ′[α 7→
(ρ′1(τ ), ρ′2(τ ),WJτ Kρ′)]. Using Lemma 1.14 we have that RJχ[τ/α]Kρ′ = RJχKρ′′ and SJσ[τ/α]Kρ′ =
RJσKρ′′. Therefore, note that currentMR(W ′(ireg)) bW ′ RJχKρ′′ and currentMR(W ′(istk)) bW ′
SJσKρ′′. Hence, it follows that

(W ′, ρ†1(I1[ω1/β1]), ρ†2(I2[ω2/β2])) ∈ EJq ` τ ′;σ′Kρ′′.

Note that the above is equivalent to

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq ` τ ′;σ′Kρ′′.

By Lemma 1.14, we have that

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq[τ/α] ` τ ′[τ/α];σ′[τ/α]Kρ′.

Finally, note that by the definition of ret-type, since ret-type(q,χ,σ) = τ ′;σ′, it follows that
ret-type(q[τ/α],χ[τ/α],σ[τ/α]) = τ ′[τ/α];σ′[τ/α], which allows us to conclude:

(W ′, ρ∗1(I1[ω1/β1][ρ1(τ )/α]), ρ∗2(I2[ω2/β2][ρ2(τ )/α])) ∈ EJq[τ/α] ` ret-type(q[τ/α],χ[τ/α],σ[τ/α])Kρ′.

Lemma 1.41 (Stack Type Application)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ζ,∆′].{χ;σ}q and ∆ ` σ′, then

Ψ; ∆;χ ` u1[σ′] ≈u u2[σ′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ].

Proof

From the hypotheses, we have Ψ; ∆;χ ` ui[σ
′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ] for i = 1, i = 2.

Let W ∈ HJΨK and ρ ∈ DJ∆K, where currentMR(W (ireg)) bW RJχKρ.

We need to show that

(W, R̂1(ρ1(u1[σ′])), R̂2(ρ2(u2[σ′]))) ∈ WJbox∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ]Kρ.

Let (W̃ ,M1,M2) ∈ currentMR(W (ibox)) such that W̃ AW . Instantiating the first hypothesis with W
and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that

(W, R̂1(ρ1(u1)), R̂1(ρ2(u2))) ∈ WJbox ∀[ζ,∆′].{χ;σ}qKρ.

Hence, there must be some `i and ωi such that R̂1(ρi(ui)) = `i[ωi]. Instantiating the above with

(W̃ ,M1,M2) ∈ currentMR(W (ibox)), noting that W̃ AW , we have thatMi(`i) = code[βi, ζ,∆
′]{χi;σi}qi .Ii,

ρi(χ) = χi[ωi/βi], ρi(σ) = σi[ωi/βi], ρi(q) = qi[ωi/βi], and

(W̃ , (code[ζ,∆′]{χ1;σ1}q1 .I1)[ω1/β1], (code[ζ,∆′]{χ2;σ2}q2 .I2)[ω2/β2])

∈ HVJ∀[ζ,∆′].{χ;σ}qKρ. (6)

From the above equalities, we can conclude ρi(χ[σ′/ζ]) = χi[ωi/βi][ρi(σ
′)/ζ], ρi(σ[σ′/ζ]) = σi[ωi/βi][ρi(σ

′)/ζ],
and ρi(q[σ′/ζ]) = qi[ωi/βi][ρi(σ

′)/ζ].
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It remains to show that

(W̃ , (code[∆′]{χ1;σ1}q1 .I1)[ω1/β1][ρ1(σ′)/ζ], (code[∆′]{χ2;σ2}q2 .I2)[ω2/β2][ρ2(σ′)/ζ])

∈ HVJ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ]Kρ.

Let W ′ w W̃ , ρ∗ ∈ DJ∆′K, ρ′ = ρ ∪ ρ∗ such that currentMR(W ′(ireg)) bW ′ RJχ[σ′/ζ]Kρ′ and
currentMR(W ′(istk)) bW ′ SJσ[σ′/ζ]Kρ′. We need to show that

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq[σ′/ζ] ` ret-type(q[σ′/ζ],χ[σ′/ζ],σ[σ′/ζ])Kρ′.

Next, we instantiate (6) withW ′, τ ′;σ′′ = ret-type(q,χ,σ), and ρ† = ρ∗[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)],

noting that W ′ w W̃ and ρ† ∈ DJζ,∆′K, the latter since SJσ′Kρ ∈ StackRel[ρ1(σ′), ρ2(σ′)] by Lemma
1.18. Let ρ′′ = ρ∪ρ†. Note that ρ′′ = ρ′[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = ρ′[ζ 7→ (ρ′1(σ′), ρ′2(σ′),SJσ′Kρ′)].
Using Lemma 1.15 we have that RJχ[σ′/ζ]Kρ′ = RJχKρ′′ and SJσ[σ′/ζ]Kρ′ = RJσKρ′′. Therefore,
note that currentMR(W ′(ireg)) bW ′ RJχKρ′′ and currentMR(W ′(istk)) bW ′ SJσKρ′′. Hence, it follows
that

(W ′, ρ†1(I1[ω1/β1]), ρ†2(I2[ω2/β2])) ∈ EJq ` τ ′;σ′′Kρ′′, where τ ′;σ′′ = ret-type(q,χ,σ).

Note that the above is equivalent to

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq ` τ ′;σ′′Kρ′′.

By Lemma 1.15, we have that

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq[σ′/ζ] ` τ ′[σ′/ζ];σ′′[σ′/ζ]Kρ′.

Finally, note that by the definition of ret-type, since ret-type(q,χ,σ) = τ ′;σ′′, it follows that
ret-type(q[σ′/ζ],χ[σ′/ζ],σ[σ′/ζ]) = τ ′[σ′/ζ];σ′′[σ′/ζ], which allows us to conclude:

(W ′, ρ∗1(I1[ω1/β1][ρ1(σ′)/ζ]), ρ∗2(I2[ω2/β2][ρ2(σ′)/ζ])) ∈ EJq[σ′/ζ] ` ret-type(q[σ′/ζ],χ[σ′/ζ],σ[σ′/ζ])Kρ′.

Lemma 1.42 (Return Marker Type Application)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ε,∆′].{χ;σ}q, ftv(q′) ⊆∆, and ∆ ` ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε], then

Ψ; ∆;χ ` u1[q′] ≈u u2[q′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε].

Proof

From the hypotheses, we have Ψ; ∆;χ ` ui[q
′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε] for i = 1, i = 2.

Let W ∈ HJΨK and ρ ∈ DJ∆K, where currentMR(W (ireg)) bW RJχKρ.

We need to show that

(W, R̂1(ρ1(u1[q′])), R̂1(ρ2(u2[q′]))) ∈ WJbox ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε]Kρ.

Let (W̃ ,M1,M2) ∈ currentMR(W (ibox)) such that W̃ AW . Instantiating the first hypothesis with W
and ρ, noting that W ∈ HJΨK and ρ ∈ DJ∆K, we have that

(W, R̂1(ρ1(u1)), R̂1(ρ2(u2))) ∈ WJbox ∀[ε,∆′].{χ;σ}qKρ.

Hence, there must be some `i and ωi such that R̂1(ρi(ui)) = `i[ωi]. Instantiating the above with

(W̃ ,M1,M2) ∈ currentMR(W (ibox)), noting that W̃ AW , we have thatMi(`i) = code[βi, ε,∆
′]{χi;σi}qi .Ii,

ρi(χ) = χi[ωi/βi], ρi(σ) = σi[ωi/βi], ρi(q) = qi[ωi/βi], and

(W̃ , (code[ε,∆′]{χ1;σ1}q1 .I1)[ω1/β1], (code[ε,∆′]{χ2;σ2}q2 .I2)[ω2/β2])

∈ HVJ∀[ε,∆′].{χ;σ}qKρ. (7)
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From the above equalities, we can conclude ρi(χ[q′/ε]) = χi[ωi/βi][ρi(q
′)/ε], ρi(σ[q′/ε]) = σi[ωi/βi][ρi(q

′)/ε],
and ρi(q[q′/ε]) = qi[ωi/βi][ρi(q

′)/ε].

It remains to show that

(W̃ , (code[∆′]{χ1;σ1}q1 .I1)[ω1/β1][ρ1(q′)/ε], (code[∆′]{χ2;σ2}q2 .I2)[ω2/β2][ρ2(q′)/ε])

∈ HVJ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε]Kρ.

Let W ′ w W̃ , ρ∗ ∈ DJ∆′K, ρ′ = ρ ∪ ρ∗ such that currentMR(W ′(ireg)) bW ′ RJχ[q′/ε]Kρ′ and
currentMR(W ′(istk)) bW ′ SJσ[q′/ε]Kρ′. We need to show that

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq[q′/ε] ` ret-type(q[q′/ε],χ[q′/ε],σ[q′/ε])Kρ′.

Next, we instantiate (7) with W ′, τ ′;σ′ = ret-type(q,χ,σ), and ρ† = ρ∗[ε 7→ (ρ1(q′), ρ2(q′))], noting

that W ′ w W̃ and ρ† ∈ DJε,∆′K, the latter since the hypothesis specifies ftv(q′) ⊆ ∆ and thus
ftv(ρi(q

′)) = ∅ . Let ρ′′ = ρ ∪ ρ†. Note that ρ′′ = ρ′[ε 7→ (ρ1(q′), ρ2(q′))] = ρ′[ε 7→ (ρ′1(q′), ρ′2(q′))].
Using Lemma 1.16 we have that RJχ[q′/ε]Kρ′ = RJχKρ′′ and SJσ[q′/ε]Kρ′ = RJσKρ′′. Therefore, note
that currentMR(W ′(ireg)) bW ′ RJχKρ′′ and currentMR(W ′(istk)) bW ′ SJσKρ′′. Hence, it follows that

(W ′, ρ†1(I1[ω1/β1]), ρ†2(I2[ω2/β2])) ∈ EJq ` τ ′;σ′Kρ′′, where τ ′;σ′ = ret-type(q,χ,σ).

Note that the above is equivalent to

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq ` τ ′;σ′Kρ′′.

By Lemma 1.16, we have that

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq[q′/ε] ` τ ′[q′/ε];σ′[q′/ε]Kρ′.

Finally, note that by the definition of ret-type, since ret-type(q,χ,σ) = τ ′;σ′, it follows that
ret-type(q[q′/ε],χ[q′/ε],σ[q′/ε]) = τ ′[q′/ε];σ′[q′/ε], which allows us to conclude:

(W ′, ρ∗1(I1[ω1/β1][ρ1(q′)/ε]), ρ∗2(I2[ω2/β2][ρ2(q′)/ε])) ∈ EJq[q′/ε] ` ret-type(q[q′/ε],χ[q′/ε],σ[q′/ε])Kρ′.

Lemma 1.43 (Arithmetic Operation)
If Ψ; ∆;χ ` rs1 ≈u rs2 : int, Ψ; ∆;χ ` u1 ≈u u2 : int, q 6= rd, and Ψ; ∆;χ[rd : int];σ; q ` I1 ≈I I2, then
Ψ; ∆;χ;σ; q ` aop rd, rs1, u1; I1 ≈I aop rd, rs2, u2; I2.

Proof

Inspecting ≈I, we see that Ψ; ∆;χ;σ; q ` aop rd, rsi, ui; Ii for i ∈ {1, 2}.
Now choose arbitrary W ∈ HJΨK and ρ ∈ DJ∆K such that currentMR(W (ireg)) bW RJχKρ and
currentMR(W (istk)) bW SJσKρ.

We need to show (W,ρ1((aop rd, rs1, u1; I1, ·)), ρ2((aop rd, rs2, u2; I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ,

Noting that ui is either an integer or a register pointing to one, we can push the substitution in to
yield the following obligation:

(W, (aop rd, rs1, u1; ρ1(I1), ·)), (aop rd, rs2, u2; ρ2(I2), ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

We will prove this by appealing to Lemma 1.11 with an empty heap fragment. In order to do this, we
show the following:
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• First, we must show that the above triple is in TermAtom[q ` ret-type(q,χ,σ)]ρ.

Since W is drawn from HJΨKρ, we know it is in World, which means what we have left to show
is that:

W.Ψ1; ·;W.χ1;W.σ1; ρ1(q) ` ρ1(e1) : ρ1(ret-type(q,χ,σ)) and

W.Ψ2; ·;W.χ2;W.σ2; ρ2(q) ` ρ2(e1) : ρ2(ret-type(q,χ,σ))

where ρ1(e1) and ρ2(e2) are the two components under consideration.

From the typing judgement for components, we see that we need to show that
W.Ψ1; ·;W.χ1;W.σ1; ρ1(q) ` aop rd, rs1, u1; ρ1(I1) and similarly for the second case.

From the hypothesis, we know Ψ; ·;χ;σ; ρ1(q) ` aop rd, rs1, u1; ρ1(I1). From the fact that W ∈
HJΨK, we know that W.Ψ1 is a superset of Ψ, and similarly from currentMR(W (ireg)) bW RJχKρ
we know that W.R1 contains well typed bindings for everything in χ, and since W is a world, this
means W.χ1 is a superset of χ. Similarly, from currentMR(W (istk)) bW SJσKρ we know that
W.σ1 is a superset of σ, and combining all of these, via weakening, we get what we need.

• Next, we must choose a W ′, where W ′ wpub W and W.k ≤W ′.k+ k1, W.k+ k2, where k1 and k2
will be determined later.

Let s = (W.R1[rd 7→ δ(aop,W.R1(rs1),W.R̂1(u1))],W.χ1[rd : int],
W.R2[rd 7→ δ(aop,W.R2(rs2),W.R̂2(u2))],W.χ2[rd : int]) and

W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ Islandreg(s,W.k)]).

Since s.Ri : s.χi, W
′ ∈World and the rest is unchanged, W ′ wpub W .

• Further, we must show that the return address (if it is not end{τ ;σ}) is unchanged in W ′. Since
q is the same, the only way that it could have changed would be if it were a memory location
that changed, but the only change to memory is rd and from the hypothesis q 6= rd.

• Finally, consider arbitrary M1,M2 : W , where (Hi, Ri, Si) = Mi.

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have the following fact for island ireg: (BW,R1� ,R2� ) ∈ currentMR(W (ireg)).
From the latter it follows that Ri = W.Ri.

The reduction relation tells us that

〈(Hi,Ri, Si) | aop rd, rsi, ui; ρi(Ii)〉 7−→1 〈(Hi,Ri[rd 7→ δ(aop,Ri(rsi), R̂i(ui))], Si) | ρi(Ii)〉
Let M ′i = (Hi,Ri[rd 7→ δ(aop,Ri(rsi), R̂i(ui))], Si). Based on the definition of W ′, we can see
that (M ′1,M

′
2) : W ′. Note that k1 = k2 = 1, and thus W.k ≤W ′.k + ki.

We now instantiate the hypothesis with W ′ and ρ. By Lemma 1.9, W ′ is in HJΨK and ρ ∈ DJ∆K.
From Lemma 1.21, since W (istk) = W ′(istk), currentMR(W ′(istk)) bW WJsigmaKρ.

Using Lemma 1.20, we claim that currentMR(W ′(ireg)) bW RJχ[rd : intKρ. In order to show this,

we need that (W ′, δ(aop,R1(rs1), R̂1(u1)), δ(aop,R2(rs2), R̂1(u2))) ∈ WJintKρ.

Note that from the first two hypothesis, (W,W.R̂1(u1),W.R̂2(u2)) ∈ WJintKρ, which means
W.R̂i(ui) is an integer, and similarly for W.Ri(rsi). This means that δ(aop,W.Ri(rsi),W.R̂i(ui))
is also an integer, and thus we can conclude:

(W, δ(aop,W.R1(rs1),W.R̂1(u1)), δ(aop,W.R2(rs2),W.R̂2(u2))) ∈ WJintKρ

By monotonicity, it follows that:

(W ′, δ(aop,W ′.R1(rs1),W ′.R̂1(u1)), δ(aop,W ′.R2(rs2),W ′.R̂2(u2))) ∈ WJintKρ,

With that, we can conclude that (W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ[rd : int],σ)Kρ.
Since we know that rd 6= q, ret-type(q,χ[rd : int],σ) = ret-type(q,χ,σ) and thus we can use
Lemma 1.11 to get the result.
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Lemma 1.44 (Branch)
If Ψ; ∆;χ ` r1 ≈u r2 : int, Ψ; ∆;χ ` u1 ≈u u2 : box∀[].{χ′;σ}q, ∆ ` χ ≤ χ′, and Ψ; ∆;χ;σ; q `
I1 ≈I I2, then Ψ; ∆;χ;σ; q ` bnz r1, u1; I1 ≈I bnz r2, u2; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` bnz r1, u1; I1 and Ψ; ∆;χ;σ; q ` bnz r1, u1; I2 follow from the premises.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((bnz r1, u1; I1, ·)), ρ2((bnz r2, u2; I2, ·))) = W, (bnz r1, ρ1(u1); I1, ·), (bnz r2, ρ2(u2); I2, ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ). From our first hypothesis,
Ψ; ∆;χ ` r1 ≈u r2 : int. Thus W.R1(r1) = W.R2(r2). We proceed by cases on W.R1(r1)

• W.R1(r1) = 0

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that
lemma.

– (W, (bnz r1, ρ1(u1); ρ1(I1), ·), (bnz r2, ρ2(u2); ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. To es-
tablish this, we must showW.Ψi; ·;W.χi;W.σi; ρi(q) ` (bnz ri, ρi(ui); ρi(Ii), ·) : ρi(τr); ρi(σr).
The latter follows from Ψ; ∆;χ;σ; q ` bnz ri, ui; Ii using the component typing rule and the
properties of W and ρ that we have by assumption.

– We define W ′ = W . Note that W ′ ∈World since W ∈ world .

– W wpub W trivially.

– Consider arbitrary M1 and M2 such that(M1,M2) : W . Let Mi = (Hi,Ri, Si).
From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈

⊗
{ currentMR(θ) | θ ∈W.Θ }.

From the latter, we obtain a fact for island ireg: (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)).
From that it follows that Ri = W.Ri and, hence, Ri(ri) = 0.
From the above fact and the reduction semantics we derive that

〈(Hi,Ri, Si) | (bnz ri, ρi(ui); ρ1(Ii), ·)〉 7−→1 〈(Hi,Ri, Si) | (ρi(Ii), ·)〉

Let M ′i = Mi = (Hi,Ri, Si). Note that (M ′1,M
′
2) : W ′ is equivalent to (M1,M2) : W , which

holds trivially by assumption.

– Note that W.k = W ′.k since W ′.k = W.k.

– Note that q 6= ε, which follows from the third hypothesis. Further, since we haven’t changed
the world, we can see that the the return address does not change.

– ret-type(q,χ,σ) = ret-type(q,χ,σ) holds trivially.

– currentMR(W ′(ireg)) bW ′ RJχKρ holds trivilaly by assumption currentMR(W )(ireg)) bW
RJχKρ and W ′ = W .

– currentMR(W ′(istk)) bW ′ SJσKρ holds trivilaly by assumption currentMR(W (istk)) bW
SJσKρ and W ′ = W .

Hence, we can conclude that

(W ′, (ρ1(I1), (ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ

Now, the result follows by Lemma 1.11.

• W.R1(r1) = n, n 6= 0

We instantiate the second hypothesis, Ψ; ∆;χ ` u1 ≈u u2 : box ∀[].{χ′;σ}q. with W and
ρ, noting W ∈ HJΨK, ρ ∈ DJ∆K, and currentMR(W (ireg)) bW RJχKρ. Thus we have that

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJbox ∀[].{χ′;σ}qKρ. From the definition of the latter,
we have that W.R̂i(ρi(ui)) = `i[ωi].

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that
lemma.
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– (W, (bnz r1, ρ1(u1); ρ1(I1), ·), (bnz r2, ρ2(u2); ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. To es-
tablish this, we must showW.Ψi; ·;W.χi;W.σi; ρi(q) ` (bnz ri, ρi(ui); ρi(Ii), ·) : ρi(τr); ρi(σr).
The latter follows from Ψ; ∆;χ;σ; q ` bnz ri, ui; Ii using the component typing rule and the
properties of W and ρ that we have by assumption.

– We define W ′ = BW . Note that W ′ ∈World since W.k > 0 and W ∈World.

– BW wpub W by Lemma 1.6.

– Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si).
From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈

⊗
{ currentMR(θ) | θ ∈W.Θ }.

From the latter, we have two facts, one for island ireg and the other for island ibox.
First, we have that (BW,R1� ,R2� ) ∈ currentMR(W (ireg)). From the latter it follows that

Ri = W.Ri and, hence, Ri(ri) = n, n 6= 0 and R̂i(ρi(ui)) = `i[ωi].
Second, we have that there exist some Hb1 ⊆ H1 and Hb2 ⊆ H2 such that (BW,Hb1 �
,Hb2 � ) ∈ currentMR(W (ibox)). We use the latter to instantiate (W, `1[ω1], `2[ω2]) ∈
WJbox ∀[].{χ′;σ}qKρ, noting that BW AW , which allows us to conclude:

∗ Hbi(`i) = code[βi]{χi;σi}qi .I′i,

∗ ρi(χ′) = χi[ωi/βi],

∗ ρi(σ) = σi[ωi/βi],

∗ ρi(q) = qi[ωi/βi], and

∗ (BW, (code[]{χ1;σ1}q1 .I′1)[ω1/β1], (code[]{χ2;σ2}q2 .I′2)[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ

Hence, we have that R̂i(ρi(ui)) = `i[ωi] and Hi(`i) = code[βi]{χi;σi}qi .I′i, and, from the
reduction semantics and Ri(ri) = n, n 6= 0, we derive that

〈(Hi,Ri, Si) | (bnz ri, ρi(ui); ρ1(Ii), ·)〉 7−→1 〈(Hi,Ri, Si) | (I′i[ωi/βi], ·)〉

Let M ′i = Mi = (Hi,Ri, Si). Note that (M ′1,M
′
2) : W ′ is equivalent to (M1,M2) : BW ,

which follows by Lemma 1.6.

– Note that W.k ≤W ′.k + 1 since W ′.k = (BW ).k = W.k − 1.

– Note that q 6= ε, which follows from the third hypothesis. Further, since we haven’t changed
the world, we can see that the the return address does not change.

– Note that

(BW, (code[]{χ1;σ1}q1 .I′1)[ω1/β1],

(code[]{χ2;σ2}q2 .I′2)[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ
≡ (BW, code[]{χ1[ω1/β1];σ1[ω1/β1]}q1[ω1/β1].I′1[ω1/β1],

code[]{χ2[ω2/β2];σ2[ω2/β2]}q2[ω2/β2].I′2[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ

≡ (BW, (code[]{ρ1(χ′)]; ρ1(σ)}ρ1(q).I′1[ω1/β1],

code[]{ρ2(χ′); ρ2(σ)}ρ2(q).I′2[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ

Instantiate the latter with BW . We note the following:

∗ BW w BW by reflexivity.

∗ ret-type(q,χ′,σ) = ret-type(q,χ,σ). The latter is immediate except in the case when
q is some register r′, in which case we must show that r′ ∈ dom(χ′) since otherwise
ret-type(q,χ′,σ) would be undefined. But note that from our first premise, it follows
that ∆ ` box∀[].{χ′;σ}q. By inversion of typing rules, we have that ∆ ` ∀[].{χ′;σ}q,
and hence ∆[];χ′;σ ` q. From the latter it follows that ret-type(q,χ′,σ) is defined.
Hence, if q is some register r′, it must be that r′ ∈ dom(χ′). Moreover, from the second
premise, it follows that χ′(r′) = χ(r′). This is enough to establish our claim.

∗ currentMR((BW )(ireg)) bBW RJχ′Kρ. To show this, consider arbitrary (W̃ ,M1,M2) ∈
currentMR((BW )(ireg)) such that W̃ w BW . We must show that

(W̃ ,M1,M2) ∈ RJχ′Kρ
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Note that (BW ).k = W.k−1 and that currentMR((BW )(ireg)) = bcurrentMR(W (ireg))cW.k−1.

Thus, (W̃ ,M1,M2) ∈ currentMR(W (ireg)). Using the latter we can instantiate

currentMR(W (ireg)) bW RJχKρ with (W̃ ,M1,M2), noting that W̃ w W (by transitivity

of w), which gives us (W̃ ,M1,M2) ∈ RJχKρ. Finally, by Lemma 1.19 (register-file sub-
typing implies inclusion) we have that RJχKρ ⊆ RJχ′Kρ, which is sufficient to show what
we need.

∗ currentMR(BW (istk)) bBW SJσKρ. To show this, consider arbitrary (W̃ ,M1,M2) ∈
currentMR((BW )(istk)) such that W̃ w BW . We must show that

(W̃ ,M1,M2) ∈ SJσKρ

Note that (BW ).k = W.k−1 and that currentMR((BW )(istk)) = bcurrentMR(W (istk))cW.k−1.

Thus, (W̃ ,M1,M2) ∈ currentMR(W (istk)). Using the latter we can instantiate

currentMR(W (istk)) bW SJσKρ with (W̃ ,M1,M2), noting that W̃ w W (by transitivity

of w), which gives us (W̃ ,M1,M2) ∈ SJσKρ as needed.

Hence, we can conclude that

(BW, (ρ1(I′1[ω1/β1]), ·), (ρ2(I′2[ω2/β2]), ·)) ∈ EJq ` ret-type(q,χ′,σ)Kρ

Now, the result follows by Lemma 1.11.

Lemma 1.45 (Load from Mutable Tuple)
If Ψ; ∆;χ ` rs1 ≈u rs2 : ref 〈τ0, . . . , τn〉, 0 ≤ i ≤ n, q 6= rd, and Ψ; ∆;χ[rd : τi];σ; q ` I1 ≈I I2, then
Ψ; ∆;χ;σ; q ` ld rd, rs1[i]; I1 ≈I ld rd, rs2[i]; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` ld rd, rs1[i]; I1 and Ψ; ∆;χ;σ; q ` ld rd, rs2[i]; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((ld rd, rs1[i]; I1, ·)), ρ2((ld rd, rs2[i]; I2, ·)))

= (W, (ld rd, rs1[i]; ρ1(I1), ·), (ld rd, rs2[i]; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

Moreover, note the following preliminary facts:

• By instantiating our first hypothesis with W and ρ, we have that (W,W.R̂1(rs1),W.R̂2(rs2)) ∈
WJref 〈τ0, . . . , τn〉Kρ. From the definition of the latter, we have that W.R̂1(rs1) = `1 and
W.R̂2(rs2) = `2 and we know there exists an island i such that

∀W ′ wW.(`1, `2) ∈W ′(i).bij(W ′(i).s) ∧ ∃ϕM . currentMR(W ′(i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ } (8)

We proceed by analogy to Lemma 1.11, but choose a world W ′ after choosing memories, so we cannot
use the Lemma as stated.

• We claim that (W, (ld rd, rs1[i]; ρ1(I1), ·), (ld rd, rs2[i]; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. To
establish this, we must show W.Ψj ; ·;W.χj;W.σj; ρj(q) ` (ld rd, rsj[i]; ρj(Ij), ·) : ρj(τr); ρj(σr).
The latter follows from Ψ; ∆;χ;σ; q ` ld rd, rsj[i]; Ij using the component typing rule and the
properties of W and ρ that we have by assumption.
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• Expanding the definition of EJ·K, choose arbitrary E1 and E2 such that (W,E1, E2) ∈ KJq `
τ ;σKρ.

We must show that (W,E1[(ld rd, rs1[i]; ρ1(I1), ·)], E2[(ld rd, rs2[i]; ρ2(I2), ·)]) ∈ O.

In order to do that, choose arbitrary (M1,M2) : W . We need to show that the expressions either
both terminate with these memories or are both still running after W.k steps.

We do this by taking one step and then using the resulting memories, finding a world that we can
then use with the final hypothesis we are given.

Let Mj = (Hj,Rj, Sj) for j ∈ {1, 2}.
From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈

⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following two facts, one for island ireg and one for the island
i (which we know exists from the preliminary facts we collected above and keeps track of the
references `i and `2 that we wish to update).

First, we have that (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)). From the latter it follows that

Ri = W.Ri and, hence, R̂1(rs1) = `1, R̂2(rs2) = `2, (which are the same `1 and `2 from our
preliminary facts above).

Second, we have that there exist some Hr1 ⊆ H1 and Hr2 ⊆ H2 such that (BW,Hr1� ,Hr2� ) ∈
currentMR(W (i)). Instantiating (8) with W , noting W wW by reflexivity, we have that

currentMR(W (i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ }

Hence, we have that H1(`1) = Hr1(`1) = h1, and H1(`2) = Hr2(`2) = h2, as well as
(BW,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ. From the latter, it follows that h1 = 〈w10, . . . ,w1n〉 and
h2 = 〈w20, . . . ,w2n〉. Moreover, since we have as our second hypothesis 0 ≤ i ≤ n, it follows
that (BW,w1i,w2i) ∈ WJτiKρ.

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

〈Mj | Ej [(ld rd, rsj[i]; ρj(Ij), ·)]〉−→〈(Hj,Rj[rd 7→ wji], Sj) | Ej [(ρj(Ij), ·)]〉.
Let s = (W.R1[rd 7→ w1i],W.χ1[rd : ρ1(τi)],W.R2[rd 7→ w2i],W.χ2[rd : ρ2(τi)]),

Now let W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]).

• We claim that W ′ ∈World.

It suffices to show W ′.Ψj ; · ` wji : ρj(τi).

Since (BW,w1i,w2i) ∈ WJτiKρ and BW.Ψj = W ′.Ψj, WvalAtom gets us what we need.

• We claim that (M ′1,M
′
2) : W ′.

• Instantiating the last hypothesis with W ′, noting that Lemmas 1.20 and 1.21 yield the required
obligations on memory relations, we know that (W ′, E1[(ρ1(I1), ·)], E2[(ρ2(I2), ·)]) ∈ O.

This means that either 〈M ′j | Ej [(ρj(Ij), ·)]〉 ↓ or running(W ′.k, 〈M ′j | Ej [(ρj(Ij), ·)]〉).
In the former case, that clearly means that 〈Mj | Ej [(ld rd, rsj[i]; ρj(Ij), ·)]〉 ↓.
In the latter case, note thatW ′.k ≤W.k+1, which means that running(W.k, 〈Mj | Ej [(ld rd, rsj[i]; ρj(Ij), ·)]〉)
holds, and so we are done.

Lemma 1.46 (Load from Immutable Tuple)
If Ψ; ∆;χ ` rs1 ≈u rs2 : box 〈τ0, . . . , τn〉, 0 ≤ i ≤ n, q 6= rd, and Ψ; ∆;χ[rd : τi];σ; q ` I1 ≈I I2, then
Ψ; ∆;χ;σ; q ` ld rd, rs1[i]; I1 ≈I ld rd, rs2[i]; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` ld rd, rs1[i]; I1 and Ψ; ∆;χ;σ; q ` ld rd, rs2[i]; I2.
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Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((ld rd, rs1[i]; I1, ·)), ρ2((ld rd, rs2[i]; I2, ·)))

= (W, (ld rd, rs1[i]; ρ1(I1), ·), (ld rd, rs2[i]; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ. (9)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

Moreover, note the following preliminary fact:

• By instantiating our first hypothesis with W and ρ, we have that (W,W.R̂1(rs1),W.R̂2(rs2)) ∈
WJbox 〈τ0, . . . , τn〉Kρ. From the definition of the latter, we have that W.R̂1(rs1) = `1 and
W.R̂2(rs2) = `2 and

∀(W̃ ,M1,M2) ∈ currentMR(W (ibox)). W̃ AW

=⇒ (W̃ ,M1(`1),M2(`2)) ∈ HVJ〈τ0, . . . , τn〉Kρ } (10)

With the above fact in hand, we now prove (9).

• We claim that (W, (ld rd, rs1[i]; ρ1(I1), ·), (ld rd, rs2[i]; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. To
establish this we must show W.Ψ1; ·;W.χ1;W.σ1; ρ1(q) ` (ld rd, rs1[i]; ρ1(I1), ·) : ρ1(τr); ρ1(σr)
andW.Ψ2; ·;W.χ2;W.σ2; ρ2(q) ` (ld rd, rs2[i]; ρ2(I2), ·) : ρ2(τr); ρ2(σr). Each follows from Ψ; ∆;χ;σ; q `
ld rd, rs1[i]; I1 and Ψ; ∆;χ;σ; q ` ld rd, rs2[i]; I2 respectively using the component typing rule
and the properties of W and ρ that we have by assumption.

• Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJq ` τ r;σrKρ. We must show

(W,E1[(ld rd, rs1[i]; ρ1(I1), ·)], E2[(ld rd, rs2[i]; ρ2(I2), ·)]) ∈ O.

Consider arbitrary (M1,M2) : W . We must show either that 〈M1 | E1[(ld rd, rs1[i]; ρ1(I1), ·)]〉 ↓
and 〈M2 | E2[(ld rd, rs2[i]; ρ2(I2), ·)]〉 ↓, or running(W.k, 〈M1 | E1[(ld rd, rs1[i]; ρ1(I1), ·)]〉) and
running(W.k, 〈M2 | E2[(ld rd, rs2[i]; ρ2(I2), ·)]〉).
Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following two facts, one for island ireg and one for the island
ibox.

First, we have that (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)). From the latter it follows that

Ri = W.Ri and, hence, R̂1(rs1) = `1, R̂2(rs2) = `2, (which are the same `1, `2 from our
preliminary fact above).

Second, we have that there exist some Hr1 ⊆ H1 and Hr2 ⊆ H2 such that (BW,Hr1� ,Hr2� ) ∈
currentMR(W (ibox)). Instantiating (10) with BW , we have that

(BW,Hr1� (`1),Hr2� (`2)) ∈ HVJ〈τ0, . . . , τn〉Kρ }

Hence, we have that H1(`1) = Hr1(`1) = h1, and H1(`2) = Hr2(`2) = h2, as well as
(BW,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ. From the latter, it follows that h1 = 〈w10, . . . ,w1n〉 and
h2 = 〈w20, . . . ,w2n〉. Moreover, since we have as our second hypothesis 0 ≤ i ≤ n, it follows
that (W,w1i,w2i) ∈ WJτiKρ.

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

〈M1 | E1[(ld rd, rs1[i]; ρ1(I1), ·)]〉−→〈M ′1 | E1[(ρ1(I1), ·)]〉
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and
〈M2 | E2[(ld rd, rs2[i]; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉

where M ′1 = (H1,R1[rd 7→ w1i], S1) with R1(rs1) = `1 and H1(`1) = 〈w10, ...,w1i, ...,w1n〉,
and M ′2 = (H2,R2[rd 7→ w1i], S2) with R2(rs2) = `2 and H2(`2) = 〈w20, ...,w2i, ...,w2n〉.
Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

Let W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]) where

s = (W.R1[rd 7→ w1i],W.χ1[rd : ρ1(τi)],W.R2[rd 7→ w2i],W.χ2[rd : ρ2(τi)]).

We claim that W ′ ∈ World. Recall that we have (W,w1i, w2i) ∈ WJτ iKρ. Thus we have that
W.Ψi; · ` wji : ρi(τ i). Given our choice of W ′ and since W ∈ World, it follows that W ′.Ψi; · `
wji : ρi(τ i) which is sufficient to establish our claim.

Moreover, note that W ′ w W and W ′ wpub W . Both follow immediately given our choice of W ′

and the definition of islandreg.

We proceed by showing that (M ′1,M
′
2) : W ′ and then instantiating our final premise Ψ; ∆;χ[rd : τi];σ; q `

I1 ≈I I2.

– We claim that (M ′1,M
′
2) : W ′. We prove this claim by establishing the following:

∗ ` M ′1 :W ′.Φ1 and ` M ′2 :W ′.Φ2, both of which easily follow from (M1,M2) : W and
the facts that W ′.χ1 = W.χ1[rd : ρ1(τi)], W

′.χ2 = W.χ2[rd : ρ2(τi)] and that we have
updated registers rd in with well-typed words, i.e., with words of the types designated by
the ith elements of W.Ψ1(`1) and W.Ψ2(`2), namely ρ1(τi) and ρ2(τi).

∗ We assume that W.k > 0 (and thus W ′.k > 0). We must show that

(BW ′,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W ′.Θ }

The latter follows from (M1,M2) : W and monotonicity of MemRel given that we establish
the following claim for island ireg:

(BW ′,W.R1[rd 7→ w1i]� ,W.R2[rd 7→ w2i]� ) ∈ currentMR(W ′(ireg))

Recall that W ′.Ri = W.Ri[rd 7→ wji]. Thus we obtain trivially that (BW ′,W.R1[rd 7→
w1i],W.R2[rd 7→ w2i]) ∈ {(W̃ ,W ′.R1,W

′.R2) | W̃ ∈ WorldW.k}. From the latter, we
establish directly our claim that

(BW ′,W.R1[rd 7→ w1i]� ,W.R2[rd 7→ w2i]� ) ∈ currentMR(W ′(ireg))

– Next, we instantiate our final hypothesis with W ′ and ρ. Note that ρ ∈ DJ∆K by assumption,
W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9) and that currentMR(W ′(istk)) bW ′ SJσKρ
by Lemma 1.21 since W ′(istk) = W (istk). We also claim that currentMR(W ′(ireg)) bW ′
RJχ[rd : τi]Kρ. Above, we have established that (W ′, w1i, w2i) ∈ WJτ iK which, using Lemma 1.20,
is sufficient to establish our claim. Hence, we have that

(W ′, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W ′, E1, E2) ∈ KJq ` τr;σrKρ
which follows from (W,E1, E2) ∈ KJq ` τr;σrKρ by monotonicity for evaluation contexts
(Lemma 1.10), since our choice of W ′, W ′ wpub W and our third hypothesis, q 6= rd, let us
easily establish all the premises of that lemma.
Hence, we have

(W ′, E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.
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Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M
′
2) : W ′. Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.47 (Store to Mutable Tuple)
If Ψ; ∆;χ ` rd1 ≈u rd2 : ref 〈τ0, . . . , τn〉, 0 ≤ i ≤ n, Ψ; ∆;χ ` rs1 ≈u rs2 : τi, and Ψ; ∆;χ;σ; q `
I1 ≈I I2, then Ψ; ∆;χ;σ; q ` st rd1[i], rs1; I1 ≈I st rd2[i], rs2; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` st rd1[i], rs1; I1 and Ψ; ∆;χ;σ; q ` st rd2[i], rs2; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((st rd1[i], rs1; I1, ·)), ρ2((st rd2[i], rs2; I2, ·)))

= (W, (st rd1[i], rs1; ρ1(I1), ·), (st rd2[i], rs2; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ. (11)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

Moreover, note the following preliminary facts:

• By instantiating our first hypothesis with W and ρ, we have that (W,W.R̂1(rd1),W.R̂2(rd2)) ∈
WJref 〈τ0, . . . , τn〉Kρ. From the definition of the latter, we have that W.R̂1(rd1) = `1 and
W.R̂2(rd2) = `2 and we know there exists an island i such that

∀W ′ wW.(`1, `2) ∈W ′(i).bij(W ′(i).s) ∧ ∃ϕM . currentMR(W ′(i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ } (12)

• By instantiating the third hypothesis with W and ρ, we have that (W,W.R̂1(rs1),W.R̂2(rs2)) ∈
WJτiKρ. From the latter, we have that there exist some w′1i and w′2i such that W.R̂1(rs1) = w′1i
and W.R̂2(rs2) = w′2i.

With the above facts in hand, we now prove (11).

• We claim that (W, (st rd1[i], rs1; ρ1(I1), ·), (st rd2[i], rs2; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ.
To establish this we must showW.Ψ1; ·;W.χ1;W.σ1; ρ1(q) ` (st rd1[i], rs1; ρ1(I1), ·) : ρ1(τr); ρ1(σr)
and W.Ψ2; ·;W.χ2;W.σ2; ρ2(q) ` (st rd2[i], rs2; ρ2(I2), ·) : ρ2(τr); ρ2(σr). Each follows from
Ψ; ∆;χ;σ; q ` st rd1[i], rs1; I1 and Ψ; ∆;χ;σ; q ` st rd2[i], rs2; I2, respectively, using the com-
ponent typing rule and the properties of W and ρ that we have by assumption.

• Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJq ` τ r;σrKρ. We must show that

(W,E1[(st rd1[i], rs1; ρ1(I1), ·)], E2[(st rd2[i], rs2; ρ2(I2), ·)]) ∈ O.

Consider arbitrary (M1,M2) : W . We must show either that 〈M1 | E1[(st rd1[i], rs1; ρ1(I1), ·)]〉 ↓
and 〈M2 | E2[(st rd2[i], rs2; ρ2(I2), ·)]〉 ↓, or running(W.k, 〈M1 | E1[(st rd1[i], rs1; ρ1(I1), ·)]〉)
and running(W.k, 〈M2 | E2[(st rd2[i], rs2; ρ2(I2), ·)]〉).
Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).
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From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following two facts, one for island ireg and one for the island
i (which we know exists from the preliminary facts we collected above and keeps track of the
references `i and `2 that we wish to update).

First, we have that (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)). From the latter it follows that

Ri = W.Ri and, hence, R̂1(rd1) = `1, R̂2(rd2) = `2, R̂1(rs1) = w′1i, R̂2(rd2) = w′2i (which are
the same `1, `2,w

′
1i, and w′1i from our preliminary facts above).

Second, we have that there exist some Hr1 ⊆ H1 and Hr2 ⊆ H2 such that (BW,Hr1� ,Hr2� ) ∈
currentMR(W (i)). Instantiating (12) with W , noting W wW by reflexivity, we have that

currentMR(W (i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ }

Hence, we have that H1(`1) = Hr1(`1) = h1, and H1(`2) = Hr2(`2) = h2, as well as
(BW,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ. From the latter, it follows that h1 = 〈w10, . . . ,w1n〉 and
h2 = 〈w20, . . . ,w2n〉. Moreover, since we have as our second hypothesis 0 ≤ i ≤ n, it follows
that (BW,w1i,w2i) ∈ WJτiKρ.

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

〈(H1,R1, S1) | E1[(st rd1[i], rs1; ρ1(I1), ·)]〉 7−→1 〈(H1[`1 7→ h′1],R1, S1) | E1[(ρ1(I1), ·)]〉

and

〈(H2,R2, S2) | E2[(st rd2[i], rs2; ρ2(I2), ·)]〉 7−→1 〈(H2[`2 7→ h′2],R2, S2) | E2[(ρ2(I2), ·)]〉

where h′1 = 〈w10, . . . ,w
′
1i, . . . ,w1n〉 and h′2 = 〈w20, . . . ,w

′
2i, . . . ,w2n〉.

Let M ′1 = (H1[`1 7→ h′1],R1, S1), let M ′2 = (H2[`2 7→ h′2],R2, S2).

Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

We proceed by showing that (M ′1,M
′
2) : W and then instantiating our final hypothesis Ψ; ∆;χ;σ; q `

I1 ≈I I2.

– We claim that (M ′1,M
′
2) : W . We prove this claim by establishing the following:

∗ ` M ′1 :W.Φ1 and ` M ′2 :W.Φ2, both of which easily follow from (M1,M2) : W and the
fact that we have updated locations `1 and `2 in a type-preserving manner, i.e., with
tuples of the types designated by W.Ψ1(`1) and W.Ψ2(`2), namely ρ1(〈τ0, . . . , τn〉) and
ρ2(〈τ0, . . . , τn〉).

∗ We assume that W.k > 0 and we must show that

(BW,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W.Θ }

The latter follows from (M1,M2) : W , if we establish the following claim for island i:

(BW,Hr1[`1 7→ h′1]� ,Hr1[`1 7→ h′2]� ) ∈ currentMR(W (i))

Recall that

currentMR(W (i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ }
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Note that by monotonicity, we have (BW,w′1i,w
′
2i) ∈ WJτiKρ. From the latter, together

with (BW,h1,h2) ∈ HVJ〈τ0, . . . , τn〉Kρ, it follows that (BW,h′1,h
′
2) ∈ HVJ〈τ0, . . . , τn〉Kρ.

Also, from (BW,Hr1� ,Hr2� ) ∈ currentMR(W (i)), we have that (BW,Hr1 \ {`1},Hr2 \ {`2}) ∈
ϕM .
The latter two facts, are sufficient to establish our claim that (BW,Hr1[`1 7→ h′1] �
,Hr1[`1 7→ h′2]� ) ∈ currentMR(W (i)).

– Next, we instantiate our final premise with W and ρ. Note that W ∈ HJΨK, ρ ∈ DJ∆K,
currentMR(W (ireg)) bW RJχKρ, and currentMR(W (istk)) bW SJσKρ. Hence, we have that

(W, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W,E1, E2) ∈ KJq ` τr;σrKρ.
Hence, we have

(W,E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.
Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M

′
2) : W . Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.48 (Allocate Mutable Tuple)
If len(τ ) = n, q 6= rd, and Ψ; ∆;χ[rd : ref 〈τ 〉];σ; dec(q,n) ` I1 ≈I I2,
then Ψ; ∆;χ; τ :: σ; q ` ralloc rd, n; I1 ≈I ralloc rd, n; I2.

Proof

Clearly, Ψ; ∆;χ; τ :: σ; q ` ralloc rd, n; I1 and Ψ; ∆;χ; τ :: σ; q ` ralloc rd, n; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJτ :: σKρ. We need to show that

(W,ρ1((ralloc rd, n; I1, ·)), ρ2((ralloc rd, n; I2, ·)))

= (W, (ralloc rd, n; ρ1(I1), ·), (ralloc rd, n; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ, τ :: σ)Kρ. (13)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ, τ :: σ) and τ = τ1 :: · · · :: τm.

Moreover, note the following preliminary facts:

• By our first hypothesis, we have that m = n.

• By our third hypothesis and the typing rules, we have that , dec(q,n) 6= ε and dec(q,n) 6=
undefined. A consequence of the latter fact is that if q = i then i ≥ n.

• By our assumption currentMR(W (istk)) bW SJτ :: σKρ and the first fact, we have there exist
w11, ..., w1n, w21, ..., w2n, S′1 and S′2 such that W.S1 = w11 :: · · · :: w1n :: S′1, W.S2 = w21 :: · · · ::
w2n :: S′2 and (W,w1i, w2i) ∈ WJτiKρ.

With the above facts in hand, we now prove (13).

• We claim (W, (ralloc rd, n; ρ1(I1), ·), (ralloc rd, n; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. From
the definitions of TermAtom[q ` τr;σr]ρ and TermAtom[q ` τr;σr] , it suffices to show
W.Ψ1; ·;W.χ1;W.σ1; ρ1(q) ` (ralloc rd, n; ρ1(I1), ·) : ρ1(τr); ρ1(σr) andW.Ψ2; ·;W.χ2;W.σ2; ρ2(q) `
(ralloc rd, n; ρ2(I2), ·) : ρ2(τr); ρ2(σr). Each follows from Ψ; ∆;χ; τ :: σ; q ` ralloc rd, n; I1
and Ψ; ∆;χ; τ :: σ; q ` ralloc rd, n; I2 respectively using the component typing rule and the
properties of W and ρ that we have by assumption.
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• Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJq ` τ r;σrKρ. We must show that

(W,E1[(ralloc rd, n; ρ1(I1), ·)], E2[(ralloc rd, n; ρ2(I2), ·)]) ∈ O.

Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following facts for island istk.

We have that (BW,S1� ,S2� ) ∈ currentMR(W (istk)). From the latter it follows that Sj = W.Sj =
wj1 :: · · · :: wjn :: S′j .

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

〈M1 | E1[(ralloc rd, n; ρ1(I1), ·)]〉−→〈M ′1 | E1[(ρ1(I1), ·)]〉

and
〈M2 | E2[(ralloc rd, n; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉

where M ′1 = (H′1,R
′
1, S
′
1) where R′1 = R1[rd 7→ `1] and H′1 = H1[`1 7→ 〈w11, · · · , w1n〉], and

where M ′2 = (H′2,R
′
2, S
′
2) where R′2 = R2[rd 7→ `2] and H′2 = H2[`2 7→ 〈w21, · · · , w2n〉].

Note that, by the reduction semantics, `1 6∈ dom(H1) and `2 6∈ dom(H2).

Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

Let W ′ = (W.k,Ψ′1,Ψ
′
2,Θ

′) where

1. Ψ′j = Ψj, `j :
ref 〈τ1, · · · , τn〉;

2. |Θ′| = |Θ|+ 1 = i`’;

3. ∀i 6∈ {ireg, istk, i`}.Θ′(i) = W.Θ(i);

4. Θ′(ireg) = islandreg(s,W.k) with s = (W.R1[rd 7→ `1],W.χ1[rd : ρ1(ref 〈τ1, · · · , τn〉)],
W.R2[rd 7→ `2],W.χ2[rd : ρ2(ref 〈τ1, · · · , τn〉)]).

5. Θ′(istk) = islandstk(s,W.k) with s = (S1, σ,S2, σ);

6. Θ′(i`) is such that ∀W ′ wW.
(`1, `2) ∈W ′(i`).bij(W ′(i`).s) ∧
∃ϕM . currentMR(W ′(i`)) = ϕM ⊗
{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ1, · · · , τn〉Kρ } }

We claim that W ′ ∈ World. Recall that we have (W,w1i, w2i) ∈ WJτ iKρ. Thus we have that
W.Ψj ; · ` wji : ρj(τ i). Given our choice of W ′ and since W ∈ World, it follows that W ′.Ψj ; · `
wji : ρj(τ i) which is sufficient to establish our claim.

Moreover, note that W ′ w W and W ′ wpub W . Both follow immediately given our choice of W ′

and the definition of islandreg, and islandstk.

We proceed by showing that (M ′1,M
′
2) : W ′ and then instantiating our final hypothesis

Ψ; ∆;χ[rd : ref 〈τ 〉];σ; dec(q,n) ` I1 ≈I I2

– We claim that (M ′1,M
′
2) : W ′. We prove this claim by establishing the following:

∗ `M ′1 :W ′.Φ1 and `M ′2 :W ′.Φ2. Note the following facts:

· W ′.χ1 = W.χ1[rd : ρ1(τi)] and W ′.χ2 = W.χ2[rd : ρ2(τi)];

· W ′.σ1 = σ and W ′.σ2 = σ;

· W ′.Ψ1 = W.Ψ1, `1 : ref 〈τ1, · · · , τn〉 and W ′.Ψ2 = W.Ψ2, `2 : ref 〈τ1, · · · , τn〉.
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Both claims follow easily from (M1,M2) : W , the above facts, the fact that we have
initialized location ` in both memories with well-typed words, i.e., with tuples of types
ρ1(〈τ0, . . . , τn〉) and ρ2(〈τ0, . . . , τn〉), and the fact that we have updated registers rd to
hold locations that point to well-typed words, i.e., the locations `1 and `2 that point to
words of types ρ1(〈τ0, . . . , τn〉) and ρ2(〈τ0, . . . , τn〉).

∗ We assume that W.k > 0 (and thus W ′.k > 0). We must show that

(BW ′,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W ′.Θ }

The latter follows from (M1,M2) : W and monotonicity of MemRel given that we establish
the following claims:

1. For island ireg, (BW ′,W.R1[rd 7→ w1i]� ,W.R2[rd 7→ w2i]� ) ∈ currentMR(W ′(ireg));

2. For island istk, (BW ′, S′1, S
′
2) ∈ currentMR(W ′(istk));

3. For island i`, (BW ′,{`1 7→ 〈w11, · · · ,w1n〉}� ,{`2 7→ 〈w21, · · · ,w2n〉}� ) ∈ currentMR(Θ′(i`)).

For the first claim recall that W ′.Rj = W.Rj [rd 7→ wji]. Thus we obtain trivially that

(BW ′,W.R1[rd 7→ w1i],W.R2[rd 7→ w2i]) ∈ {(W̃ ,W ′.R1,W
′.R2) | W̃ ∈WorldW.k}.

From the latter, we establish directly our claim that

(BW ′,W.R1[rd 7→ w1i]� ,W.R2[rd 7→ w2i]� ) ∈ currentMR(W ′(ireg))

For the second claim recall that W ′.Si = S′i. Thus we obtain trivially that (BW ′, S′1, S
′
2) ∈

{(W̃ ,W ′.S1,W
′.S2) | W̃ ∈ WorldW.k}. From the latter, we establish directly our claim

that
(BW ′, S′1, S

′
2) ∈ currentMR(W ′(istk))

For the fourth claim recall that we have (W,w1i, w2i) ∈ WJτ iKρ. Thus, from monotonicity
(lemma 1.8), we obtain (BW ′, w1i, w2i) ∈ WJτ iKρ. Moreover, by construction island
W ′(i`) is such that ∀W ′ wW.
(`1, `2) ∈W ′(i`).bij(W ′(i`).s) ∧
∃ϕM . currentMR(W ′(i`)) = ϕM ⊗
{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJ〈τ1, · · · , τn〉Kρ } }
From the latter, we establish directly our claim that

(BW ′,{`1 7→ 〈w11, · · · ,w1n〉}� ,{`2 7→ 〈w21, · · · ,w2n〉}� ) ∈ currentMR(Θ′(il))

– Next, we instantiate our final hypothesis with W ′ and ρ. Note that ρ ∈ DJ∆K by assump-
tion, W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9). Let W ′′ that is the same as W ′

but W ′′(istk) = W (istk) W ′(istk) = W (istk). We claim that currentMR(W ′′(istk)) bW ′′
SJτ1 :: · · · :: τn :: σKρ by the first case of lemma 1.21 and currentMR(W ′′(ireg)) bW ′′ RJχKρ
by the first case of lemma 1.20. Let W ′′′ that is the same as W ′′ but W ′′′(iistk) = W ′(iistk).
Clearly W ′′′ wW ′′ and W ′ wW ′′′. We claim that currentMR(W ′′′(istk)) bW ′′′ SJσKρ by the
second case of lemma 1.21 since W ′′′(istk) = islandstk(s,W.k) with s = (S1, σ, S2, σ) where
W ′′(istk) = islandstk(s,W.k) with s = (w11 :: · · · :: w1n :: S1, τ1 :: · · · :: τn :: σ,w21 :: · · · ::
w2n :: S2, τ1 :: · · · :: τn :: σ). Moreover we claim that currentMR(W ′′′(ireg)) bW ′′′ RJχKρ
by the first case of Lemma 1.20. Finaly, we claim that currentMR(W ′(istk)) bW ′ SJσKρ
and currentMR(W ′(ireg)) bW ′ RJχ[rd : τi]Kρ. The first follows directly from the first case
of lemma 1.21 since we have shown that currentMR(W ′′′(istk)) bW ′′′ SJσKρ and W ′ w W ′′′.
The second follows directly from the second case of lemma 1.20 since, above, we have estab-
lished that (W ′, w1i, w2i) ∈ WJτ iK and currentMR(W ′′(ireg)) bW ′′ RJχKρ, and W ′ w W ′′′.
Hence, we have that

(W ′, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W ′, E1, E2) ∈ KJq ` τr;σrKρ
which follows from (W,E1, E2) ∈ KJq ` τr;σrKρ by monotonicity for evaluation contexts
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(Lemma 1.10), since our choice of W ′, W ′ wpub W and our third hypothesis, q 6= rd, and
the preliminary fact that if q = i then i ≥ n let us easily establish all the premises of that
lemma.
Hence, we have

(W ′, E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.

Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M
′
2) : W ′. Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.49 (Allocate Immutable Tuple)
If len(τ ) = n, q 6= rd, and Ψ; ∆;χ[rd : box 〈τ 〉];σ; dec(q,n) ` I1 ≈I I2,
then Ψ; ∆;χ; τ :: σ; q ` balloc rd, n; I1 ≈I balloc rd, n; I2.

Proof

Clearly, Ψ; ∆;χ; τ :: σ; q ` balloc rd, n; I1 and Ψ; ∆;χ; τ :: σ; q ` balloc rd, n; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJτ :: σKρ. We need to show that

(W,ρ1((balloc rd, n; I1, ·)), ρ2((balloc rd, n; I2, ·)))

= (W, (balloc rd, n; ρ1(I1), ·), (balloc rd, n; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ, τ :: σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉.
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

We proceed by unfolding the definition of EJq ` τr;σrKρ and proving the resulting obligations:

• (W, (balloc rd, n; ρ1(I1), ·), (balloc rd, n; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. From the defi-
nitions of TermAtom[q ` τr;σr]ρ and TermAtom[q ` τr;σr] , it suffices to showW.Ψ1; ·;W.χ1;W.σ1; ρ1(q) `
(balloc rd, n; ρ1(I1), ·) : ρ1(τr); ρ1(σr) andW.Ψ2; ·;W.χ2;W.σ2; ρ2(q) ` (balloc rd, n; ρ2(I2), ·) : ρ2(τr); ρ2(σr).
Each follows from Ψ; ∆;χ; τ :: σ; q ` balloc rd, n; I1 and Ψ; ∆;χ; τ :: σ; q ` balloc rd, n; I2
respectively using the component typing rule and the properties of W and ρ that we have by
assumption.

• For arbitrary E1 and E2, (W,E1, E2) ∈ KJq ` τ r;σrKρ implies

(W,E1[(balloc rd, n; ρ1(I1), ·)], E2[(balloc rd, n; ρ2(I2), ·)]) ∈ O.

From the definition of O, this requires to show that given arbitrary (M1,M2) : W , 〈M1 |
E1[(balloc rd, n; ρ1(I1), ·)]〉 ↓ iff 〈M2 | E2[(balloc rd, n; ρ2(I2), ·)]〉 ↓. We proceed by run-
ning each expression for one step and then using the resulting memories, to construct a world
that we can then use with our second hypothesis, Ψ; ∆;χ[rd : ref 〈τ 〉];σ; dec(q,n) ` I1 ≈I I2:

– Assume that our two arbitrary memories are of the form M1 = (H1, R1, S1) and M2 =
(H2, R2, S2).
From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈

⊗
{ currentMR(θ) | θ ∈

W.Θ }. From the latter, we have the following fact for island istk: (BW,S1 � ,S2 � ) ∈
currentMR(W (istk)). From the latter it follows that Si = W.Si.
From the reduction semantics of our language we obtain that:

〈M1 | E1[(balloc rd, n; ρ1(I1), ·)]〉−→〈M ′1 | E1[(ρ1(I1), ·)]〉
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and
〈M2 | E2[(balloc rd, n; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉

where M ′1 = (H′1,R
′
1, S
′
1) with R′1 = R1[rd 7→ `1], H′1 = H1[`1 7→ w1] and S1 = w1 :: S′1,

and M ′2 = (H′2,R
′
2, S
′
2) with R′2 = R2[rd 7→ `1], H′2 = H2[`1 7→ w2] and S2 = w2 :: S′2.

– Let sreg = (W.R1[rd 7→ `1],W.χ1[rd : ρ1(box 〈τ 〉)],W.R2[rd 7→ `2],W.χ2[rd : ρ2(box 〈τ 〉)]),
sbox = (W.H1[`1 7→ w1],W.H2[`2 7→ w2]) andW ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(sreg,W.k), ibox 7→
islandbox(sbox,W.k)]) where W.Si = wi :: S′i.

– We claim that W ′ ∈ World. From the restriction currentMR(W (istk)) bW SJτ :: σKρ, we
have that

(W,W.S1(j),W.S2(j)) ∈ WJτjKρ

for j ∈ {1..n}.
And thus (W,w1,w2) ∈ HVJ〈τ 〉Kρ.
Thus we have that W.Ψi; · ` `i : ρi(box 〈τ 〉) and W.Ψi ` wi :

boxρi(〈τ 〉).
Given our choice of W ′ and since W ∈World, it follows that W ′.Ψi; · ` W.R̂i(ρi(ui)) : ρi(τ )
which is sufficient to establish our claim.

– Next, to use our third hypothesis, we note thatW ′ ∈ HJΨK by heap monotonicity (Lemma 1.9)
and that currentMR(W ′(istk)) bW ′ SJτ :: σKρ by Lemma 1.21 since W ′(istk) = W (istk). We
also claim that currentMR(W ′(ireg)) bW ′ RJχ[rd : box 〈τ 〉]Kρ. We have that
(W, `1, `2) ∈ WJbox 〈τ 〉Kρ. Hence, by monotonicity and the definition of W ′ we have

(W ′, `1, `2) = (W ′,W ′.R1(rd),W ′.R2(rd)) ∈ WJbox 〈τ 〉Kρ,

which, using Lemma 1.20, is sufficient to establish our claim.
Therefore we can apply our third hypothesis to W ′ and ρ, finding that

(W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ.

– By unfolding that definition we derive that given (M ′′1 ,M
′′
2 ) : W ′, (W ′, E1[(ρ1(I1), ·)], E2[(ρ2(I2), ·)]) ∈

O. By construction (M ′1,M
′
2) : W ′ and thus by unfolding the definition of O, we obtain

〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ and 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓, or running(W ′.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉)
and running(W ′.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉). In the first case, it is straightforward to de-
rive from the reduction semantics that 〈M1 | E1[(balloc rd, n; ρ1(I1), ·)]〉 ↓ and 〈M2 |
E2[(balloc rd, n; ρ2(I2), ·)]〉 ↓. In the second case, since W ′.k = W.k, we derive that
running(W.k, 〈M1 | E1[(balloc rd, n; ρ1(I1), ·)]〉 and running(W.k, 〈M2 | E2[(balloc rd, n; ρ2(I2), ·)]〉.
Thus we conclude that:

(W,E1[(balloc rd, n; ρ1(I1), ·)], E2[(balloc rd, n; ρ2(I2), ·)]) ∈ O.

Lemma 1.50 (Move)
If Ψ; ∆;χ ` u1 ≈u u2 : τ , q 6= rd, and Ψ; ∆;χ[rd : τ ];σ; q ` I1 ≈I I2,
then Ψ; ∆;χ;σ; q ` mv rd, u1; I1 ≈I mv rd, u2; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` mv rd, u1; I1 and Ψ; ∆;χ;σ; q ` mv rd, u2; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((mv rd, u1; I1, ·)), ρ2((mv rd, u2; I2, ·)))

= (W, (mv rd, ρ1(u1); ρ1(I1), ·), (mv rd, ρ2(u2); ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉.
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.
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• We claim that (W, (mv rd, ρ1(u1); ρ1(I1), ·), (mv rd, ρ2(u2); ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ.
To establish this, we must showW.Ψi; ·;W.χi;W.σi; ρi(q) ` (mv rd, ρi(ui); ρi(Ii), ·) : ρi(τr); ρi(σr).
The latter follows from Ψ; ∆;χ;σ; q ` mv rd, ui; Ii using the component typing rule and the prop-
erties of W and ρ that we have by assumption.

• Let s = (W.R1[rd 7→ W.R̂1(ρ1(u1))],W.χ1[rd : ρ1(τ )],W.R2[rd 7→ W.R̂2(ρ1(u2))],W.χ2[rd : ρ2(τ )])
and W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]).

• We claim that W ′ ∈World. Instantiating the first hypothesis with W and ρ, we have that

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJτ Kρ

Thus we have that W.Ψi; · `W.R̂i(ρi(ui)) : ρi(τ ). Given our choice of W ′ and since W ∈World,
it follows that W ′.Ψi; · `W.R̂i(ρi(ui)) : ρi(τ ) which is sufficient to establish our claim.

• Note that W ′ wpub W . The latter is immediate given our choice of W ′ and the definition of
islandreg.

• Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have the following fact for island ireg: (BW,R1� ,R2� ) ∈ currentMR(W (ireg)).

From the latter it follows that Ri = W.Ri and, hence, R̂i(ρi(ui)) = W.R̂i(ρi(ui)).

Note that

〈(Hi,Ri, Si) | (mv rd, ρi(ui); ρi(Ii), ·)〉 7−→1 〈(Hi,Ri[rd 7→ R̂i(ρi(ui))], Si) | (ρi(Ii), ·)〉

Let M ′i = (Hi,Ri[rd 7→ R̂i(ρi(ui))], Si). Given our choice of W ′, since Ri = W.Ri, we have that
(M ′1,M

′
2) : W ′.

• Note that W.k ≤W ′.k + 1.

• Note that q 6= ε, which follows from the third hypothesis since it is a side condition of the
instruction typing rules. Further, since q 6= rd, which was the only memory location changed
between W and W ′, we can see that the the return address does not change.

• Next, to use our third hypothesis, we note that W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9)
and that currentMR(W ′(istk)) b W ′SJσKρ by Lemma 1.21 since W ′(istk) = W (istk). We also
claim that currentMR(W ′(ireg)) bW ′ RJχ[rd : τ ]Kρ. From above, we have that

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJτ Kρ. Hence, by monotonicity and the definition of W ′

we have

(W ′,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) = (W ′,W ′.R1(rd),W ′.R2(rd)) ∈ WJτ Kρ,

which, using Lemma 1.20, is sufficient to establish our claim.

Therefore we can apply our third hypothesis to W ′ and ρ, finding that

(W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Now, the result follows by Lemma 1.11.

Lemma 1.51 (Move Return Address)
If χ(rs) = τ and Ψ; ∆;χ[rd : τ ];σ; rd ` I1 ≈I I2, then Ψ; ∆;χ;σ; rs ` mv rd, rs; I1 ≈I mv rd, rs; I2.

Proof

Clearly, Ψ; ∆;χ;σ; rs ` mv rd, rs; I1 and Ψ; ∆;χ;σ; rs ` mv rd, rs; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((mv rd, rs; I1, ·)), ρ2((mv rd, rs; I2, ·)))

= (W, (mv rd, rs; ρ1(I1), ·), (mv rd, rs; ρ2(I2), ·)) ∈ EJrs ` ret-type(rs,χ,σ)Kρ.

50



Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉.
In the following, assume W.k > 0 and let τr;σr = ret-type(rs,χ,σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (mv rd, rs; ρ1(I1), ·), (mv rd, rs; ρ2(I2), ·)) ∈ TermAtom[rs ` τr;σr]ρ. To es-
tablish this, we must show W.Ψi; ·;W.χi;W.σi; rs ` (mv rd, rs; ρi(Ii), ·) : ρi(τr); ρi(σr). The latter
follows from Ψ; ∆;χ;σ; rs ` mv rd, rs; Ii using the component typing rule and the properties of
W and ρ that we have by assumption.

• Let s = (W.R1[rd 7→ W.R1(rs)],W.χ1[rd : ρ1(τ )],W.R2[rd 7→ W.R2(rs)],W.χ2[rd : ρ2(τ )]) and
W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]).

• We claim that W ′ ∈ World. By our first hypothesis, we have that (rs : τ ) ∈ χ. It then follows
from currentMR(W (ireg)) bW RJχKρ and the definition of islandreg that

(W,W.R1(rs),W.R2(rs)) ∈ WJτ Kρ

Thus we have that W.Ψi; · ` W.Ri(rs) : ρi(τ ). Given our choice of W ′ and since W ∈ World, it
follows that W ′.Ψi; · `W.Ri(rs) : ρi(τ ) which is sufficient to establish our claim.

• Note that W ′ wpub W . The latter is immediate given our choice of W ′ and the definition of
islandreg.

• Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have the following fact for island ireg: (BW,R1� ,R2� ) ∈ currentMR(W (ireg)).
From the latter it follows that Ri = W.Ri.

Note that

〈(Hi,Ri, Si) | (mv rd, rs; ρi(Ii), ·)〉 7−→1 〈(Hi,Ri[rd 7→ Ri(rs)], Si) | (ρi(Ii), ·)〉)

Let M ′i = (Hi,Ri[rd 7→ Ri(rs)], Si). Given our choice of W ′, since Ri = W.Ri, we have that
(M ′1,M

′
2) : W ′.

• Note that W.k ≤W ′.k + 1.

• Note that ret-addr1(W, rs) = ret-addr1(W ′, rd) and ret-addr2(W, rs) = ret-addr2(W ′, rd).

• Next, to use our second hypothesis, we note that W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9)
and that currentMR(W ′(istk)) bW ′ SJσKρ by Lemma 1.21 since W ′(istk) = W (istk). We also
claim that currentMR(W ′(ireg)) bW ′ RJχ[rd : τ ]Kρ. From (W,W.R1(rs),W.R2(rs)) ∈ WJτ Kρ
by monotonicity and the definition of W ′, we have

(W ′,W.R1(rs),W.R2(rs)) = (W ′,W ′.R1(rd),W ′.R2(rd)) ∈ WJτ Kρ,

which, using Lemma 1.20, is sufficient to establish our claim.

Therefore we can apply our second hypothesis to W ′ and ρ, finding that

(W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJrd ` ret-type(rd,χ[rd : τ ],σ)Kρ = EJrd ` ret-type(rs,χ,σ)Kρ.

Now, the result follows by Lemma 1.11.

Lemma 1.52 (Unpack)
If Ψ; ∆;χ ` u1 ≈u u2 :∃α.τ , q 6= rd, and Ψ; ∆, α;χ[rd : τ ];σ; q ` I1 ≈I I2,
then Ψ; ∆;χ;σ; q ` unpack 〈α, rd〉 u1; I1 ≈I unpack 〈α, rd〉 u2; I2.

Proof
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Clearly, Ψ; ∆;χ;σ; q ` unpack 〈α, rd〉 u1; I1 and Ψ; ∆;χ;σ; q ` unpack 〈α, rd〉 u2; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((unpack 〈α, rd〉 u1; I1, ·)), ρ2((unpack 〈α, rd〉 u2; I2, ·)))

= (W, (unpack 〈α, rd〉 ρ1(u1); ρ1(I1), ·), (unpack 〈α, rd〉 ρ2(u2); ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉.
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (unpack 〈α, rd〉 ρ1(u1); ρ1(I1), ·), (unpack 〈α, rd〉 ρ2(u2); ρ2(I2), ·)) ∈ TermAtom[q `
τr;σr]ρ. To establish this, we must showW.Ψi; ·;W.χi;W.σi; ρi(q) ` (unpack 〈α, rd〉 ρi(ui); ρi(Ii), ·) : ρi(τr); ρi(σr).
The latter follows from Ψ; ∆;χ;σ; q ` unpack 〈α, rd〉 ui; Ii using the component typing rule and
the properties of W and ρ that we have by assumption.

• Let s = (W.R1[rd 7→ w1],W.χ1[rd : ρ1(τ )],W.R2[rd 7→ w2],W.χ2[rd : ρ2(τ )]) whereW.R̂i(ui) =
pack〈τ ′,wi〉 as ∃α.τ and W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]).

• We claim that W ′ ∈World. Instantiating the first hypothesis with W and ρ, we have that

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJ∃α.τ Kρ

Thus we have that W.Ψi; · ` W.R̂i(ρi(ui)) : ρi(∃α.τ ). Given our choice of W ′ and since W ∈
World, it follows that W ′.Ψi; · `W.R̂i(ρi(ui)) : ρi(∃α.τ ) which is sufficient to establish our claim.

• Note that W ′ wpub W . The latter is immediate given our choice of W ′ and the definition of
islandreg.

• Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have the following fact for island ireg: (BW,R1� ,R2� ) ∈ currentMR(W (ireg)).
From the latter it follows that Ri = W.Ri.

Note that

〈(Hi,Ri, Si) | (unpack 〈α, rd〉 ρi(ui); ρi(Ii), ·)〉 7−→1 〈(Hi,Ri[rd 7→ wi], Si) | (ρi[α 7→ τ ′](Ii), ·)〉

Where W.R̂i(ρi(ui)) = pack〈τ ′,α〉 as ∃α.τ . Let M ′i = (Hi,Ri[rd 7→ wi], Si). Note that
(M ′1,M

′
2) : W ′.

• Note that W.k ≤W ′.k + 1.

• Note that q 6= ε, which follows from the third hypothesis since it is a side condition of the
instruction typing rules. Further, since q 6= rd, which was the only memory location changed
between W and W ′, we can see that the the return address does not change.

• Next, to use our third hypothesis, we note that W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9).

From above, we have that (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) = (W,pack〈τ ′,w1〉 as ρ1(∃α.τ), pack〈τ ′,w1〉 as ρ1(∃α.τ)) ∈
WJ∃α.τ Kρ.

From the definition of WJ∃α.τ Kρ, we have that (W,w1, w2) ∈ WJτ Kρ[α 7→ (τ ′, τ ′, ϕw)] for some
ϕw.

We choose ρ′ = ρ[α 7→ (τ ′, τ ′, ϕw)] ∈ DJ∆, αK.
We claim that currentMR(W ′(istk)) bW ′ SJσKρ′. From Lemma 1.21 we have currentMR(W ′(istk)) bW ′
SJσKρ since W ′(istk) = W (istk). From substitution, we know that SJσKρ′ = SJσ[τ ′/α]Kρ. Since
σ is well-formed under ∆, α is not free and thus currentMR(W ′(istk)) bW ′ SJσKρ′.
We also claim that currentMR(W ′(ireg)) bW ′ RJχ[rd : τ ]Kρ′. From substitution, since χ is well-
formed under ∆, we know that this is equivalent to currentMR(W ′(ireg)) bW ′ RJχ[rd : τ [τ ′/α]]Kρ.
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We can use Lemma 1.20 provided we can show that (W ′,w1,w2) ∈ WJτ [τ ′/α]Kρ. But this, via
substitution, is equivalent to showing that (W ′,w1,w2) ∈ WJτ Kρ′, which we have from the first
hypothesis.

Therefore we can apply our third hypothesis to W ′ and ρ′, finding that

(W ′, ρ′1((I1, ·)), ρ′2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ′.

Now, the result follows by Lemma 1.11.

Lemma 1.53 (Unfold)
If Ψ; ∆;χ ` u1 ≈u u2 :µα.τ , q 6= rd, and Ψ; ∆;χ[rd : τ [µα.τ/α]];σ; q ` I1 ≈I I2,
then Ψ; ∆;χ;σ; q ` unfold rd, u1; I1 ≈I unfold rd, u2; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` unfold rd, u1; I1 and Ψ; ∆;χ;σ; q ` unfold rd, u2; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((unfold rd, u1; I1, ·)), ρ2((unfold rd, u2; I2, ·)))

= (W, (unfold rd, ρ1(u1); ρ1(I1), ·), (unfold rd, ρ2(u2); ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

In the following, let τr;σr = ret-type(q,χ,σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (unfold rd, ρ1(u1); ρ1(I1), ·), (unfold rd, ρ2(u2); ρ2(I2), ·)) ∈ TermAtom[q `
τr;σr]ρ. To establish this, we must showW.Ψi; ·;W.χi;W.σi; ρi(q) ` (unfold rd, ρi(ui); ρi(Ii), ·) : ρi(τr); ρi(σr).
The latter follows from Ψ; ∆;χ;σ; q ` unfold rd, ui; Ii using the component typing rule and the
properties of W and ρ that we have by assumption.

• Let s = (W.R1[rd 7→ w1],W.χ1[rd : ρ1(τ [µα.τ/α])],W.R2[rd 7→ w2],W.χ2[rd : ρ2(τ [µα.τ/α])])
where W.R̂i(ui) = foldµα.τ wi and W ′ = (W.k − 1,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]).

• We claim that W ′ ∈World. Instantiating the first hypothesis with W and ρ, we have that

(W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJµα.τ Kρ

From the definition of WJµα.τ Kρ, we have that (W,w1,w2) ∈ BWJτ [µα.τ/α]Kρ.

This means that W.Ψi; · ` w1 : ρi(τ [µα.τ/α]).

Given our choice of W ′ and since W ∈World, it follows that W ′.Ψi; · ` w1 : ρi(τ [µα.τ/α]) which
is sufficient to establish our claim.

• Note that W ′ wpub W . The latter is immediate given our choice of W ′ and the definition of
islandreg.

• Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si). Note that

〈(Hi,Ri, Si) | (unfold rd, ρi(ui); ρi(Ii), ·)〉 7−→1 〈(Hi,Ri[rd 7→ wi], Si) | (ρi(Ii), ·)〉

Where W.R̂i(ρi(ui)) = foldµα.τ wi. Let M ′i = (Hi,Ri[rd 7→ wi], Si). Note that (M ′1,M
′
2) : W ′.

• Note that W.k ≤W ′.k + 1.

• Note that q 6= ε, which follows from the third hypothesis since it is a side condition of the
instruction typing rules. Further, since q 6= rd, which was the only memory location changed
between W and W ′, we can see that the the return address does not change.
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• Next, to use our third hypothesis, we note that W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9).

From above, we have that (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) = (W,ρ1(foldµα.τ w1), ρ2(foldµα.τ w2)) ∈
WJµα.τ Kρ.

From the definition of WJµα.τ Kρ, we have that (W,w1,w2) ∈ BWJτ [µα.τ/α]Kρ.

We claim that currentMR(W ′(istk)) bW ′ SJσKρ. This follows from Lemma 1.21.

We also claim that currentMR(W ′(ireg)) bW ′ RJχ[rd : τ [µα.τ/α]]Kρ. In order to show this, we
need to show that (W ′,w1,w2) ∈ WJτ [µα.τ/α]Kρ. From the definition of WJµα.τ Kρ we have
that (BW,w1,w2) ∈ WJτ [µα.τ/α]Kρ. But W ′ w BW , since W ′ w W and W ′.k ≤ W.k − 1,
which means from monotonicity, the required condition holds.

Therefore we can apply our third hypothesis to W ′ and ρ, finding that

(W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Now, the result follows by Lemma 1.11.

Lemma 1.54 (Allocate Stack Space)
If Ψ; ∆;χ; unit :: · · ·n :: unit :: σ; inc(q,n) ` I1 ≈I I2, then Ψ; ∆;χ;σ; q ` sallocn; I1 ≈I sallocn; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` salloc n; I1 and Ψ; ∆;χ;σ; q ` salloc n; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((salloc n; I1, ·)), ρ2((salloc n; I2, ·)))

= (W, (salloc n; ρ1(I1), ·), (salloc n; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ. (14)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ, τ :: σ).

We now prove (13).

We proceed by unfolding the definition of EJq ` τr;σrKρ and proving the resulting obligations:

• We claim (W, (salloc n; ρ1(I1), ·), (salloc n; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. From the
definitions of TermAtom[q ` τr;σr]ρ and TermAtom[q ` τr;σr] , it suffices to showW.Ψ1; ·;W.χ1;W.σ1; ρ1(q) `
(sallocn; ρ1(I1), ·) : ρ1(τr); ρ1(σr) andW.Ψ2; ·;W.χ2;W.σ2; ρ2(q) ` (sallocn; ρ2(I2), ·) : ρ2(τr); ρ2(σr).
Each follows from Ψ; ∆;χ;σ; q ` salloc n; I1 and Ψ; ∆;χ;σ; q ` salloc n; I2 respectively us-
ing the component typing rule and the properties of W and ρ that we have by assumption.

• Consider arbitrary E1 and E2 such that. (W,E1, E2) ∈ KJq ` τ r;σrKρ. We must show that

(W,E1[(salloc n; ρ1(I1), ·)], E2[(salloc n; ρ2(I2), ·)]) ∈ O.

Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following facts for island istk.

We have that (BW,S1� ,S2� ) ∈ currentMR(W (istk)). From the latter it follows that Sj = W.Sj.

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

E1[(ρ1(I1), ·)]

and
〈M2 | E2[(sallocn; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉
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where M ′1 = (H1,R1, S
′
1) with S′1 = () :: · · ·n :: () :: S1, and M ′2 = (H2,R2, S

′
2) with S′2 =

() :: · · ·n :: () :: S2.

Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

Let W ′ = (W.k,W.Ψ1,W.Ψ2,Θ
′) where

1. ∀i 6= istk.Θ
′(i) = W.Θ(i);

2. Θ′(istk) = islandstk(s,W.k) with s = (S′1, unit :: · · ·n :: unit :: W.σ1,S
′
2, unit :: · · ·n :: unit :: W.σ2).

We claim that W ′ ∈ World. Note that we have (W, (), ()) ∈ WJunitKρ. Thus we have that
W.Ψj ; · ` () : ρj(unit). Given our choice of W ′ and since W ∈ World, it follows that W ′.Ψj ; · `
() : ρj(unit) which is sufficient to establish our claim.

We proceed by showing that (M ′1,M
′
2) : W ′ and then instantiating our hypothesis

Ψ; ∆;χ; unit :: · · ·n :: unit :: σ; inc(q,n) ` I1 ≈I I2

– We claim that (M ′1,M
′
2) : W ′. We prove this claim by establishing the following:

∗ `M ′1 :W ′.Φ1 and `M ′2 :W ′.Φ2. Note the following facts:

· W ′.χ1 = W.χ1 and W ′.χ2 = W.χ2;

· W ′.σ1 = unit :: · · ·n :: unit :: W.σ1) and W ′.σ2 = unit :: · · ·n :: unit :: W.σ2);

· W ′.Ψ1 = W.Ψ1 and W ′.Ψ2 = W.Ψ2.

Both claims follow easily from (M1,M2) : W the above facts, and the fact that we have
extended both stacks with same number of well-typed words, i.e., with n () words.

∗ We assume that W.k > 0 (and thus W ′.k > 0). We must show that

(BW ′,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W ′.Θ }

The latter follows from (M1,M2) : W and monotonicity of MemRel given that we establish
the following claim for island istk

(BW ′, S′1, S
′
2) ∈ currentMR(W ′(istk))

.
Recall thatW ′.Si = S′i. Thus we obtain trivially that (BW ′, S′1, S

′
2) ∈ {(W̃ ,W ′.S1,W

′.S2) |
W̃ ∈WorldW.k}. From the latter, we establish directly our claim that

(BW ′, S′1, S
′
2) ∈ currentMR(W ′(istk))

– Next, we instantiate our final hypothesis with W ′ and ρ. Note that ρ ∈ DJ∆K by assumption,
W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9). We claim that currentMR(W ′(ireg)) bW ′
RJχKρ by the first case of Lemma 1.20. Moreover we claim that currentMR(W ′(istk)) bW ′
SJσ′Kρ Our claim follows directly from the third case of lemma 1.21 since, above, we have
established that (W ′, (), ()) ∈ WJunitK and currentMR(W (istk)) bW SJσKρ. Hence, we have
that

(W ′, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W ′, E1, E2) ∈ KJq ` τr;σrKρ
which follows from (W,E1, E2) ∈ KJq ` τr;σrKρ by monotonicity for evaluation contexts
(Lemma 1.10), since our choice of W ′, W ′ wpub W and the reduction does not affect the
return marker.
Hence, we have

(W ′, E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.
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Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M
′
2) : W ′. Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.55 (Free Stack Space)
If Ψ; ∆;χ;σ; dec(q,n) ` I1 ≈I I2, then Ψ; ∆;χ; τ0 :: · · · :: τn−1 :: σ; q ` sfreen; I1 ≈I sfreen; I2.

Proof

Clearly, Ψ; ∆;χ; τ0 :: · · · :: τn−1 :: σ; q ` sfreen; I1 and Ψ; ∆;χ; τ0 :: · · · :: τn−1 :: σ; q ` sfreen; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJτ0 :: · · · :: τn−1 :: σKρ. We need to show that

(W,ρ1((sfreen; I1, ·)), ρ2((sfreen; I2, ·)))

= (W, (sfreen; ρ1(I1), ·), (sfreen; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ, τ0 :: · · · :: τn−1 :: σ)Kρ. (15)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ, τ :: σ) and τ = τ1 :: · · · :: τm.

Moreover, note the following preliminary fact:

• By our hypothesis and the typing rules, we have that , dec(q,n) 6= ε and dec(q,n) 6= undefined.
A consequence of the latter fact is that if q = i then i ≥ n.

With the above facts in hand, we now prove (15).

• We claim (W, (sfreen; ρ1(I1), ·), (sfreen; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. From the defi-
nitions of TermAtom[q ` τr;σr]ρ and TermAtom[q ` τr;σr] , it suffices to showW.Ψ1; ·;W.χ1;W.σ1; ρ1(q) `
(sfreen; ρ1(I1), ·) : ρ1(τr); ρ1(σr) andW.Ψ2; ·;W.χ2;W.σ2; ρ2(q) ` (sfree n; ρ2(I2), ·) : ρ2(τr); ρ2(σr).
Each follows from Ψ; ∆;χ; τ0 :: · · · :: τn−1 :: σ; q ` sfreen; I1 and Ψ; ∆;χ; τ0 :: · · · :: τn−1 :: σ; q `
sfreen; I2 respectively using the component typing rule and the properties of W and ρ that we
have by assumption.

• Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJq ` τ r;σrKρ. We must show that

(W,E1[(sfreen; ρ1(I1), ·)], E2[(sfree n; ρ2(I2), ·)]) ∈ O.

Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following facts for island istk.

We have that (BW,S1� ,S2� ) ∈ currentMR(W (istk)). From the latter it follows that Sj = W.Sj =
wj1 :: · · · :: wjn :: S′j .

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

〈M1 | E1[(sfreen; ρ1(I1), ·)]〉−→〈M ′1 | E1[(ρ1(I1), ·)]〉

and
〈M2 | E2[(sfreen; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉

where M ′1 = (H1,R1, S
′
1) and M ′2 = (H2,R2, S

′
2).
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Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

Let W ′ = (W.k,W.Ψ1,W.Ψ2,Θ
′) where

1. ∀i 6= ireg, istk,Θ
′(i) = W.Θ(i);

2. Θ′(istk) = islandstk(s,W.k) with s = (S′1, σ, S
′
2, σ).

We claim that W ′ ∈ World. Given our choice of W ′ and since W ∈ World, it is starightforward
to establish our claim.

Moreover, note that W ′ w W and W ′ wpub W . Both follow immediately given our choice of W ′

and the definition of islandstk.

We proceed by showing that (M ′1,M
′
2) : W ′ and then instantiating our hypothesis

Ψ; ∆;χ;σ; dec(q,n) ` I1 ≈I I2

.

– We claim that (M ′1,M
′
2) : W ′. We prove this claim by establishing the following:

∗ `M ′1 :W ′.Φ1 and `M ′2 :W ′.Φ2. Note the following facts:

· W ′.χ1 = W.χ1 and W ′.χ2 = W.χ2;

· W ′.σ1 = σ and W ′.σ2 = σ;

· W ′.Ψ1 = W.Ψ1 and W ′.Ψ2 = W.Ψ2.

Both claims follow easily from (M1,M2) : W , the above facts and the fact that we remove
n words from the top of each stack.

∗ We assume that W.k > 0 (and thus W ′.k > 0). We must show that

(BW ′,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W ′.Θ }

The latter follows from (M1,M2) : W and monotonicity of MemRel given that we establish
the following claim for island istk:

(BW ′, S′1, S
′
2) ∈ currentMR(W ′(istk))

Recall thatW ′.Si = S′i. Thus we obtain trivially that (BW ′, S′1, S
′
2) ∈ {(W̃ ,W ′.S1,W

′.S2) |
W̃ ∈WorldW.k}. From the latter, we establish directly our claim that

(BW ′, S′1, S
′
2) ∈ currentMR(W ′(istk))

– Next, we instantiate our final hypothesis with W ′ and ρ. Note that ρ ∈ DJ∆K by assumption,
W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9). We claim that currentMR(W ′(istk)) bW ′
SJσKρ by the second case of lemma 1.21 sinceW ′(istk) = islandstk(s,W.k) with s = (S1, σ, S2, σ)
where W (istk) = islandstk(s,W.k) with s = (w11 :: · · · :: w1n :: S1, τ1 :: · · · :: τn :: σ,w21 ::
· · · :: w2n :: S2, τ1 :: · · · :: τn :: σ). Moreover we claim that currentMR(W ′(ireg)) bW ′ RJχKρ
by the first case of Lemma 1.20. Hence, we have that

(W ′, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W ′, E1, E2) ∈ KJq ` τr;σrKρ
which follows from (W,E1, E2) ∈ KJq ` τr;σrKρ by monotonicity for evaluation contexts
(Lemma 1.10), since our choice of W ′, W ′ wpub W and the preliminary fact that if q = i
then i ≥ n let us easily establish all the premises of that lemma.
Hence, we have

(W ′, E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.
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Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M
′
2) : W ′. Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.56 (Load from Stack)
If σ(i) = τ , q 6= rd, and Ψ; ∆;χ[rd : τi];σ; q ` I1 ≈I I2, then Ψ; ∆;χ;σ; q ` sld rd, i; I1 ≈I sld rd, i; I2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` sld rd, i; I1 and Ψ; ∆;χ;σ; q ` sld rd, i; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((sld rd, i; I1, ·)), ρ2((sld rd, i; I2, ·)))

= (W, (sld rd, i; ρ1(I1), ·), (sld rd, i; ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉.
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (sld rd, i; ρ1(I1), ·), (sld rd, i; ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ. To es-
tablish this, we must show W.Ψj ; ·;W.χj;W.σj; ρj(q) ` (sld rd, i; ρj(Ij), ·) : ρj(τr); ρj(σr). The
latter follows from Ψ; ∆;χ;σ; q ` sld rd, i; Ij using the component typing rule and the properties
of W and ρ that we have by assumption.

• Let s = (W.R1[rd 7→ W.S1(i)],W.χ1[rd : ρ1(τ )],W.R2[rd 7→ W.S2(i)],W.χ2[rd : ρ2(τ )]) andW ′ =
(W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]).

• We claim that W ′ ∈World.

From the hypothesis, we know that (W,W.S1 �,W.S2 �) ∈ SJσKρ. Since σ(i) = τ , this means
(W,W.S1(i),W.S2(i)) ∈ WJτ Kρ.

Given our choice of W ′ and since W ∈World, this is sufficient to establish our claim.

• Note that W ′ wpub W . The latter is immediate given our choice of W ′ and the definition of
islandreg.

• Consider arbitrary (M1,M2) : W . Let Mj = (Hj,Rj, Sj).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have the following fact for island istk: (BW,S1� ,S2� ) ∈ currentMR(W (istk)).
From the latter it follows that Si = W.Si.

Note that

〈(Hj,Rj, Sj) | (sld rd, i; ρj(Ij), ·)〉 7−→1 〈(Hj,Rj[rd 7→ Si(i)], Sj) | (ρj(Ij), ·)〉

Let M ′j = (Hj,Rj[rd 7→ Sj(i)], Sj). Note that (M ′1,M
′
2) : W ′.

• Note that W.k ≤W ′.k + 1.

• Note that q 6= ε, which follows from the third hypothesis since it is a side condition of the
instruction typing rules. Further, since q 6= rd, which was the only memory location changed
between W and W ′, we can see that the the return address does not change.
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• Next, to use our third hypothesis, we note that W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9)
and that currentMR(W ′(istk)) bW ′ SJσKρ by Lemma 1.21 since W ′(istk) = W (istk). We also
claim that currentMR(W ′(ireg)) bW ′ RJχ[rd : τ ]Kρ. From above, we have that
(W,W.S1(i),W.S2(i)) ∈ WJτ Kρ. Hence, by monotonicity and the definition of W ′ we have

(W ′,W.S1(i),W.S2(i)) = (W ′,W ′.R1(rd),W ′.R2(rd)) ∈ WJτ Kρ,

which, using Lemma 1.20, is sufficient to establish our claim.

Therefore we can apply our third hypothesis to W ′ and ρ, finding that

(W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Now, the result follows by Lemma 1.11.

Lemma 1.57 (Load Return Address from Stack)
If σ(i) = τ i and Ψ; ∆;χ[rd : τi];σ; rd ` I1 ≈I I2, then Ψ; ∆;χ;σ; i ` sld rd, i; I1 ≈I sld rd, i; I2.

Proof

Clearly, Ψ; ∆;χ;σ; i ` sld rd, i; I1 and Ψ; ∆;χ;σ; i ` sld rd, i; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((sld rd, n; I1, ·)), ρ2((sld rd, n; I2, ·)))

= (W, (sld rd, n; ρ1(I1), ·), (sld rd, n; ρ2(I2), ·)) ∈ EJi ` ret-type(i,χ,σ)Kρ. (16)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(i,χ,σ).

Moreover, note the following preliminary fact:

• By our first and second hypothesis, and the typing rules we obtain that σ = τ1 :: · · · :: τi :: σ′.

• By our assumption currentMR(W (istk)) bW SJσKρ and the previous fact, we have that w11, ..., w1i, w21, ..., w2i,
S′1, S′2 such that W.S1 = w11 :: · · · :: w1i :: S′1, W.S2 = w21 :: · · · :: w2i :: S′2 and (W,w1i, w2i) ∈
WJτiKρ.

With the above facts in hand, we now prove (16).

• We claim (W, (sld rd, i; ρ1(I1), ·), (sld rd, i; ρ2(I2), ·)) ∈ TermAtom[i ` τr;σr]ρ. From the defi-
nitions of TermAtom[i ` τr;σr]ρ and TermAtom[i ` τr;σr] , it suffices to showW.Ψ1; ·;W.χ1;W.σ1; ρ1(i) `
(sld rd, i; ρ1(I1), ·) : ρ1(τr); ρ1(σr) andW.Ψ2; ·;W.χ2;W.σ2; ρ2(i) ` (sld rd, i; ρ2(I2), ·) : ρ2(τr); ρ2(σr).
Each follows from Ψ; ∆;χ;σ; i ` sld rd, i; I1 and Ψ; ∆;χ;σ; i ` sld rd, i; I2 respectively using
the component typing rule and the properties of W and ρ that we have by assumption.

• Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJi ` τ r;σrKρ. We must show that

(W,E1[(sld rd, i; ρ1(I1), ·)], E2[(sld rd, i; ρ2(I2), ·)]) ∈ O.

Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following facts for island istk.

We have that (BW,S1� ,S2� ) ∈ currentMR(W (istk)). From the latter it follows that Sj = W.Sj =
wj1 :: · · · :: wji :: S′j .

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:
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〈M1 | E1[(sld rd, i; ρ1(I1), ·)]〉−→〈M ′1 | E1[(ρ1(I1), ·)]〉
and

〈M2 | E2[(sld rd, i; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉
where M ′1 = (H1,R

′
1, S1) with H1 = H ′1[rd 7→ w1i], and M ′2 = (H2,R

′
2, S2) with H′2 = H2[rd 7→

w2i].

Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

Let W ′ = (W.k,W.Ψ1,W.Ψ2,Θ
′) where

1. ∀i 6∈ {ireg}.Θ′(i) = W.Θ(i);

2. Θ′(ireg) = islandreg(s,W.k) with s = (W.R1[rd 7→ w1i],W.χ1[rd : ρ1(τi)],
W.R2[rd 7→ w2i],W.χ2[rd : ρ2(ρ1(τi))].

We claim that W ′ ∈ World. Recall that we have (W,w1i, w2i) ∈ WJτ iKρ. Thus we have that
W.Ψj ; · ` wji : ρj(τ i). Given our choice of W ′ and since W ∈ World, it follows that W ′.Ψj ; · `
wji : ρj(τ i) which is sufficient to establish our claim.

Moreover, note that W ′ w W and W ′ wpub W . Both follow immediately given our choice of W ′

and the definition of islandreg, and islandstk.

We proceed by showing that (M ′1,M
′
2) : W ′ and then instantiating our final hypothesis

Ψ; ∆;χ;σ; i ` sld rd, i; I1 ≈I sld rd, i; I2

– We claim that (M ′1,M
′
2) : W ′. We prove this claim by establishing the following:

∗ `M ′1 :W ′.Φ1 and `M ′2 :W ′.Φ2. Note the following facts:

· W ′.χ1 = W.χ1[rd : ρ1(τi)] and W ′.χ2 = W.χ2[rd : ρ2(τi)];

· W ′.σ1 = σ and W ′.σ2 = σ;

· W ′.Ψ1 = W.Ψ1 and W ′.Ψ2 = W.Ψ2.

Both claims follow easily from (M1,M2) : W , the above facts, the fact that we have
updater register rd in both memories words well-typed words, i.e., with words of types
ρ1(τi) and ρ2(τi).

∗ We assume that W.k > 0 (and thus W ′.k > 0). We must show that

(BW ′,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W ′.Θ }

The latter follows from (M1,M2) : W and monotonicity of MemRel given that we estab-
lish the following claim for island ireg, (BW ′,W.R1[rd 7→ w1i]� ,W.R2[rd 7→ w2i]� ) ∈
currentMR(W ′(ireg)).
For the claim recall that W ′.Ri = W.Ri[rd 7→ wji]. Thus we obtain trivially that

(BW ′,W.R1[rd 7→ w1i],W.R2[rd 7→ w2i]) ∈ {(W̃ ,W ′.R1,W
′.R2) | W̃ ∈WorldW.k}. From

the latter, we establish directly our claim that

(BW ′,W.R1[rd 7→ w1i]� ,W.R2[rd 7→ w2i]� ) ∈ currentMR(W ′(ireg))

– By lemmas 1.20 and 1.21, and by unfloding the definition of our second hypothesis, Ψ; ∆;χ[rd : τi];σ; rd `
I1 ≈I I2, we derive that given (M ′′1 ,M

′′
2 ) : W ′, (W ′, E1[(ρ1(I1), ·)], E2[(ρ2(I2), ·)]) ∈ O. By

construction (M ′1,M
′
2) : W ′ and thus by unfolding the definition of O, we obtain 〈M ′1 |

E1[(ρ1(I1), ·)]〉 ↓ and 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓, or running(W ′.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) and
running(W ′.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉). In the first case, it is straightforward to derive from the
reduction semantics that 〈M1 | E1[(sld rd, i; ρ1(I1), ·)]〉 ↓ and 〈M2 | E2[(sld rd, i; ρ2(I2), ·)]〉 ↓.
In the second case, sinceW ′.k = W.k, we derive that running(W.k, 〈M1 | E1[(sld rd, i; ρ1(I1), ·)]〉
and running(W.k, 〈M2 | E2[(sld rd, i; ρ2(I2), ·)]〉. Thus we conclude that:

(W,E1[(sld rd, i; ρ1(I1), ·)], E2[(sld rd, i; ρ2(I2), ·)]) ∈ O.
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– Next, we instantiate our final hypothesis with W ′ and ρ. Note that ρ ∈ DJ∆K by assumption,
W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9). We claim currentMR(W ′(istk)) bW ′ SJσKρ
which follows directly from the first case of lemma 1.21. We claim currentMR(W ′(ireg)) bW ′
RJχ[rd : τi]Kρ. The claim follows directly from the second case of lemma 1.20 since, above,
we have established that (W ′, w1i, w2i) ∈ WJτ iK and by assumption currentMR(W (ireg)) bW
RJχKρ. Hence, we have that

(W ′, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W ′, E1, E2) ∈ KJq ` τr;σrKρ
which follows from (W,E1, E2) ∈ KJq ` τr;σrKρ by monotonicity for evaluation contexts
(Lemma 1.10), since our choice of W ′, W ′ wpub W and our second hypothesis let us easily
establish all the premises of that lemma, including that ret-addr1(W, i) = ret-addr1(W, rd)
and ret-addr2(W, i) = ret-addr2(W, rd).
Hence, we have

(W ′, E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.

Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M
′
2) : W ′. Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.58 (Store to Stack)
If Ψ; ∆;χ ` rs1 ≈u rs2 : τ ′, q 6= i, and Ψ; ∆;χ; τ0 :: · · · :: τi−1 :: τ ′ :: σ; q ` I1 ≈I I2,
then Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; q ` sst i, rs1; I1 ≈I sst i, rs2; I2.

Proof

Clearly, Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; q ` sst i, rs1; I1 and Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; q ` sst i, rs2; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJτ0 :: · · · :: τi :: σKρ. We need to show that

(W,ρ1((sst i, rs1; I1, ·)), ρ2((sst i, rs2; I2, ·)))

= (W, (sst i, ρ1(rs1); ρ1(I1), ·), (sst i, ρ2(rs2); ρ2(I2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉.
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ, τ0 :: · · · :: τi :: σ).

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (sst i, ρ1(rs1); ρ1(I1), ·), (sst i, ρ2(rs2); ρ2(I2), ·)) ∈ TermAtom[q ` τr;σr]ρ.
To establish this, we must showW.Ψi; ·;W.χi;W.σi; ρi(q) ` (sst i, ρi(rsi); ρi(Ii), ·) : ρi(τr); ρi(σr).
The latter follows from Ψ; ∆;χ;σ; q ` sst i, rsi; Ii using the component typing rule and the prop-
erties of W and ρ that we have by assumption.

• Let s = (W.S1[i 7→ W.R̂1(ρ1(rs1))],W.σ1[i : ρ1(τ ′)],W.S2[i 7→ W.R̂2(ρ1(rs2))],W.σ2[i : ρ2(τ ′)])
and W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandstk(s,W.k)]).

• We claim that W ′ ∈World. Instantiating the first hypothesis with W and ρ, we have that

(W,W.R̂1(ρ1(rs1)),W.R̂2(ρ2(rs2))) ∈ WJτ ′Kρ

Thus we have that W.Ψi; · `W.R̂i(ρi(rsi)) : ρi(τ
′). Given our choice of W ′ and since W ∈World,

it follows that W ′.Ψi; · `W.R̂i(ρi(rsi)) : ρi(τ
′) which is sufficient to establish our claim.
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• Note that W ′ wpub W . The latter is immediate given our choice of W ′ and the definition of
islandstk.

• Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have the following fact for island ireg: (BW,R1� ,R2� ) ∈ currentMR(W (ireg)).
From the latter it follows that Ri = W.Ri.

Note that

〈(Hi,Ri, Si) | (sst i, ρi(rsi); ρi(Ii), ·)〉 7−→1 〈(Hi,Ri, Si[i 7→ R̂i(ρi(rsi))]) | (ρi(Ii), ·)〉

Let M ′i = (Hi,Ri, Si[i 7→ R̂i(ρi(rsi))]). Note that (M ′1,M
′
2) : W ′.

• Note that W.k ≤W ′.k + 1.

• Note that q 6= ε, which follows from the third hypothesis since it is a side condition of the
instruction typing rules. Further, since q 6= i, which was the only memory location changed
between W and W ′, we can see that the the return address does not change.

• Next, to use our third hypothesis, we note that W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9)
and that currentMR(W ′(ireg)) bW ′ RJχKρ by Lemma 1.20 since W ′(ireg) = W (ireg). We also
claim that currentMR(W ′(istk)) bW ′ SJτ0 :: · · · :: τ ′ :: σKρ. From above, we have that
(W,W.R̂1(ρ1(rs1)),W.R̂2(ρ2(rs2))) ∈ WJτ ′Kρ. Hence, by monotonicity and the definition of W ′

we have

(W ′,W.R̂1(ρ1(rs1)),W.R̂2(ρ2(rs2))) = (W ′,W ′.S1(i),W ′.S2(i)) ∈ WJτ ′Kρ,

which, using Lemma 1.21, is sufficient to establish our claim.

Therefore we can apply our third hypothesis to W ′ and ρ, finding that

(W ′, ρ1((I1, ·)), ρ2((I2, ·))) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Now, the result follows by Lemma 1.11.

Lemma 1.59 (Store Return Address to Stack)
If χ(rs) = τ ′ and Ψ; ∆;χ; τ0 :: · · · :: τi−1 :: τ ′ :: σ; i ` I1 ≈I I2,
then Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; rs ` sst i, rs; I1 ≈I sst i, rs; I2.

Proof

Clearly, Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; rs ` sst i, rs; I1 and Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; rs ` sst i, rs; I2.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJτ0 :: · · · :: τi :: σKρ. We need to show that

(W,ρ1((sst i, rs; I1, ·)), ρ2((sst i, rs; I2, ·)))

= (W, (sst i, rs; ρ1(I1), ·), (sst i, rs; ρ2(I2), ·)) ∈ EJrs ` ret-type(rs,χ,σ)Kρ. (17)

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(rs,χ,σ).

Moreover, note the following preliminary fact:

• By our first second hypothesis, and currentMR(W (ireg)) bW RJχKρ we have that there exist w1,
and w2 such that W.R1(rs) = w1 and W.R2(rs) = w2, (W,w1, w2) ∈ WJτ ′Kρ.

With the above facts in hand, we now prove (17).
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• claim that (sst i, rs; ρ1(I1), ·), (sst i, rs; ρ2(I2), ·)) ∈ TermAtom[rs ` τr;σr]ρ. From the defini-
tions of TermAtom[rs ` τr;σr]ρ and TermAtom[rs ` τr;σr] , it suffices to showW.Ψ1; ·;W.χ1;W.σ1; ρ1(rs) `
(sld rd, i; ρ1(I1), ·) : ρ1(τr); ρ1(σr) andW.Ψ2; ·;W.χ2;W.σ2; ρ2(rs) ` (sld rd, i; ρ2(I2), ·) : ρ2(τr); ρ2(σr).
Each follows from Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; rs ` sst i, rs; I1 andΨ; ∆;χ; τ0 :: · · · :: τi :: σ; rs `
sst i, rs; I2 respectively using the component typing rule and the properties of W and ρ that we
have by assumption.

• Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJrs ` τ r;σrKρ. We must show that

(W,E1[(sst i, rs; ρ1(I1), ·)], E2[(sst i, rs; ρ2(I2), ·)]) ∈ O.

onsider arbitrary (M1,M2) : W . We must show either that 〈M1 | E1[(st rd1[i], rs1; ρ1(I1), ·)]〉 ↓
and 〈M2 | E2[(st rd2[i], rs2; ρ2(I2), ·)]〉 ↓, or running(W.k, 〈M1 | E1[(st rd1[i], rs1; ρ1(I1), ·)]〉)
and running(W.k, 〈M2 | E2[(st rd2[i], rs2; ρ2(I2), ·)]〉).
Let M1 = (H1,R1, S1) and M2 = (H2,R2, S2).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we can have the following fact for island ireg.

We have that (BW,R1� ,R2� ) ∈ currentMR(W (ireg)). From the latter it follows that Ri = W.Ri

and, hence, R̂1(rs) = w1 and R̂2(rs) = w2 (which are the same w1 and w2 from our preliminary
facts above).

Next, by the reduction semantics of our language, with all of the above facts in hand, we have
that:

〈M1 | E1[(sst i, rs; ρ1(I1), ·)]〉−→〈M ′1 | E1[(ρ1(I1), ·)]〉

and
〈M2 | E2[(sst i, rs; ρ2(I2), ·)]〉−→〈M ′2 | E2[(ρ2(I2), ·)]〉

where M ′1 = (H1,R1, S
′
1) with S′1 = S1[i 7→ w1], and M ′2 = (H2,R2, S

′
2) with S′2 = S2[i 7→ w2].

Note that in order to complete our proof, it suffices to show:

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k − 1, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k − 1, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

We proceed by showing that (M ′1,M
′
2) : W and then instantiating our final hypothesis Ψ; ∆;χ; τ0 :: · · · :: τi :: σ; rs `

sst i, rs; I1 ≈I sst i, rs; I2.

– We claim that (M ′1,M
′
2) : W . We prove this claim by establishing the following:

∗ `M ′1 :W.Φ1 and `M ′2 :W.Φ2, both of which easily follow from (M1,M2) : W and the fact
that we have updated the ith element of each stack with well-typed words of the same
type, i.e., with words with types ρ1(τ ′) and ρ2(τ ′) respectively.

∗ We assume that W.k > 0 and we must show that

(BW,M ′1,M
′
2) ∈

⊗
{ currentMR(θ) | θ ∈W.Θ }

The latter follows from (M1,M2) : W and monotonicity of MemRel given that we establish
the following claim for island istk, (BW ′,S′1� ,S

′
2� ) ∈ currentMR(W ′(istk)).

Recall thatW ′.Si = S′i. Thus we obtain trivially that (BW ′, S′1, S
′
2) ∈ {(W̃ ,W ′.S1,W

′.S2) |
W̃ ∈WorldW.k}. From the latter, we establish directly our claim that

(BW ′, S′1, S
′
2) ∈ currentMR(W ′(istk))

– Next, we instantiate our final hypothesis with W ′ and ρ. Note that ρ ∈ DJ∆K by assumption,
W ′ ∈ HJΨK by heap monotonicity (Lemma 1.9). We claim that currentMR(W ′(ireg)) bW ′
RJχKρ by the first case of Lemma 1.20. Moreover we claim that currentMR(W ′(istk)) bW ′
SJσ′Kρ Our claim follows directly from the fourt case of lemma 1.21 since, above, we have
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established that (W ′, w1, w2) ∈ WJτ ′K and currentMR(W (istk)) bW SJσKρ. Hence, we have
that

(W ′, (ρ1(I1, ·)), (ρ2(I2), ·)) ∈ EJq ` τr;σrKρ

Instantiate the above with E1 and E2. Note that we have (W ′, E1, E2) ∈ KJq ` τr;σrKρ
which follows from (W,E1, E2) ∈ KJq ` τr;σrKρ by monotonicity for evaluation contexts
(Lemma 1.10), since our choice of W ′, W ′ wpub W our second hypothesis let us easily
establish all the premises of that lemma, including that ret-addr1(W, rs) = ret-addr1(W, i)
and ret-addr2(W, rs) = ret-addr2(W, i).
Hence, we have

(W ′, E1[(ρ1(I1, ·))], E2[(ρ2(I2), ·)]) ∈ O.

Instantiate the latter with M ′1 and M ′2, noting that (M ′1,M
′
2) : W ′. Hence, we have

(〈M ′1 | E1[(ρ1(I1), ·)]〉 ↓ ∧ 〈M ′2 | E2[(ρ2(I2), ·)]〉 ↓) ∨
(running(W.k, 〈M ′1 | E1[(ρ1(I1), ·)]〉) ∧ running(W.k, 〈M ′2 | E2[(ρ2(I2), ·)]〉))

which implies what we needed to show.

Lemma 1.60 (Return from Call)
If χ(r) = box ∀[].{r′ : τ ;σ}q′ and χ(r′) = τ , then Ψ; ∆;χ;σ; r ` ret r {r′} ≈I ret r {r′}.

Proof

Clearly, Ψ; ∆;χ;σ; r ` ret r {r′}.
Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. From the first premise, we have that ret-type(r,χ,σ) = τ ;σ. We
need to show that

(W,ρ1((ret r {r′}, ·)), ρ2((ret r {r′}, ·))) = (W, (ret r {r′}, ·), (ret r {r′}, ·)) ∈ EJr ` τ ;σKρ.

Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJr ` τ ;σKρ. We need to show that

(W,E1[(ret r {r′}, ·)], E2[(ret r {r′}, ·)]) ∈ O

Instantiate (W,E1, E2) ∈ KJr ` τ ;σKρ with W , r, r′, and r′. Note that W wpub W (by reflex-
ivity), the return markers are both r, and currentMR(W (istk)) bW SJσKρ. We also claim that
(BW,W.R1(r′),W.R2(r′)) ∈ WJτ Kρ. Instantiate currentMR(W (ireg)) bW RJχKρ with (BW,W.R1�
,W.R2 � ) noting that the latter is in currentMR(W (ireg) by the definition of islandreg and that
BW w W . Hence, we have (BW,W.R1� ,W.R2� ) ∈ RJχKρ. By the second premise, we have that
(r′ : τ ) ∈ χ. Therefore our claim follows from the definition of RJχKρ. Thus, we have exactly what we
needed to show.

Lemma 1.61 (Return at End)
If χ(r) = τ , then Ψ; ∆;χ;σ; end{τ ;σ} ` ret end{τ ;σ} {r} ≈I ret end{τ ;σ} {r}.

Proof

Clearly, Ψ; ∆;χ;σ; end{τ ;σ} ` ret end{τ ;σ} {r}.
Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((ret end{τ ;σ} {r}, ·)), ρ2((ret end{τ ;σ} {r}, ·)))

= (W, (ret end{ρ1(τ ); ρ1(σ)} {r}, ·), (ret end{ρ1(τ ); ρ1(σ)} {r}, ·)) ∈ EJend{τ ;σ} ` τ ;σKρ.
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Consider arbitrary E1 and E2 such that (W,E1, E2) ∈ KJend{τ ;σ} ` τ ;σKρ. We need to show that

(W,E1[(ret end{ρ1(τ ); ρ1(σ)} {r}, ·)], E2[(ret end{ρ1(τ ); ρ1(σ)} {r}, ·)]) ∈ O

Instantiate (W,E1, E2) ∈ KJend{τ ;σ} ` τ ;σKρ with W , end{τ ;σ}, r, and r. Note that W wpub W
(by reflexivity), the return markers are both end{τ ;σ}, and currentMR(W (istk)) bW SJσKρ. We
also claim that (BW,W.R1(r),W.R2(r)) ∈ WJτ Kρ. Instantiate currentMR(W (ireg)) bW RJχKρ with
(BW,W.R1� ,W.R2� ) noting that the latter is in currentMR(W (ireg) by the definition of islandreg and
that BW w W . Hence, we have (BW,W.R1� ,W.R2� ) ∈ RJχKρ. By the first premise, we have that
(r : τ ) ∈ χ. Therefore our claim follows from the definition of RJχKρ. Thus, we have exactly what we
needed to show.

Lemma 1.62 (Jump)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[].{χ′;σ}q, ∆ ` χ ≤ χ′, and ·[∆];χ;σ ` q,
then Ψ; ∆;χ;σ; q ` jmpu1 ≈I jmp u2.

Proof

Clearly, Ψ; ∆;χ;σ; q ` jmp u1 and Ψ; ∆;χ;σ; q ` jmpu2 follow from the premises.

Consider arbitrary W and ρ such that W ∈ HJΨK, ρ ∈ DJ∆K, currentMR(W (ireg)) bW RJχKρ, and
currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1((jmp u1, ·)), ρ2((jmpu2, ·))) = (W, (jmp ρ1(u1), ·), (jmp ρ2(u2), ·)) ∈ EJq ` ret-type(q,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).
In the following, assume W.k > 0 and let τr;σr = ret-type(q,χ,σ).

Instantiate the first premise with W and ρ, noting W ∈ HJΨK, ρ ∈ DJ∆K, and currentMR(W (ireg)) bW
RJχKρ. Thus we have that (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJbox ∀[].{χ′;σ}qKρ. From the
definition of the latter, we have that W.R̂i(ρi(ui)) = `i[ωi].

We will use Lemma 1.11 to complete the proof, so we start by establishing the premises of that lemma.

• We claim that (W, (jmp ρ1(u1), ·), (jmp ρ2(u2), ·)) ∈ TermAtom[q ` τr;σr]ρ. To establish this,
we must show W.Ψi; ·;W.χi;W.σi; ρi(q) ` (jmp ρi(ui), ·) : ρi(τr); ρi(σr). The latter follows from
Ψ; ∆;χ;σ; q ` jmp ui using the component typing rule and the properties of W and ρ that we
have by assumption.

• Let W ′ = BW . Note that W ′ ∈World since W.k > 0 and W ∈World.

• Note that BW wpub W by Lemma 1.6.

• Consider arbitrary (M1,M2) : W . Let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }.

From the latter, we have two facts, one for island ireg and the other for island ibox.

First, we have that (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)). From the latter it follows that

Ri = W.Ri and, hence, R̂i(ρi(ui)) = `i[ωi].

Second, we have that there exist some Hb1 ⊆ H1 and Hb2 ⊆ H2 such that (BW,Hb1� ,Hb2� ) ∈
currentMR(W (ibox)). We use the latter to instantiate (W, `1[ω1], `2[ω2]) ∈ WJbox ∀[].{χ′;σ}qKρ,
noting that BW AW , which allows us to conclude:

– Hbi(`i) = code[βi]{χi;σi}qi .Ii,

– ρi(χ
′) = χi[ωi/βi],

– ρi(σ) = σi[ωi/βi],

– ρi(q) = qi[ωi/βi], and

– (BW, (code[]{χ1;σ1}q1 .I1)[ω1/β1], (code[]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ
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Hence, we have that R̂i(ρi(ui)) = `i[ωi] and Hi(`i) = code[βi]{χi;σi}qi .Ii, and

〈(Hi,Ri, Si) | (jmp ρi(ui), ·)〉 7−→1 〈(Hi,Ri, Si) | (Ii[ωi/βi], ·)〉

Let M ′i = Mi = (Hi,Ri, Si). Note that (M ′1,M
′
2) : W ′ is equivalent to (M1,M2) : BW , which

follows by Lemma 1.6.

• Note that W.k ≤W ′.k + 1 since W ′.k = (BW ).k = W.k − 1.

• Note that q 6= ε, which follows from the third hypothesis. Further, since we haven’t changed the
world, we can see that the the return address does not change.

• Note that

(BW, (code[]{χ1;σ1}q1 .I1)[ω1/β1],

(code[]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ
≡ (BW, code[]{χ1[ω1/β1];σ1[ω1/β1]}q1[ω1/β1].I1[ω1/β1],

code[]{χ2[ω2/β2];σ2[ω2/β2]}q2[ω2/β2].I2[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ

≡ (BW, (code[]{ρ1(χ′)]; ρ1(σ)}ρ1(q).I1[ω1/β1],

code[]{ρ2(χ′); ρ2(σ)}ρ2(q).I2[ω2/β2]) ∈ HVJ∀[].{χ′;σ}qKρ

Instantiate the latter with BW and τ ; sigma′ = ret-type(q,χ,σ). We note the following:

– We have BW w BW by reflexivity.

– We claim that ret-type(q,χ′,σ) =ρ ret-type(q,χ,σ). Since q 6= ε, the latter is immediate
except in the case when q is some register r′, in which case we must show that r′ ∈ dom(χ′)
since otherwise ret-type(q,χ′,σ) would be undefined. But note that from our first premise,
it follows that ∆ ` box∀[].{χ′;σ}q. By inversion of typing rules, we have that ∆ `
∀[].{χ′;σ}q, and hence ∆[];χ′;σ ` q. From the latter it follows that ret-type(q,χ′,σ) is
defined. Hence, if q is some register r′, it must be that r′ ∈ dom(χ′). Moreover, from the
second premise, it follows that χ′(r′) = χ(r′). This is enough to establish our claim.

– We claim that currentMR((BW )(ireg)) bBW RJχ′Kρ. To show this, consider arbitrary

(W̃ ,M1,M2) ∈ currentMR((BW )(ireg)) such that W̃ w BW . We must show that

(W̃ ,M1,M2) ∈ RJχ′Kρ

Note that (BW ).k = W.k−1 and that currentMR((BW )(ireg)) = bcurrentMR(W (ireg))cW.k−1.

Thus, (W̃ ,M1,M2) ∈ currentMR(W (ireg)). Using the latter we can instantiate

currentMR(W (ireg)) bW RJχKρ with (W̃ ,M1,M2), noting that W̃ w W (by transitivity of

w), which gives us (W̃ ,M1,M2) ∈ RJχKρ. Finally, by Lemma 1.19 (register-file subtyping
implies inclusion) we have that RJχKρ ⊆ RJχ′Kρ, which is sufficient to show what we need.

– We note that currentMR(BW (istk)) bBW SJσKρ. To show this, consider arbitrary (W̃ ,M1,M2) ∈
currentMR((BW )(istk)) such that W̃ w BW . We must show that

(W̃ ,M1,M2) ∈ SJσKρ

Note that (BW ).k = W.k−1 and that currentMR((BW )(istk)) = bcurrentMR(W (istk))cW.k−1.

Thus, (W̃ ,M1,M2) ∈ currentMR(W (istk)). Using the latter we can instantiate

currentMR(W (istk)) bW SJσKρ with (W̃ ,M1,M2), noting that W̃ w W (by transitivity of

w), which gives us (W̃ ,M1,M2) ∈ SJσKρ as needed.

Hence, we can conclude that

(BW, (ρ1(I1[ω1/β1]), ·), (ρ2(I2[ω2/β2]), ·)) ∈ EJq ` ret-type(q,χ′,σ)Kρ

Now, the result follows by Lemma 1.11.
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Lemma 1.63 (Call)
Given the following:

• Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ζ, ε].{χ̂; σ̂}q̂,

• ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε,

• ∆ ` σ0,

• ∆ ` ∀[].{χ̂[σ0/ζ][(i + k− j)/ε]; σ̂[σ0/ζ][(i + k− j)/ε]}q̂,

• ∆ ` χ ≤ χ̂[σ0/ζ][(i + k− j)/ε],

• σ = τ0 :: · · · :: τj :: σ0,

• σ̂ = τ0 :: · · · :: τj :: ζ,

• j < i, and

• σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ,

we have that Ψ; ∆;χ;σ; i ` call u1 {σ0, i + k− j} ≈I callu2 {σ0, i + k− j}.

Proof

Clearly, Ψ; ∆;χ;σ; i ` call u1 {σ0, i + k− j} and Ψ; ∆;χ;σ; i ` callu2 {σ0, i + k− j} follow
from the premises.

Consider arbitraryW , γ, and ρ such thatW ∈ HJΨK, ρ ∈ DJ∆K, (W,γ) ∈ GJΓKρ, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1(γ1((call u1 {σ0, i + k− j}, ·))), ρ2(γ2((callu2 {σ0, i + k− j}, ·))))

= (W, (call ρ1(u1) {ρ1(σ0), i + k− j}, ·), (call ρ2(u2) {ρ2(σ0), i + k− j}, ·)) ∈ EJi ` ret-type(i,χ,σ)Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).

In the following, assume W.k > 0 and let τr;σr = ret-type(i,χ,σ).

Consider arbitrary (W,E1, E2) ∈ KJi ` τr;σrKρ. We need to show that

(W,E1[(call ρ1(u1) {ρ1(σ0), i + k− j}, ·)], E2[(call ρ2(u2) {ρ2(σ0), i + k− j}, ·)]) ∈ O

Consider arbitrary (M1,M2) : W . We must show that for i ∈ {1, 2}, either both configurations
〈Mi | Ei[(call ρi(ui) {ρi(σ0), i + k− j}, ·)]〉 terminate or both are running at W.k.

Instantiate the first premise with W and ρ, noting W ∈ HJΨK, ρ ∈ DJ∆K, and currentMR(W (ireg)) bW
RJχKρ. Thus we have that (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJbox ∀[ζ, ε].{χ̂; σ̂}q̂Kρ. From the
definition of the latter, we have that W.R̂i(ρi(ui)) = `i[ωi].

Next, let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }. From

the latter, we have three facts, one each for islands ireg, istk, and ibox.

First, we have that (BW,R1� ,R2� ) ∈ currentMR(W (ireg)). From the latter it follows that Ri = W.Ri

and, hence, R̂i(ρi(ui)) = `i[ωi].

Second, we have (BW,S1� ,S2� ) ∈ currentMR(W (istk)). From the latter and currentMR(W (istk)) bW
SJσKρ, it follows that (BW,S1� ,S2� ) ∈ SJσKρ. From the premise σ = τ0 :: · · · :: τj :: σ0, it follows
that S1 = w10 :: · · · :: w1j :: S10, S2 = w20 :: · · · :: w2j :: S20, (BW,w1n,w2n) ∈ WJτnKρ for n ∈
{0, . . . , j}, and (BW,S10� ,S20� ) ∈ SJσ0Kρ.

Third, we have that there exist some Hb1 ⊆ H1 and Hb2 ⊆ H2 such that (BW,Hb1 � ,Hb2 � ) ∈
currentMR(W (ibox)). We use the latter to instantiate (W, `1[ω1], `2[ω2]) ∈ WJbox ∀[ζ, ε].{χ̂; σ̂}q̂Kρ,
noting that BW AW , which allows us to conclude:
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• Hbi(`i) = code[βi, ζ, ε]{χi;σi}qi .Ii,

• ρi(χ̂) = χi[ωi/βi],

• ρi(σ̂) = σi[ωi/βi],

• ρi(q̂) = qi[ωi/βi], and

• (BW, (code[ζ, ε]{χ1;σ1}q1 .I1)[ω1/β1], (code[ζ, ε]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ

Hence, we know that R̂i(ρi(ui)) = `i[ωi] and Hi(`i) = code[βi, ζ, ε]{χi;σi}qi .Ii, and therefore

〈(Hi,Ri, Si) | Ei[(call ρi(ui) {ρi(σ0), i + k− j}, ·)]〉 7−→1

〈(Hi,Ri, Si) | Ei[(Ii[ωi/βi][ρi(σ0)/ζ][(i + k− j)/ε], ·)]〉

Therefore, it suffices to show that for i ∈ {1, 2}, either both configurations
〈Mi | Ei[(Ii[ωi/βi][ρi(σ0)/ζ][(i + k− j)/ε], ·)]〉 terminate or both are running at W.k − 1.

We proceed by noting that from the premise ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε, by definition of
ret-addr-type, it must be that either q̂ = rra or q̂ = ira.

Further, we note that we have

(BW, (code[ζ, ε]{χ1;σ1}q1 .I1)[ω1/β1],

(code[ζ, ε]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ
≡ (BW, code[ζ, ε]{χ1[ω1/β1];σ1[ω1/β1]}q1[ω1/β1].I1[ω1/β1],

code[ζ, ε]{χ2[ω2/β2];σ2[ω2/β2]}q2[ω2/β2].I2[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ

≡ (BW, code[ζ, ε]{ρ1(χ̂); ρ1(σ̂)}ρ1(q̂).I1[ω1/β1],

code[ζ, ε]{ρ2(χ̂); ρ2(σ̂)}ρ2(q̂).I2[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ

Instantiate the latter with BW , ρ∗, τ , and σ̂′, where

ρ∗ = {ζ 7→ (ρ1(σ0), ρ2(σ0), ϕS), ε 7→ (i + k− j, i + k− j)} and

ϕS = {(W̃ ,S10� ,S20� )| W̃ w BW}

We note the following:

• We have BW w BW by reflexivity.

• Note that ρ∗ ∈ DJζ, εK, which follows by the definition of DJ·K and by applying Lemma 1.18 to
(BW,S10� ,S20� ) ∈ SJσ0Kρ.

• Let ρ′ = ρ ∪ ρ∗.
• Note that τ ; σ̂′ =ρ′ ret-type(q̂, χ̂, σ̂). This follows by applying the substitutions ρ′1 and ρ′2

to ret-type(q̂, χ̂, σ̂) = τ ; σ̂′, which in turn follows from the premise ret-addr-type(q̂, χ̂, σ̂) =
∀[].{r : τ ; σ̂′}ε.

• We claim that currentMR(W (ireg)) bBW RJχ̂Kρ′. (†)
To show this, consider arbitrary (W̃ ,M∗1 ,M

∗
2 ) ∈ currentMR(W (ireg)) such that W̃ w BW . We

must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ RJχ̂Kρ′

Instantiate currentMR(W (ireg)) bBW RJχKρ with (W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W (ireg)), noting

that W̃ w BW , which gives us (W̃ ,M∗1 ,M
∗
2 ) ∈ RJχKρ. Finally, by Lemma 1.19 (register-file

subtyping implies inclusion) applied to the premise ∆ ` χ ≤ χ̂[σ0/ζ][(i + k− j)/ε] we have
that RJχKρ ⊆ RJχ̂[σ0/ζ][(i + k− j)/ε]Kρ.

Therefore, it remains to show that RJχ̂[σ0/ζ][(i + k− j)/ε]Kρ ⊆ RJχ̂Kρ′.
Next, we examine two cases based on the value of q̂:
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Case q̂ = ira Hence, from the premise ∆ ` χ̂ \ q̂, we have that ∆ ` χ̂. Therefore, note that

RJχ̂[σ0/ζ][(i + k− j)/ε]Kρ ≡ RJχ̂Kρ since ζ, ε /∈ ftv(χ̂) ≡ RJχ̂Kρ′ by Lemma 1.13

which suffices to show what we needed.

Case q̂ = rra Hence, from the premise ∆ ` χ̂ \ q̂, we actually have that ∆ ` χ̂ \ rra.
Hence, it follows that RJ(χ̂[σ0/ζ][(i + k− j)/ε]) \ rraKρ ≡ RJ(χ̂) \ rraKρ′.
Therefore, it remains to show the following for the remaining register rra, whose type by our
premises must be box∀[].{r : τ ; σ̂′}ε where ∆ ` τ :

RJrra : box∀[].{r : τ ; σ̂′[σ0/ζ]}ε[(i+k−j)/ε]Kρ ⊆ RJrra : box∀[].{r : τ ; σ̂′}εKρ′

Therefore, we must show for arbitrary
(W ∗,R∗1 � ,R

∗
2 � ) ∈ RJrra : box∀[].{r : τ ; σ̂′[σ0/ζ]}ε[(i+k−j)/ε]Kρ that (W ∗,R∗1 � ,R

∗
2 � ) ∈

RJrra : box∀[].{r : τ ; σ̂′}εKρ′. Hence, it suffices to show that

(W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Note, from our most recent assumption, we have
(W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′[σ0/ζ]}ε[(i+k−j)/ε]Kρ. By the substitution
(Lemmas 1.15 and 1.16), the latter is equivalent to (W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox∀[].{r : τ ; σ̂′}εKρ∗
where ρ∗ = ρ[ζ 7→ (ρ1(σ0), ρ2(σ0),SJσ0Kρ), ε 7→ (i + k− j, i + k− j)].

To show (W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox∀[].{r : τ ; σ̂′}εKρ′, consider arbitrary (W̃ ,M1,M2) ∈
currentMR(W ∗(ibox)) such that W̃ AW ∗.
Instantiating (W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ∗, we end up in a position
where we have to show that

HVJ∀[].{r : τ ; σ̂′}εKρ∗ ⊆ HVJ∀[].{r : τ ; σ̂′}εKρ′

The latter follows by expanding the definitions and noting that it suffices to prove the following
three facts:

– For any worldW ′, currentMR(W ′(ireg)) bW ′ RJr : τ Kρ′ implies currentMR(W ′(ireg)) bW ′
RJr : τ Kρ∗ since both are equal to currentMR(W ′(ireg)) bW ′ RJr : τ Kρ because ∆ ` τ .

– For any world W ′, given that currentMR(W ′(istk)) bW ′ SJσ̂′Kρ′ we claim that
currentMR(W ′(ireg)) bW ′ SJσ̂′Kρ∗.
Note that σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ, and from the premise ∆ ` σ̂′[σ0/ζ], we know that
ζ /∈ ftv(τ ′n) for n ∈ {0, . . . , k}. Therefore, it suffices to show that

SJζKρ′ ⊆ SJζKρ∗ ≡ ϕS ⊆ SJσ0Kρ

which is immediate from our choice of ϕS above.

– Finally, we note that τr;σR =ρ′ ret-type(ε,{r : τ}, σ̂′). (We show the latter in detail
later in the proof so we won’t duplicate it here.) Therefore, note that EJε ` τr;σrKρ∗ =
EJi + k− j ` τr;σrKρ′ = EJi + k− j ` τr;σrKρ.

This completes our proof of the claim marked (†).
• Note that currentMR((BW )(ireg)) bBW RJχ̂Kρ′, which follows from currentMR(W (ireg)) bBW

RJχ̂K.
• We claim that currentMR(W (istk)) bBW SJσ̂Kρ′ (‡)

To show this, consider arbitrary (W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W (istk)) such that W̃ w BW . We

must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ SJσ̂Kρ′.

Recall that above we had (BW,S1� ,S2� ) ∈ currentMR(W (istk)). Therefore, by definition of the
istk island, it must be that M∗1 = S1� and M∗2 = S2� . Hence, it remains for us to show:

(W̃ ,S1� ,S2� ) ∈ SJσ̂Kρ′
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where we recall that

S1 = w10 :: · · · :: w1j :: S10

S2 = w20 :: · · · :: w2j :: S20

σ̂ = τ0 :: · · · :: τj :: ζ

and ρ′ = ρ[ζ 7→ (ρ1(σ0), ρ2(σ0), ϕS), ε 7→ (i + k− j, i + k− j)]

with ϕS = {(W̃ ,S10� ,S20� )|W̃ w BW}.

Thus, to show (W̃ ,S1� ,S2� ) ∈ SJσ̂Kρ′, it suffices to show

– (W̃ ,w1n,w2n) ∈ WJτnKρ′ for n ∈ {0, . . . , j}, which follows from (BW,w1n,w2n) ∈ WJτnK
by monotonicity (Lemma 1.8).

– (W̃ ,S10,S20) ∈ SJζKρ′, which is immediate from SJζKρ′ = ϕS (by definition) and our choice
of ϕS above.

• Note that currentMR((BW )(istk)) bBW SJσ̂Kρ′, which follows from currentMR(W (istk)) bBW

SJσ̂Kρ′.

Hence, we can conclude that

(BW, (I1[ω1/β1][ρ1(σ0)/ζ][(i + k− j)/ε], ·), (I2[ω2/β2][ρ2(σ0)/ζ][(i + k− j)/ε], ·))

∈ EJq̂ ` τ ; σ̂′Kρ′

Next, we instantiate the latter with E1 and E2, for which we need to show the following:

(BW,E1, E2) ∈ KJq̂ ` τ ; σ̂′Kρ′

Consider arbitrary W ′, q̂′, r1, r2 such that

1. W ′ wpub BW ,

2. (q̂ =ρ′ q̂′ =ρ′ end{τ̂ ; σ̂′}) ∨
(∃r0.q̂′ = r0 ∧ ret-addr1(BW,ρ′1(q̂)) = W ′.R1(r0) ∧ ret-addr2(BW,ρ′2(q̂)) = W ′.R2(r0) ∧

ret-reg1(W ′, r0) = r1 ∧ ret-reg2(W ′, r0) = r2)

3. (BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτ Kρ′

4. currentMR(W ′(istk)) bW ′ SJσ̂′Kρ′

We are required to show

(W ′, (ret ρ1(q̂′) {r1}, ·), (ret ρ2(q̂′) {r2}, ·)) ∈ O

Next, we collect some facts before we proceed:

• Note that from assumption (4) above, it follows that BW ′ is defined, which means that W ′.k > 0.

• Recall from above that either q̂ = rra or q̂ = ira. This fact lets us refine (3) above—that is, since
q̂ 6=ρ′ end{τ̂ ; σ̂′}, we know that

∃r0.q̂′ = r0 ∧ ret-addr1(BW,ρ′1(q̂)) = W ′.R1(r0) ∧ ret-addr2(BW,ρ′2(q̂)) = W ′.R2(r0)) ∧
ret-reg1(W ′, r0)) = r1 ∧ ret-reg2(W ′, r0)) = r2)
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Hence, ρi(q̂
′) = ρi(r0) = r0. Therefore, it suffices to show

(W ′, E1[(ret r0 {r1}, ·)], E2[(ret r0 {r2}, ·)]) ∈ O

Consider arbitrary (M ′1,M
′
2) : W ′. We must show that for i ∈ {1, 2}, either both configurations

〈M ′i | E1[(ret r0 {ri}, ·)]〉 terminate or both are running at W ′.k.

Next, we establish that (BW,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′ by considering the
two cases of q̂:

Case q̂ = rra: Hence, by the definition of ret-addr-type we have

ret-addr-type(q̂, χ̂, σ̂)= ret-addr-type(rra, χ̂, σ̂)

= ∀[].{r : τ ; σ̂′}ε where χ̂(rra) = box ∀[].{r : τ ; σ̂′}ε

Since (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)) (from above) and currentMR(W (ireg)) bBW

RJχ̂Kρ′ († from above), it follows that (BW,R1 � ,R2 � ) ∈ RJχ̂Kρ′. From the latter, since
rra : box ∀[].{r : τ ; σ̂′}ε ∈ χ̂, we have

(BW,R1(rra),R2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Since Ri = W.Ri = BW.Ri, the above is equivalent to

(BW,BW.R1(rra),BW.R2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Moreover, note that we have the following equalities

ret-addri(BW, q̂)

= ret-addri(BW, rra) since q̂ = rra

= (BW ).Ri(rra) by definition of ret-addri

= W ′.Ri(r0) since ret-addri(BW, q̂) = W ′.Ri(r0)

Hence, we have

(BW,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Case q̂ = ira: Hence, by the definition of ret-addr-type we have

ret-addr-type(q̂, χ̂, σ̂)= ret-addr-type(ira, χ̂, σ̂)

= ∀[].{r : τ ; σ̂′}ε where σ̂(ira) = box ∀[].{r : τ ; σ̂′}ε

Since (BW,S1� ,S2� ) ∈ currentMR(W (istk)) (from above) and currentMR(W (istk)) bBW SJσ̂Kρ′
(‡ from above), it follows that (BW,S1� ,S2� ) ∈ SJσ̂Kρ′. From the latter, since ira : box ∀[].{r : τ ; σ̂′}ε ∈
σ̂, we have

(BW,S1(ira),S2(ira)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.
Since Si = W.Si = BW.Si, the above is equivalent to

(BW,BW.S1(ira),BW.S2(ira)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Moreover, note that we have the following equalities

ret-addri(BW, q̂)

= ret-addri(BW, ira) since q̂ = ira

= (BW ).Si(ira) by definition of ret-addri

= W ′.Ri(r0) since ret-addri(BW, q̂) = W ′.Ri(r0)

Hence, we have

(BW,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.
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Since W ′ w BW , by monotonicity we have

(W ′,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

From the above, we have that W ′.Ψ1; · ` W ′.R1(r0) : ρ′1(box ∀[].{r : τ ; σ̂′}ε) and W ′.Ψ2; · `
W ′.R2(r0) : ρ′2(box ∀[].{r : τ ; σ̂′}ε). These facts put together with W ′ ∈World and ret-reg1(W ′, r0)
allow us to conclude r = r1 = r2.

Next, let M ′i = (H′i,R
′
i, S
′
i).

From (M ′1,M
′
2) : W ′, since W ′.k > 0, we have (BW ′,M ′1,M

′
2) ∈

⊗
{ currentMR(θ) | θ ∈ W ′.Θ }.

From the latter, we have three facts, one each for islands ireg, istk, and ibox.

First, we have that (BW ′,R′1� ,R
′
2� ) ∈ currentMR(W ′(ireg)). From the latter it follows that

R′i = W ′.Ri and, hence, we have (BW ′,R′1(r0),R′1(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′. From the

latter, it must be that R′i(r0) = `′i[ω
′
i ].

Second, we have (BW ′,S′1 � ,S
′
2 � ) ∈ currentMR(W ′(istk)). Hence, we can instantiate assumption

(5) from above, i.e., currentMR(W ′(istk)) bW ′ SJσ̂′Kρ′, with (BW ′,S′1 � ,S
′
2 � ), noting BW ′ w W ′

(by Lemma 1.6), which allows us to conclude that (BW ′,S′1 � ,S
′
2 � ) ∈ SJσ̂′Kρ′. From the premise

σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ, it follows that S′1 = w′10 :: · · · :: w′1k :: S′10, S′2 = w′20 :: · · · :: w′2l :: S′20,
(BW ′,w′1n,w

′
2n) ∈ WJτ ′nKρ′ for n ∈ {0, . . . , k}, and (BW ′,S′10� ,S

′
20� ) ∈ SJζKρ′. From the latter,

since SJζKρ′ = ϕS , it follows that S′10 = S10 and S′20 = S20.

Third, we have that there exist some H′b1 ⊆ H′1 and H′b2 ⊆ H′2 such that (BW ′,H′b1 � ,H
′
b2 � ) ∈

currentMR(W ′(ibox)).

Instantiate (W ′, `′1[ω′1], `′1[ω′1]) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′ with (BW ′,H′b1� ,H
′
b2� ) ∈ currentMR(W ′(ibox)),

noting that BW ′ AW ′ by Lemma 1.6. Hence, we have that

• H′bi(`
′
i) = code[β′i ]{χ′i;σ′i}q

′
i .I′i,

• ρ′i(r : τ ) = χ′i[ω
′
i/β
′
i ],

• ρ′i(σ̂′) = σ′i [ω
′
i/β
′
i ],

• ρ′i(ε) = q′i[ω
′
i/β
′
i ], and

• (BW ′, (code[]{χ′1;σ′1}q
′
1 .I′1)[ω′1/β

′
1], (code[]{χ′2;σ′2}q

′
2 .I′2)[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

Hence, we know that R̂′i(r0) = `′i[ω
′
i ] and H′i(`

′
i) = code[β′i ]{χ′i;σ′i}q

′
i .I′i, and therefore

〈(H′i,R′i, S′i) | Ei[(ret r0 {ri}, ·)]〉 7−→1 〈(H′i,R′i, S′i) | Ei[(I′i[ω′i/β′i ], ·)]〉

Therefore, it suffices to show that for i ∈ {1, 2}, either both configurations 〈M ′i | Ei[(I′i[ω′i/β′i ], ·)]〉
terminate or both are running at W ′.k − 1.

We proceed by noting that

(BW ′, (code[]{χ′1;σ′1}q
′
1 .I′1)[ω′1/β

′
1], (code[]{χ′2;σ′2}q

′
2 .I′2)[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

≡ (BW ′, code[]{χ′1[ω′1/β
′
1];σ′1[ω′1/β

′
1]}q′1[ω′1/β′1].I′1[ω′1/β

′
1],

code[]{χ′2[ω′2/β
′
2];σ′2[ω′2/β

′
2]}q′2[ω′2/β′2].I′2[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

≡ (BW ′, code[]{ρ′1(r : τ ); ρ′1(σ̂′)}ρ
′
1(ε).I′1[ω′1/β

′
1],

code[]{ρ′2(r : τ ); ρ′2(σ̂′)}ρ
′
2(ε).I′2[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

≡ (BW ′, code[]{r : ρ′1(τ ); ρ′1(σ̂′)}i + k− j.I′1[ω′1/β
′
1],

code[]{r : ρ′2(τ ); ρ′2(σ̂′)}i + k− j.I′2[ω′2/β
′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

Instantiate the latter with BW ′, ∅ ∈ DJ·K, τr, and σr.

We note the following:
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• We have BW ′ w BW ′ by reflexivity.

• We claim that τr;σr =ρ′ ret-type(ε,{r : τ}, σ̂′). It suffices to show for i ∈ {1, 2}:

ρ′i(τr); ρ
′
i(σr) = ret-type(ρ′i(ε), ρ

′
i({r : τ}), ρ′i(σ̂′))

≡ ρ′i(τr); ρ′i(σr) = ret-type(i + k− j, ρ′i({r : τ}), ρ′i(τ0 :: · · · :: τj :: ζ))

≡ ρ′i(τr); ρ′i(σr) = ret-type(i + k− j, ρ′i({r : τ}), ρ′i(τ0) :: · · · :: ρ′i(τj) :: ρ′i(ζ))

≡ ρ′i(τr); ρ′i(σr) = ret-type(i + k− j, ρ′i({r : τ}), ρ′i(τ0) :: · · · :: ρ′i(τj) :: ρi(σ0))

Recall that τr;σr = ret-type(i,χ,σ) where σ = τ0 :: · · · :: τj :: σ0. Hence, FTV (τr;σr) ⊆ ∆

and σ0(i− j− 1) = box ∀[].{r′ : τr;σr}q
′

for some r′ and q′.

Putting these facts together, we have that

ρ′i(σ̂
′(i + k− j))= ρ′i(σ0(i + k− j− (k + 1)))

= ρi(σ0(i− j− 1))

= ρi(box∀[].{r′ : τr;σr}q
′
)

which means that ρi(τr); ρi(σr) = ret-type(i + k− j, ρ′i({r : τ}), ρ′i(σ̂′)) as we needed to show.

• We claim that currentMR((BW ′)(ireg)) bBW ′ RJr : τ Kρ′.

To show this, consider arbitrary (W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR((BW ′)(ireg)) such that W̃ w BW ′.

We must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ RJr : τ Kρ′

Note that since W ′.k > 0 (from above), (BW ′).k = W ′.k − 1 and therefore

currentMR((BW ′)(ireg)) = bcurrentMR(W ′(ireg))cW ′.k−1 ⊆ currentMR(W ′(ireg))

Thus,(W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W ′(ireg)). Moreover, since we already have (BW ′,R′1� ,R

′
2� ) ∈

currentMR(W ′(ireg)), by the definition of island ireg, it must be that M∗i = R′i. Therefore, we
are required to show

(W̃ ,R′1� ,R
′
2� ) ∈ RJr : τ Kρ′.

It suffices to show
(W̃ ,R′1(r),R′2(r)) ∈ WJτ Kρ′

which follows by monotonicity (Lemma 1.8) from our earlier assumption (4), namely
(BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτ Kρ′ since r = r1 = r2 (from above) and since W ′.R1 = R′1
and W ′.R2 = R′2.

• We claim that currentMR((BW ′)(istk)) bBW ′ SJσ̂′Kρ′.
To show this, consider arbitrary (W̃ ,M∗1 ,M

∗
2 ) ∈ currentMR((BW ′)(istk)) such that W̃ w BW ′.

We must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ SJσ̂′Kρ′.

Note that since W ′.k > 0 (from above), (BW ).k = W.k − 1 and therefore

currentMR((BW ′)(istk)) = bcurrentMR(W ′(istk))cW ′.k−1 ⊆ currentMR(W ′(istk))

Thus,(W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W ′(istk)). Moreover, since we already have (BW ′,S′1� ,S

′
2� ) ∈

currentMR(W ′(istk)), by the definition of island istk, it must be that M∗i = S′i. Therefore, we are
required to show

(W̃ ,S′1� ,S
′
2� ) ∈ SJσ̂′Kρ′.

Since σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ, with S′1 = w′10 :: · · · :: w′1k :: S′10 and S′2 = w′20 :: · · · :: w′2l :: S′20,
the above follows from
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– (W̃ ,w′1n,w
′
2n) ∈ WJτ ′nKρ′ for n ∈ {0, . . . , k}, which follow by monotonicity (Lemma 1.8)

from (BW ′,w′1n,w
′
2n) ∈ WJτ ′nKρ′, and

– (W̃ ,S′10� ,S
′
20� ) ∈ SJζKρ′, which follows from SJζKρ′ = ϕS and the definition of ϕS since

S′10 = S10 and S′20 = S20.

Hence, we can conclude that

(BW ′, (I′1[ω′1/β
′
1], ·), (I′2[ω′2/β

′
2], ·)) ∈ EJε ` τr;σrKρ′

By Lemma 1.16, and noting that FTV (τr;σr) ⊆∆ we have

(BW ′, (I′1[ω′1/β
′
1], ·), (I′2[ω′2/β

′
2], ·)) ∈ EJi + k− j ` τr;σrKρ. (18)

Near the beginning of this proof, we had assumed (W,E1, E2) ∈ KJi ` τr;σrKρ.

We now apply Lemma 1.10 (monotonicity for evaluation contexts) to (W,E1, E2) ∈ KJi ` τr;σrKρ,
noting the following:

• BW ′ wpub W , which follows by transitivity of wpub and the following BW ′ wpub W ′ wpub

BW wpub W (which we have from above and from Lemma 1.6).

• ret-addr1(W, i) = ret-addr1(BW ′, i + k− j) and ret-addr2(W, i) = ret-addr2(BW ′, i + k− j),
which follow from:

ret-addr1(W, i) = W.S1(i)

= (w10 :: · · · :: w1j :: S10)(i)

= S10(i− j + 1)

and
ret-addr1(BW ′, i + k− j) = W ′.S1(i + k− j)

= (w′10 :: · · · :: w′1k :: S10)(i + k− j)

= S10(i + k− j− (k + 1))

= S10(i− j− 1)

and analogously for ret-addr2.

Hence, we have that (BW ′, E1, E2) ∈ KJi + k− j ` τr;σrKρ.

Instantiating 18 with the above, we have (BW ′, E1[(I′1[ω′1/β
′
1], ·)], E2[(I′2[ω′2/β

′
2], ·)]) ∈ O.

By instantiating the latter withM ′1 andM ′2, noting (M ′1,M
′
2) : BW ′, we have that 〈M ′1 | E1[(I′1[ω′1/β

′
1], ·)]〉

and 〈M ′2 | E2[(I′2[ω′2/β
′
2], ·)]〉 either both terminate or are both running at W ′.k− 1, as we needed to

show.

Hence, we conclude that

(BW,E1[(I1[ω1/β1][ρ1(σ0)/ζ][q1/ε], ·)], E2[(I2[ω2/β2][ρ2(σ0)/ζ][q2/ε], ·)]) ∈ O

Now instantiate the above with M1 and M2, noting that we have (M1,M2) : BW by Lemma 1.6 since
(M1,M2) : W . Hence, we have that for i ∈ {1, 2}, either both configurations 〈Mi | E1[(Ii[ωi/βi][ρi(σ0)/ζ][qi/ε], ·)]〉
terminate or both are running at W.k − 1, which is exactly what we needed to show!

Lemma 1.64 (Call from Top Level)
Given the following:

• Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ζ, ε].{χ̂; σ̂}q̂,
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• ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε,

• ∆ ` σ0,

• ∆ ` ∀[].{χ̂[σ0/ζ][end{τ∗;σ∗}/ε]; σ̂[σ0/ζ][end{τ∗;σ∗}/ε]}q̂,

• ∆ ` χ ≤ χ̂[σ0/ζ][end{τ∗;σ∗}/ε],

• σ = τ :: σ0,

• σ̂ = τ :: ζ, and

• σ̂′ = τ ′ :: ζ,

we have that Ψ; ∆;χ;σ; end{τ∗;σ∗} ` callu1 {σ0, end{τ∗;σ∗}} ≈I callu2 {σ0, end{τ∗;σ∗}}.

Proof

Clearly, Ψ; ∆;χ;σ; end{τ∗;σ∗} ` callu1 {σ0, end{τ∗;σ∗}} and
Ψ; ∆;χ;σ; end{τ∗;σ∗} ` callu2 {σ0, end{τ∗;σ∗}} follow from the premises.

Consider arbitraryW ,γ, and ρ such thatW ∈ HJΨK, ρ ∈ DJ∆K, (W,γ) ∈ GJΓKρ, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ. We need to show that

(W,ρ1(γ1((callu1 {σ0, end{τ∗;σ∗}}, ·))), ρ2(γ2((callu2 {σ0, end{τ∗;σ∗}}, ·))))

= (W, (call ρ1(u1) {ρ1(σ0), end{ρ1(τ∗); ρ1(σ∗)}}, ·), (call ρ2(u2) {ρ2(σ0), end{ρ1(τ∗); ρ1(σ∗)}}, ·))

∈ EJend{τ∗;σ∗} ` τ∗;σ∗Kρ.

Note that if W.k = 0 then we are done, since for any evaluation contexts Ei and memories Mi, we can
immediately show that running(0, 〈Mi | Ei[ei]〉).

In the following, assume W.k > 0. Also, let qi = end{ρi(τ∗); ρi(σ∗)}
Consider arbitrary (W,E1, E2) ∈ KJend{τ∗;σ∗} ` τ∗;σ∗Kρ. We need to show that

(W,E1[(call ρ1(u1) {ρ1(σ0), q1}, ·)], E2[(call ρ2(u2) {ρ2(σ0), q2}, ·)]) ∈ O

Consider arbitrary (M1,M2) : W . We must show that for i ∈ {1, 2}, either both configurations
〈Mi | Ei[(call ρi(ui) {ρi(σ0), qi}, ·)]〉 terminate or both are running at W.k.

Instantiate the first premise with W and ρ, noting W ∈ HJΨK, ρ ∈ DJ∆K, and currentMR(W (ireg)) bW
RJχKρ. Thus we have that (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJbox ∀[ζ, ε].{χ̂; σ̂}q̂Kρ. From the
definition of the latter, we have that W.R̂i(ρi(ui)) = `i[ωi].

Next, let Mi = (Hi,Ri, Si).

From (M1,M2) : W , since W.k > 0, we have (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈ W.Θ }. From

the latter, we have three facts, one each for islands ireg, istk, and ibox.

First, we have that (BW,R1� ,R2� ) ∈ currentMR(W (ireg)). From the latter it follows that Ri = W.Ri

and, hence, R̂i(ρi(ui)) = `i[ωi].

Second, we have (BW,S1� ,S2� ) ∈ currentMR(W (istk)). From the latter and currentMR(W (istk)) bW
SJσKρ, it follows that (BW,S1� ,S2� ) ∈ SJσKρ. From the premise σ = τ0 :: · · · :: τj :: σ0, it follows
that S1 = w10 :: · · · :: w1j :: S10, S2 = w20 :: · · · :: w2j :: S20, (BW,w1n,w2n) ∈ WJτnKρ for n ∈
{0, . . . , j}, and (BW,S10� ,S20� ) ∈ SJσ0Kρ.

Third, we have that there exist some Hb1 ⊆ H1 and Hb2 ⊆ H2 such that (BW,Hb1 � ,Hb2 � ) ∈
currentMR(W (ibox)). We use the latter to instantiate (W, `1[ω1], `2[ω2]) ∈ WJbox ∀[ζ, ε].{χ̂; σ̂}q̂Kρ,
noting that BW AW , which allows us to conclude:

• Hbi(`i) = code[βi, ζ, ε]{χi;σi}qi .Ii,
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• ρi(χ̂) = χi[ωi/βi],

• ρi(σ̂) = σi[ωi/βi],

• ρi(q̂) = qi[ωi/βi], and

• (BW, (code[ζ, ε]{χ1;σ1}q1 .I1)[ω1/β1], (code[ζ, ε]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ

Hence, we know that R̂i(ρi(ui)) = `i[ωi] and Hi(`i) = code[βi, ζ, ε]{χi;σi}qi .Ii, and therefore

〈(Hi,Ri, Si) | Ei[(call ρi(ui) {ρi(σ0), qi}, ·)]〉 7−→1

〈(Hi,Ri, Si) | Ei[(Ii[ωi/βi][ρi(σ0)/ζ][qi/ε], ·)]〉

Therefore, it suffices to show that for i ∈ {1, 2}, either both configurations
〈Mi | Ei[(Ii[ωi/βi][ρi(σ0)/ζ][qi/ε], ·)]〉 terminate or both are running at W.k − 1.

We proceed by noting that from the premise ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε, by definition of
ret-addr-type, it must be that either q̂ = rra or q̂ = ira.

Further, we note that we have

(BW, (code[ζ, ε]{χ1;σ1}q1 .I1)[ω1/β1],

(code[ζ, ε]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ
≡ (BW, code[ζ, ε]{χ1[ω1/β1];σ1[ω1/β1]}q1[ω1/β1].I1[ω1/β1],

code[ζ, ε]{χ2[ω2/β2];σ2[ω2/β2]}q2[ω2/β2].I2[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ

≡ (BW, code[ζ, ε]{ρ1(χ̂); ρ1(σ̂)}ρ1(q̂).I1[ω1/β1],

code[ζ, ε]{ρ2(χ̂); ρ2(σ̂)}ρ2(q̂).I2[ω2/β2]) ∈ HVJ∀[ζ, ε].{χ̂; σ̂}q̂Kρ

Instantiate the latter with BW , ρ∗, τ , and σ̂′, where

ρ∗ = {ζ 7→ (ρ1(σ0), ρ2(σ0), ϕS), ε 7→ (q1,q2)} and

ϕS = {(W̃ ,S10� ,S20� )| W̃ w BW}

We note the following:

• We have BW w BW by reflexivity.

• Note that ρ∗ ∈ DJζ, εK, which follows by the definition of DJ·K and by applying Lemma 1.18 to
(BW,S10� ,S20� ) ∈ SJσ0Kρ.

• Let ρ′ = ρ ∪ ρ∗.
• Note that τ ; σ̂′ =ρ′ ret-type(q̂, χ̂, σ̂). This follows by applying the substitutions ρ′1 and ρ′2

to ret-type(q̂, χ̂, σ̂) = τ ; σ̂′, which in turn follows from the premise ret-addr-type(q̂, χ̂, σ̂) =
∀[].{r : τ ; σ̂′}ε.

• We claim that currentMR(W (ireg)) bBW RJχ̂Kρ′. (†)
To show this, consider arbitrary (W̃ ,M∗1 ,M

∗
2 ) ∈ currentMR(W (ireg)) such that W̃ w BW . We

must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ RJχ̂Kρ′

Instantiate currentMR(W (ireg)) bBW RJχKρ with (W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W (ireg)), noting

that W̃ w BW , which gives us (W̃ ,M∗1 ,M
∗
2 ) ∈ RJχKρ. Finally, by Lemma 1.19 (register-file

subtyping implies inclusion) applied to the premise ∆ ` χ ≤ χ̂[σ0/ζ][end{τ∗;σ∗}/ε] we have
that RJχKρ ⊆ RJχ̂[σ0/ζ][end{τ∗;σ∗}/ε]Kρ.

Therefore, it remains to show that RJχ̂[σ0/ζ][end{τ∗;σ∗}/ε]Kρ ⊆ RJχ̂Kρ′.
Next, we examine two cases based on the value of q̂:
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Case q̂ = ira Hence, from the premise ∆ ` χ̂ \ q̂, we have that ∆ ` χ̂. Therefore, note that

RJχ̂[σ0/ζ][end{τ∗;σ∗}/ε]Kρ ≡ RJχ̂Kρ since ζ, ε /∈ ftv(χ̂) ≡ RJχ̂Kρ′ by Lemma 1.13

which suffices to show what we needed.

Case q̂ = rra Hence, from the premise ∆ ` χ̂ \ q̂, we actually have that ∆ ` χ̂ \ rra.
Hence, it follows that RJ(χ̂[σ0/ζ][end{τ∗;σ∗}/ε]) \ rraKρ ≡ RJ(χ̂) \ rraKρ′.
Therefore, it remains to show the following for the remaining register rra, whose type by our
premises must be box∀[].{r : τ ; σ̂′}ε where ∆ ` τ :

RJrra : box∀[].{r : τ ; σ̂′[σ0/ζ]}ε[end{τ∗;σ∗}/ε]Kρ ⊆ RJrra : box∀[].{r : τ ; σ̂′}εKρ′

Therefore, we must show for arbitrary (W ∗,R∗1� ,R
∗
2� ) ∈ RJrra : box∀[].{r : τ ; σ̂′[σ0/ζ]}ε[end{τ∗;σ∗}/ε]Kρ

that (W ∗,R∗1� ,R
∗
2� ) ∈ RJrra : box∀[].{r : τ ; σ̂′}εKρ′. Hence, it suffices to show that

(W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Note, from our most recent assumption, we have

(W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′[σ0/ζ]}ε[end{τ∗;σ∗}/ε]Kρ. By substitution
(Lemmas 1.15 and 1.16), the latter is equivalent to (W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox∀[].{r : τ ; σ̂′}εKρ∗
where ρ∗ = ρ[ζ 7→ (ρ1(σ0), ρ2(σ0),SJσ0Kρ), ε 7→ (q1,q2)].

To show (W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox∀[].{r : τ ; σ̂′}εKρ′, consider arbitrary (W̃ ,M1,M2) ∈
currentMR(W ∗(ibox)) such that W̃ AW ∗.
Instantiating (W ∗,R∗1(rra),R∗2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ∗, we end up in a position
where we have to show that

HVJ∀[].{r : τ ; σ̂′}εKρ∗ ⊆ HVJ∀[].{r : τ ; σ̂′}εKρ′

The latter follows by expanding the definitions and noting that it suffices to prove the following
three facts:

– For any worldW ′, currentMR(W ′(ireg)) bW ′ RJr : τ Kρ′ implies currentMR(W ′(ireg)) bW ′
RJr : τ Kρ∗ since both are equal to currentMR(W ′(ireg)) bW ′ RJr : τ Kρ because ∆ ` τ .

– For any worldW ′, given that currentMR(W ′(istk)) bW ′ SJσ̂′Kρ′ we claim that currentMR(W ′(ireg)) bW ′
SJσ̂′Kρ∗.
Note that σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ, and from the premise ∆ ` σ̂′[σ0/ζ], we know that
ζ /∈ ftv(τ ′n) for n ∈ {0, . . . , k}. Therefore, it suffices to show that

SJζKρ′ ⊆ SJζKρ∗ ≡ ϕS ⊆ SJσ0Kρ

which is immediate from our choice of ϕS above.

– Finally, we note that τ∗;σ∗ =ρ′ ret-type(ε,{r : τ}, σ̂′). Therefore, note that EJε `
τ∗;σ∗Kρ∗ = EJend{τ∗;σ∗} ` τ∗;σ∗Kρ′ = EJend{τ∗;σ∗} ` τ∗;σ∗Kρ.

This completes our proof of the claim marked (†).
• Note that currentMR((BW )(ireg)) bBW RJχ̂Kρ′, which follows from currentMR(W (ireg)) bBW

RJχ̂K.

• We claim that currentMR(W (istk)) bBW SJσ̂Kρ′ (‡)
To show this, consider arbitrary (W̃ ,M∗1 ,M

∗
2 ) ∈ currentMR(W (istk)) such that W̃ w BW . We

must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ SJσ̂Kρ′.

Recall that above we had (BW,S1� ,S2� ) ∈ currentMR(W (istk)). Therefore, by definition of the
istk island, it must be that M∗1 = S1� and M∗2 = S2� . Hence, it remains for us to show:

(W̃ ,S1� ,S2� ) ∈ SJσ̂Kρ′
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where we recall that

S1 = w10 :: · · · :: w1j :: S10

S2 = w20 :: · · · :: w2j :: S20

σ̂ = τ0 :: · · · :: τj :: ζ

and ρ′ = ρ[ζ 7→ (ρ1(σ0), ρ2(σ0), ϕS), ε 7→ (q1,q2)]

with ϕS = {(W̃ ,S10� ,S20� )|W̃ w BW}.

Thus, to show (W̃ ,S1� ,S2� ) ∈ SJσ̂Kρ′, it suffices to show

– (W̃ ,w1n,w2n) ∈ WJτnKρ′ for n ∈ {0, . . . , j}, which follows from (BW,w1n,w2n) ∈ WJτnK
by monotonicity (Lemma 1.8).

– (W̃ ,S10,S20) ∈ SJζKρ′, which is immediate from SJζKρ′ = ϕS (by definition) and our choice
of ϕS above.

• Note that currentMR((BW )(istk)) bBW SJσ̂Kρ′, which follows from currentMR(W (istk)) bBW

SJσ̂Kρ′.

Hence, we can conclude that

(BW, (I1[ω1/β1][ρ1(σ0)/ζ][q1/ε], ·), (I2[ω2/β2][ρ2(σ0)/ζ][q2/ε], ·)) ∈ EJq̂ ` τ ; σ̂′Kρ′

Next, we instantiate the latter with E1 and E2, for which we need to show the following:

(BW,E1, E2) ∈ KJq̂ ` τ ; σ̂′Kρ′

Consider arbitrary W ′, q̂′, r1, r2 such that

1. W ′ wpub BW ,

2. (q̂ =ρ′ q̂′ =ρ′ end{τ̂ ; σ̂′}) ∨
(∃r0.q̂′ = r0 ∧ ret-addr1(BW,ρ′1(q̂)) = W ′.R1(r0) ∧ ret-addr2(BW,ρ′2(q̂)) = W ′.R2(r0) ∧

ret-reg1(W ′, r0) = r1 ∧ ret-reg2(W ′, r0) = r2)

3. (BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτ Kρ′

4. currentMR(W ′(istk)) bW ′ SJσ̂′Kρ′

We are required to show

(W ′, E1[(ret ρ1(q̂′) {r1}, ·)], E2[(ret ρ2(q̂′) {r2}, ·)]) ∈ O

Next, we collect some facts before we proceed:

• Note that from assumption (4) above, it follows that BW ′ is defined, which means that W ′.k > 0.

• Recall from above that either q̂ = rra or q̂ = ira. This fact lets us refine (3) above—that is, since
q̂ 6=ρ′ end{τ̂ ; σ̂′}, we know that

∃r0.q̂′ = r0 ∧ ret-addr1(BW,ρ′1(q̂)) = W ′.R1(r0) ∧ ret-addr2(BW,ρ′2(q̂)) = W ′.R2(r0)) ∧
ret-reg1(W ′, r0)) = r1 ∧ ret-reg2(W ′, r0)) = r2)

Hence, ρi(q̂
′) = ρi(r0) = r0. Therefore, it suffices to show

(W ′, E1[(ret r0 {r1}, ·)], E2[(ret r0 {r2}, ·)]) ∈ O

Consider arbitrary (M ′1,M
′
2) : W ′. We must show that for i ∈ {1, 2}, either both configurations

〈M ′i | Ei[(ret r0 {ri}, ·)]〉 terminate or both are running at W ′.k.

Next, we establish that (BW,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′ by considering the
two cases of q̂:
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Case q̂ = rra: Hence, by the definition of ret-addr-type we have

ret-addr-type(q̂, χ̂, σ̂)= ret-addr-type(rra, χ̂, σ̂)

= ∀[].{r : τ ; σ̂′}ε where χ̂(rra) = box ∀[].{r : τ ; σ̂′}ε

Since (BW,R1 � ,R2 � ) ∈ currentMR(W (ireg)) (from above) and currentMR(W (ireg)) bBW

RJχ̂Kρ′ († from above), it follows that (BW,R1 � ,R2 � ) ∈ RJχ̂Kρ′. From the latter, since
rra : box ∀[].{r : τ ; σ̂′}ε ∈ χ̂, we have

(BW,R1(rra),R2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Since Ri = W.Ri = BW.Ri, the above is equivalent to

(BW,BW.R1(rra),BW.R2(rra)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Moreover, note that we have the following equalities

ret-addri(BW, q̂)

= ret-addri(BW, rra) since q̂ = rra

= (BW ).Ri(rra) by definition of ret-addri

= W ′.Ri(r0) since ret-addri(BW, q̂) = W ′.Ri(r0)

Hence, we have

(BW,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Case q̂ = ira: Hence, by the definition of ret-addr-type we have

ret-addr-type(q̂, χ̂, σ̂)= ret-addr-type(ira, χ̂, σ̂)

= ∀[].{r : τ ; σ̂′}ε where σ̂(ira) = box ∀[].{r : τ ; σ̂′}ε

Since (BW,S1� ,S2� ) ∈ currentMR(W (istk)) (from above) and currentMR(W (istk)) bBW SJσ̂Kρ′
(‡ from above), it follows that (BW,S1� ,S2� ) ∈ SJσ̂Kρ′. From the latter, since ira : box ∀[].{r : τ ; σ̂′}ε ∈
σ̂, we have

(BW,S1(ira),S2(ira)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Since Si = W.Si = BW.Si, the above is equivalent to

(BW,BW.S1(ira),BW.S2(ira)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Moreover, note that we have the following equalities

ret-addri(BW, q̂)

= ret-addri(BW, ira) since q̂ = ira

= (BW ).Si(ira) by definition of ret-addri

= W ′.Ri(r0) since ret-addri(BW, q̂) = W ′.Ri(r0)

Hence, we have

(BW,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.

Since W ′ w BW , by monotonicity we have

(W ′,W ′.R1(r0),W ′.R2(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′.
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From the above, we have that W ′.Ψ1; · ` W ′.R1(r0) : ρ′1(box ∀[].{r : τ ; σ̂′}ε) and W ′.Ψ2; · `
W ′.R2(r0) : ρ′2(box ∀[].{r : τ ; σ̂′}ε). These facts put together with W ′ ∈World and ret-reg1(W ′, r0)
allow us to conclude r = r1 = r2.

Next, let M ′i = (H′i,R
′
i, S
′
i).

From (M ′1,M
′
2) : W ′, since W ′.k > 0, we have (BW ′,M ′1,M

′
2) ∈

⊗
{ currentMR(θ) | θ ∈ W ′.Θ }.

From the latter, we have three facts, one each for islands ireg, istk, and ibox.

First, we have that (BW ′,R′1� ,R
′
2� ) ∈ currentMR(W ′(ireg)). From the latter it follows that

R′i = W ′.Ri and, hence, we have (BW ′,R′1(r0),R′1(r0)) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′. From the

latter, it must be that R′i(r0) = `′i[ω
′
i ].

Second, we have (BW ′,S′1 � ,S
′
2 � ) ∈ currentMR(W ′(istk)). Hence, we can instantiate assumption

(5) from above, i.e., currentMR(W ′(istk)) bW ′ SJσ̂′Kρ′, with (BW ′,S′1 � ,S
′
2 � ), noting BW ′ w W ′

(by Lemma 1.6), which allows us to conclude that (BW ′,S′1 � ,S
′
2 � ) ∈ SJσ̂′Kρ′. From the premise

σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ, it follows that S′1 = w′10 :: · · · :: w′1k :: S′10, S′2 = w′20 :: · · · :: w′2l :: S′20,
(BW ′,w′1n,w

′
2n) ∈ WJτ ′nKρ′ for n ∈ {0, . . . , k}, and (BW ′,S′10� ,S

′
20� ) ∈ SJζKρ′. From the latter,

since SJζKρ′ = ϕS , it follows that S′10 = S10 and S′20 = S20.

Third, we have that there exist some H′b1 ⊆ H′1 and H′b2 ⊆ H′2 such that (BW ′,H′b1 � ,H
′
b2 � ) ∈

currentMR(W ′(ibox)).

Instantiate (W ′, `′1[ω′1], `′1[ω′1]) ∈ WJbox ∀[].{r : τ ; σ̂′}εKρ′ with (BW ′,H′b1� ,H
′
b2� ) ∈ currentMR(W ′(ibox)),

noting that BW ′ AW ′ by Lemma 1.6. Hence, we have that

• H′bi(`
′
i) = code[β′i ]{χ′i;σ′i}q

′
i .I′i,

• ρ′i(r : τ ) = χ′i[ω
′
i/β
′
i ],

• ρ′i(σ̂′) = σ′i [ω
′
i/β
′
i ],

• ρ′i(ε) = q′i[ω
′
i/β
′
i ], and

• (BW ′, (code[]{χ′1;σ′1}q
′
1 .I′1)[ω′1/β

′
1], (code[]{χ′2;σ′2}q

′
2 .I′2)[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

Hence, we know that R̂′i(r0) = `′i[ω
′
i ] and H′i(`

′
i) = code[β′i ]{χ′i;σ′i}q

′
i .I′i, and therefore

〈(H′i,R′i, S′i) | Ei[(ret r0 {ri}, ·)]〉 7−→1 〈(H′i,R′i, S′i) | Ei[(I′i[ω′i/β′i ], ·)]〉

Therefore, it suffices to show that for i ∈ {1, 2}, either both configurations
〈M ′i | Ei[(I′i[ω′i/β′i ], ·)]〉 terminate or both are running at W ′.k − 1.

We proceed by noting that

(BW ′, (code[]{χ′1;σ′1}q
′
1 .I′1)[ω′1/β

′
1], (code[]{χ′2;σ′2}q

′
2 .I′2)[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

≡ (BW ′, code[]{χ′1[ω′1/β
′
1];σ′1[ω′1/β

′
1]}q′1[ω′1/β′1].I′1[ω′1/β

′
1],

code[]{χ′2[ω′2/β
′
2];σ′2[ω′2/β

′
2]}q′2[ω′2/β′2].I′2[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

≡ (BW ′, code[]{ρ′1(r : τ ); ρ′1(σ̂′)}ρ
′
1(ε).I′1[ω′1/β

′
1],

code[]{ρ′2(r : τ ); ρ′2(σ̂′)}ρ
′
2(ε).I′2[ω′2/β

′
2]) ∈ HVJ∀[].{r : τ ; σ̂′}εKρ′

Instantiate the latter with BW ′, ∅ ∈ DJ·K, τ∗, and σ∗.

We note the following:

• We have BW ′ w BW ′ by reflexivity.

• We claim that τ∗;σ∗ =ρ′ ret-type(ε,{r : τ}, σ̂′). It suffices to show for i ∈ {1, 2}:

ρ′i(τ
∗); ρ′i(σ

∗) = ret-type(ρ′i(ε), ρ
′
i({r : τ}), ρ′i(σ̂′))

≡ ρ′i(τ∗); ρ′i(σ∗) = ret-type(ρ′i(end{τ∗;σ∗}), ρ′i({r : τ}), ρ′i(τ0 :: · · · :: τj :: ζ))

Note that FTV (τ∗;σ∗) ⊆∆.
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• We claim that currentMR((BW ′)(ireg)) bBW ′ RJr : τ Kρ′.

To show this, consider arbitrary (W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR((BW ′)(ireg)) such that W̃ w BW ′.

We must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ RJr : τ Kρ′

Note that since W ′.k > 0 (from above), (BW ′).k = W ′.k − 1 and therefore

currentMR((BW ′)(ireg)) = bcurrentMR(W ′(ireg))cW ′.k−1 ⊆ currentMR(W ′(ireg))

Thus,(W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W ′(ireg)). Moreover, since we already have (BW ′,R′1� ,R

′
2� ) ∈

currentMR(W ′(ireg)), by the definition of island ireg, it must be that M∗i = R′i. Therefore, we
are required to show

(W̃ ,R′1� ,R
′
2� ) ∈ RJr : τ Kρ′.

It suffices to show
(W̃ ,R′1(r),R′2(r)) ∈ WJτ Kρ′

which follows by monotonicity (Lemma 1.8) from our earlier assumption (4), namely
(BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτ Kρ′ since r = r1 = r2 (from above) and since W ′.R1 = R′1
and W ′.R2 = R′2.

• We claim that currentMR((BW ′)(istk)) bBW ′ SJσ̂′Kρ′.
To show this, consider arbitrary (W̃ ,M∗1 ,M

∗
2 ) ∈ currentMR((BW ′)(istk)) such that W̃ w BW ′.

We must show that
(W̃ ,M∗1 ,M

∗
2 ) ∈ SJσ̂′Kρ′.

Note that since W ′.k > 0 (from above), (BW ).k = W.k − 1 and therefore

currentMR((BW ′)(istk)) = bcurrentMR(W ′(istk))cW ′.k−1 ⊆ currentMR(W ′(istk))

Thus,(W̃ ,M∗1 ,M
∗
2 ) ∈ currentMR(W ′(istk)). Moreover, since we already have (BW ′,S′1� ,S

′
2� ) ∈

currentMR(W ′(istk)), by the definition of island istk, it must be that M∗i = S′i. Therefore, we are
required to show

(W̃ ,S′1� ,S
′
2� ) ∈ SJσ̂′Kρ′.

Since σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ, with S′1 = w′10 :: · · · :: w′1k :: S′10 and S′2 = w′20 :: · · · :: w′2l :: S′20,
the above follows from

– (W̃ ,w′1n,w
′
2n) ∈ WJτ ′nKρ′ for n ∈ {0, . . . , k}, which follow by monotonicity (Lemma 1.8)

from (BW ′,w′1n,w
′
2n) ∈ WJτ ′nKρ′, and

– (W̃ ,S′10� ,S
′
20� ) ∈ SJζKρ′, which follows from SJζKρ′ = ϕS and the definition of ϕS since

S′10 = S10 and S′20 = S20.

Hence, we can conclude that

(BW ′, (I′1[ω′1/β
′
1], ·), (I′2[ω′2/β

′
2], ·)) ∈ EJε ` τr;σrKρ′

By Lemma 1.16, and noting that FTV (τ∗;σ∗) ⊆∆ we have

(BW ′, (I′1[ω′1/β
′
1], ·), (I′2[ω′2/β

′
2], ·)) ∈ EJend{τ∗;σ∗} ` τ∗;σ∗Kρ. (19)

Near the beginning of this proof, we had assumed (W,E1, E2) ∈ KJend{τ∗;σ∗} ` τ∗;σ∗Kρ. We now
apply Lemma 1.10 (monotonicity for evaluation contexts) to (W,E1, E2) ∈ KJend{τ∗;σ∗} ` τ∗;σ∗Kρ,
noting the following:

• BW ′ wpub W , which follows by transitivity of wpub and the following BW ′ wpub W ′ wpub

BW wpub W (which we have from above and from Lemma 1.6).

• end{τ∗;σ∗} =ρ end{τ∗;σ∗}.
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Hence, we have that (BW ′, E1, E2) ∈ KJend{τ∗;σ∗} ` τ∗;σ∗Kρ.

Instantiating 19 with the above, we have (BW ′, E1[(I′1[ω′1/β
′
1], ·)], E2[(I′2[ω′2/β

′
2], ·)]) ∈ O.

By instantiating the latter withM ′1 andM ′2, noting (M ′1,M
′
2) : BW ′, we have that 〈M ′1 | E1[(I′1[ω′1/β

′
1], ·)]〉

and 〈M ′2 | E2[(I′2[ω′2/β
′
2], ·)]〉 either both terminate or both are running at W ′.k − 1, which gives us

what we needed to show.

Hence, we conclude that

(BW,E1[(I1[ω1/β1][ρ1(σ0)/ζ][q1/ε], ·)], E2[(I2[ω2/β2][ρ2(σ0)/ζ][q2/ε], ·)]) ∈ O

Now instantiate the above with M1 and M2, noting that we have (M1,M2) : BW by Lemma 1.6 since
(M1,M2) : W . Hence, we have that for i ∈ {1, 2}, either both configurations 〈Mi | E1[(Ii[ωi/βi][ρi(σ0)/ζ][qi/ε], ·)]〉
terminate or both are running at W.k − 1, which is exactly what we needed to show!

82



2 Functional language: F

2.1 Syntax and Semantics

τ ::= α | unit | int | (τ )→ τ | µα.τ | 〈τ 〉
e ::= t

t ::= x | () | n | t p t | if0 t t t | λ(x : τ ).t | t t | foldµα.τ t | unfold t | 〈t〉 | πi(t)

p ::= + | − | ∗
v ::= () | n | λ(x : τ ).t | foldµα.τ v | 〈v〉
E ::= [·] | E p t | v p E | if0 E t t | E t | v v E t | foldµα.τ E | unfold E | 〈v,E, t〉 | πi(E)

∆ ::= · | ∆, α

Γ ::= · | Γ, x : τ

2.1.1 Well-Formed Type ∆ ` τ

α ∈ ∆

∆ ` α ∆ ` unit ∆ ` int

∆ ` τ ∆ ` τ ′

∆ ` (τ )→ τ ′
∆, α ` τ

∆ ` µα.τ
∆ ` τ1 · · · ∆ ` τn

∆ ` 〈τ1, . . . , τn〉

2.1.2 Well-Formed Type Environment ` Γ

` ·
` Γ · ` τ
` Γ, x : τ

2.1.3 Well-Typed Component Γ ` e : τ

x : τ ∈ Γ

Γ ` x : τ Γ ` () : unit Γ ` n : int

Γ ` t1 : int Γ ` t2 : int

Γ ` t1 p t2 : int

Γ ` t1 : int Γ ` t2 : τ Γ ` t3 : τ

Γ ` if0 t1 t2 t3 : τ

Γ, x : τ ` t : τ ′

Γ ` λ(x : τ ).t : (τ )→ τ ′
Γ ` t0 : (τ1)→ τ2 Γ ` t : τ1

Γ ` t0 t : τ2

Γ ` t : τ [µα.τ/α]

Γ ` foldµα.τ t :µα.τ

Γ ` t :µα.τ

Γ ` unfold t : τ [µα.τ/α]

Γ ` t1 : τ1 · · · Γ ` tn : τn

Γ ` 〈t1, . . . , tn〉 : 〈τ1, . . . , τn〉

Γ ` t : 〈τ1, . . . , τn〉
Γ ` πi(t) : τi

2.1.4 Reduction Relation e 7−→ e′

E[n1 p n2] 7−→ E[prim(p, n1, n2)]

E[if0 0 t1 t2] 7−→ E[t1]

E[if0 n t1 t2] 7−→ E[t2] n 6= 0

E[λ(x : τ ).t v] 7−→ E[t[v/x]]

E[unfold (foldµα.τ v)] 7−→ E[v]

E[πi(〈v1, . . . , vn〉)] 7−→ E[vi]
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3 Multi-Language: F+T

3.1 Syntax and Semantics

τ ::= · · · | (τ )
φ;φ
−→ τ ′

t ::= · · · | τFT e | λφφ(x : τ ).t | t t′

v ::= · · · | λφφ(x : τ ).t

E ::= · · · | τFT E

q ::= · · · | out

ι ::= · · · | protect φ, ζ | import rd,
σT Fτ e

EI ::= · · · | import rd,
σT Fτ E; I

φ ::= · | τ :: φ

σ ::= ζ | • | φ :: σ

τ ::= τ | τ
e ::= e | e

v ::= v | v

E ::= E | E

∆ ::= · | ∆,α | ∆,α | ∆, ζ | ∆, ε

3.1.1 Boundary Type Translation

αT = α

unitT = unit µα.τT = µα.(τT )

intT = int 〈τ1, . . . , τn〉T = box 〈τ1
T , . . . , τn

T 〉
(τ1, . . . , τn)→ τ ′T = box ∀[ζ, ε].{ra : ∀[].{r1 : τ ′T ; ζ}ε;σ′}ra

where σ′ = τn
T :: · · · :: τ1

T :: ζ

(τ1, . . . , τn)
φi;φo−→ τ ′T = box∀[ζ, ε].{ra : ∀[].{r1 : τ ′T ;φo :: ζ}ε;σ′}ra

where σ′ = τn
T :: · · · :: τ1

T :: φi :: ζ

NOTE: FT inherits any judgments of F or T not mentioned here explicitly.

3.1.2 Well-Typed Heap Value Ψ ` h :νψ

· ` ∀[∆].{χ;σ}q Ψ; ∆; ·;χ;σ; q ` I

Ψ ` code[∆]{χ;σ}q.I : box∀[∆].{χ;σ}q
Ψ; · ` w0 : τ0 · · · Ψ; · ` wn : τn

Ψ ` 〈w0, . . . ,wn〉 :ν〈τ0, . . . , τn〉

3.1.3 Well-Typed Instruction Sequence Ψ; ∆; Γ;χ;σ; q ` I

To the corresponding rules of T, amend the side-condition to forbid q = out as well as q = ε and add the
environment Γ. We also add the following rule, which allows Tcode to protect the tail of a stack and get a
name for the abstract tail.

σ = φ :: σ0 σ′ = φ :: ζ Ψ; ∆, ζ; Γ;χ;σ′; q ` I

Ψ; ∆; Γ;χ;σ; q ` protect φ, ζ; I

3.1.4 Well-Typed Instruction Ψ; ∆; Γ;χ;σ; q ` ι⇒∆′;χ′;σ′; q′

To the corresponding rules of T, amend the side-condition to forbid q = out as well as q = ε, add the
environment Γ, and add the following rules:

84



σ = τ0 :: · · · :: τj :: σ0 σ′ = τ ′0 :: · · · :: τ ′k :: σ0

Ψ; ∆, ζ; Γ;χ; (τ0 :: · · · :: τj :: ζ); out ` e : τ ; (τ ′0 :: · · · :: τ ′k :: ζ) q = i > j or q = end{τ̂ ; σ̂}
Ψ; ∆; Γ;χ;σ; q ` import rd,

σ0T Fτ e⇒∆; (rd : τT );σ′; inc(q,k−j)

3.1.5 Well-Typed Component Ψ; ∆; Γ;χ;σ; q ` e : τ ;σ′

To the corresponding rules of T, add the environment Γ and add the following rules:

x : τ ∈ Γ

Ψ; ∆; Γ;χ;σ; out ` x : τ ;σ Ψ; ∆; Γ;χ;σ; out ` () : unit;σ Ψ; ∆; Γ;χ;σ; out ` n : int;σ

Ψ; ∆; Γ;χ;σ0; out ` t1 : int;σ1 Ψ; ∆; Γ;χ;σ1; out ` t2 : int;σ2

Ψ; ∆; Γ;χ;σ0; out ` t1 p t2 : int;σ2

Ψ; ∆; Γ;χ;σ0; out ` t1 : int;σ1 Ψ; ∆; Γ;χ;σ1; out ` t2 : τ ;σ2 Ψ; ∆; Γ;χ;σ1; out ` t3 : τ ;σ2

Ψ; ∆; Γ;χ;σ0; out ` if0 t1 t2 t3 : τ ;σ2

Ψ; ∆, ζ; Γ, x : τ ;χ; ζ; out ` t : τ ′; ζ

Ψ; ∆; Γ;χ;σ; out ` λ(x : τ ).t : (τ )→ τ ′;σ

Ψ; ∆, ζ; Γ, x : τ ;χ;φi :: ζ; out ` t : τ ′;φo :: ζ

Ψ; ∆; Γ;χ;σ; out ` λφi

φo
(x : τ ).t : (τ )

φi;φo−→ τ ′;σ

Ψ; ∆; Γ;χ;σ; out ` t : (τ1 · · · τn)→ τ ′;σ0 Ψ; ∆; Γ;χ;σi−1; out ` ti : τi;σi

Ψ; ∆; Γ;χ;σ; out ` t t1 · · · tn : τ ′;σn

Ψ; ∆; Γ;χ;σ; out ` t : (τ1 · · · τn)
φi;φo−→ τ ′;σ0

Ψ; ∆; Γ;χ;σi−1; out ` ti : τi;σi σn = φi :: σ̂ σ′ = φo :: σ̂′

Ψ; ∆; Γ;χ;σ; out ` t t1 · · · tn : τ ′;σ′

Ψ; ∆; Γ;χ;σ0; out ` t : τ [µα.τ/α];σ1

Ψ; ∆; Γ;χ;σ0; out ` foldµα.τ t :µα.τ ;σ1

Ψ; ∆; Γ;χ;σ0; out ` t :µα.τ ;σ1

Ψ; ∆; Γ;χ;σ0; out ` unfold t : τ [µα.τ/α];σ1

Ψ; ∆; Γ;χ;σ0; out ` t1 : τ1;σ1 · · · Ψ; ∆; Γ;χ;σn−1; out ` tn : τn;σn

Ψ; ∆; Γ;χ;σ0; out ` 〈t1, . . . , tn〉 : 〈τ1, . . . , τn〉;σn

Ψ; ∆; Γ;χ;σ0; out ` t : 〈τ1, . . . , τn〉;σ1

Ψ; ∆; Γ;χ;σ0; out ` πi(t) : τi;σ1

Ψ; ∆; Γ; ·;σ; end{τT ;σ′} ` e : τT ;σ′

Ψ; ∆; Γ;χ;σ; out ` τFT e : τ ;σ′
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3.1.6 Value Translation

TFunit((),M) = ((),M)

TFint(n,M) = (n,M)

TFµα.τ (foldµα.τ v,M) = (foldµα.τT v,M′) where TFτ [µα.τ/α](v,M) = (v,M′)

TF(τ)→ τ ′(λ(x : τ ).t,M) = (`, (M, ` 7→ h))

where h = code[ζ, ε]{ra : ∀[].{r1 : τ ′T ; ζ}ε; τT :: ζ}ra.
salloc 1; sst 0, ra; import r1,

ζT Fτ ′ e; sld ra, 0; sfreen+1; ret ra {r1}
e = (λ(x : τ ).t)τFT ((sld r1, n+1−i; ret end{τT ;σ} {r1}), ·)
σ = ∀[].{r1 : τ ′T ; ζ}ε :: τT :: ζ

TF(τ)
φi;φo−→ τ ′(λ

φi

φo
(x : τ ).t,M) = (`, (M, ` 7→ h))

where h = code[ζ, ε]{ra : ∀[].{r1 : τ ′T ;φo :: ζ}ε; τT :: φi :: ζ}ra.
salloc 1+|φi|; sst |φi|, ra;
sld r1, |φi|+ n; sst 1, r1; ...; sld r1, |φi|+ n + |φi| − 1; sst |φi|, r1;
import r1,

ζT Fτ ′ e;

sld ra, |φo|;
sld r2, |φo|−1; sst |φo|+n+|φi| − 1, r2; ...; sld r2, 0; sst |φo|+n+|φi|−|prefo|, r2;
sfreen+|φo|+1; ret ra {r1}

e = (λ
φi

φo
(x : τ ).t)τ1FT ((sld r1, |φi|+ n; ret end{τ1

T ;σ} {r1}), ·)
...
τnFT ((sld r1, |φi|+ 1; ret end{τn

T ;σ} {r1}), ·)
σ = ∀[].{r1 : τ ′T ; ζ}ε :: τT :: φi :: ζ

TF〈τ1, . . . , τn〉(〈v0, . . . , vn〉,M) = (`, (Mn+1, ` 7→ 〈w0, . . . ,wn〉)) M0 = M, and TFτi(vi,Mi) = (wi,Mi+1)

unitFT((),M) = ((),M)
intFT(n,M) = (n,M)
µα.τFT(foldµα.τT w) = (foldµα.τ v,M′) where τ [µα.τ/α]FT(w,M) = (v,M′)
(τn)→ τ ′FT(w,M) = (v, (M, `end 7→ hend))

where v = λ(xn : τn).
τ ′FT (protect ·, ζ; import r1, ζT Fτ1 x1; salloc 1; sst 0, r1; . . . ;

(import r1, ζT Fτn xn; salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmpw[ζ][end{τ ′T ; ζ}]), ·)
hend = code[ζ]{r1 : τ ′T ; ζ}end{τ ′T ; ζ}.ret end{τ ′T ; ζ} {r1}

(τn)
φi;φo−→ τ ′FT(w,M) = (v, (M, `end 7→ hend))

where v = λ
φi

φo
(xn : τn).

τ ′FT (protect φi, ζ; import r1, ζT Fτ1 x1; salloc 1; sst 0, r1; . . . ;

(import r1, ζT Fτn xn; salloc 1; sst 0, r1;

mv ra, `end[φo :: ζ]; jmpw[ζ][end{τ ′T ;φo :: ζ}]), ·)
hend = code[ζ]{r1 : τ ′T ; ζ}end{τ ′T ; ζ}.ret end{τ ′T ; ζ} {r1}

〈τ0, . . . , τn〉FT(`,M) = (〈v0, . . . , vn〉,Mn+1) where M(`) = 〈w0, . . . ,wn〉,
M0 = M, and τiFT(wi,Mi) = (vi,Mi+1)
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3.1.7 Reduction Relation 〈M | e〉 7−→ 〈M′ | e′〉

Lift the individual language reduction relations to obtain a multilanguage reduction relation, noting that the
contexts are untyped, as for T, we may reach intermediate states with different types and return markers q.
This means that a proof of type safety would not be possible using progress and preservation, and we would
instead have to use a unary logical relation in the style of [1]. We have not done this, but do not anticipate
any problems, since the form of this logical relation would be a special case of the binary logical relation for
equivalence that we have used.

e 7−→ e′

〈M | E[e]〉 7−→ 〈M | E[e′]〉
〈M | e〉 7−→ 〈M′ | e′〉

〈M | E[e]〉 7−→ 〈M′ | E[e′]〉

Add the reduction rules for boundaries:

〈M | E[τFT (ret end{τT ;σ} {r}, ·)]〉 7−→ 〈M′ | E[v]〉 if τFT(M.R(r),M) = (v,M′)

〈M | E[(import rd,
σ′T Fτ v; I, ·)]〉 7−→ 〈M′ | E[(mv rd,w; I, ·)]〉 if TFτ (v,M) = (w,M′)

Finally, add beta reduction for the new lambda form, which is identical to normal beta reduction:

〈M | E[(λ
φi

φo
(x : τ ).t) t′]〉 7−→ 〈M | E[t[t′/x]]〉

3.1.8 Reduction Relation 〈M | I〉 7−→ 〈M′ | I ′〉

Add instruction reduction for stack protection, which has no operational consequence:

〈(H,R, S) | protect φ, ζ; I〉−→〈(H,R, S) | I〉
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3.2 General Contexts and Contextual Equivalence

C ::= [·] | C p t | t p C | if0 C t t

| if0 t C t | if0 t t C | λ(x : τ ).C

| λφi

φo
(x : τ ).C | C t | t t C t

| foldµα.τ C | unfold C | 〈t,C, t〉
| πi(C) | τFT C

C ::= (CI,H) | (I,CH)

CI ::= [·] | import rd,
σT Fτ C; I | ι; CI

CH ::= CH, ` 7→ h | H, ` 7→ code[∆]{χ;σ}q.CI

C ::= C | C

3.2.1 Plug Function C[e]

[·][e] = e

(C p t)[e] = (C[e]) p t

(t p C)[e] = t p (C[e])

(if0 C t1 t2)[e] = if0 (C[e]) t1 t2

(if0 t0 C t2)[e] = if0 t0 (C[e]) t2

(if0 t0 t1 C)[e] = if0 t0 t1 (C[e])

(λ(x : τ ).C)[e] = λ(x : τ ).(C[e])

(λ
φi

φo
(x : τ ).C)[e] = λ

φi

φo
(x : τ ).(C[e])

(C t)[e] = (C[e]) t

(t′ t C t)[e] = t′ t (C[e]) t

(foldµα.τ C)[e] = foldµα.τ (C[e])

(unfold C)[e] = unfold (C[e])

(〈t,C, t′〉)[e] = 〈t, (C[e]), t′〉
(πi(C))[e] = πi(C[e])

(τFT C)[e] = τFT (C[e])

(CI,H)[e] =

{
(CI[I], (H,H′)) e = (I,H′) ∧CI contains no language boundaries

(CI[e],H) otherwise

(I,CH)[e] =

{
(I, (CH[I],H′)) e = (I,H′) ∧CH contains no language boundaries

(I,CH[e]) otherwise

[·][I] = I

(import rd,
σT Fτ C; I)[e] = import rd,

σT Fτ (C[e]); I

(ι; CI)[e] = ι; CI[e]

(CH, ` 7→ h)[e] = (CH[e]), ` 7→ h

(H, ` 7→ code[∆]{χ;σ}q.CI)[e] = H, ` 7→ code[∆]{χ;σ}q.(CI[e])
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3.2.2 Well-Typed Context ` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; q′ ` τ ′;σ1)

Ψ ⊆ Ψ′ ∆ ⊆∆′ Γ ⊆ Γ′ ∆ ` χ′ ≤ χ
` [·] : (Ψ; ∆; Γ;χ;σ; out ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ; out ` τ ;σ′)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` int;σ1) Ψ′; ∆′; Γ′;χ′;σ1; out ` t : int;σ2

` C p t : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` int;σ2)

Ψ′; ∆′; Γ′; ·;σ0; out ` t : int;σ1 ` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ1; out ` int;σ2)

` t p C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` int;σ2)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` int;σ1)
Ψ′; ∆′; Γ′;χ′;σ1; out ` t1 : τ ;σ2 Ψ′; ∆′; Γ′;χ′;σ1; out ` t2 : τ ;σ2

` if0 C t1 t2 : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ;σ2)

Ψ′; ∆′; Γ′;χ′;σ0; out ` t0 : int;σ1

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ1; out ` τ ;σ2) Ψ′; ∆′; Γ′;χ′;σ1; out ` t2 : τ ;σ2

` if0 t0 C t2 : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ;σ2)

Ψ′; ∆′; Γ′;χ′;σ0; out ` t0 : int;σ1

Ψ′; ∆′; Γ′;χ′;σ1; out ` t1 : τ ;σ2 ` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ1; out ` τ ;σ2)

` if0 t0 t1 C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ;σ2)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; (∆′, ζ); (Γ′, x : τ );χ′; ζ; out ` τ ′; ζ)

` λ(x : τ ).C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` (τ )→ τ ′;σ0)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; (∆′, ζ); (Γ′, x : τ );χ′;φi :: ζ; out ` τ ′;φo :: ζ)

` λφi

φo
(x : τ ).C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` (τ )

φi;φo−→ τ ′;σ0)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` (τ1, . . . , τn)→ τ ′;σ0)
Ψ′; ∆′; Γ′;χ′;σi−1; out ` ti : τi;σi

` C t1 · · · tn : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ;σn)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` (τ1, . . . , τn)
φi;φo−→ τ ′;σ0)

Ψ′; ∆′; Γ′;χ′;σi−1; out ` ti : τi;σi σn = φi :: σ̂ σ′ = φo :: σ̂

` C t1 · · · tn : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ;σ′)

Ψ′; ∆′; Γ′;χ′;σ0; out ` t : (τ1, . . . , τn)→ τ ′;σ0

Ψ′; ∆′; Γ′;χ′;σ0; out ` t1 : τ1;σ1 · · · Ψ′; ∆′; Γ′;χ′;σi−1; out ` ti : τi;σi

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σi; out ` τi+1;σi+1)
Ψ′; ∆′; Γ′;χ′;σi+1; out ` ti+2 : τi+2;σi+2 · · · Ψ′; ∆′; Γ′;χ′;σn−1; out ` tn : τn;σn

` t t1 · · · ti C ti+2 · · · tn : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ′;σn)

Ψ′; ∆′; Γ′;χ′;σ0; out ` t : (τ1, . . . , τn)
φi;φo−→ τ ′;σ0

Ψ′; ∆′; Γ′;χ′;σ0; out ` t1 : τ1;σ1 · · · Ψ′; ∆′; Γ′;χ′;σi−1; out ` ti : τi;σi

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σi; out ` τi+1;σi+1)
Ψ′; ∆′; Γ′;χ′;σi+1; out ` ti+2 : τi+2;σi+2

· · · Ψ′; ∆′; Γ′;χ′;σn−1; out ` tn : τn;σn σn = φi :: σ̂ σ′ = φo :: σ̂

` t t1 · · · ti C ti+2 · · · tn : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ′;σ′)
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` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ [µα.τ/α];σ1)

` foldµα.τ C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` µα.τ ;σ1)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` µα.τ ;σ1)

` unfold C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ [µα.τ/α];σ1)

Ψ′; ∆′Γ′;χ′;σ0; out ` t1 : τ1;σ1 · · · Ψ′; ∆′; Γ′;χ′;σi−1; out ` ti : τi;σi

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σi; out ` τi+1;σi+1)
Ψ′; ∆′; Γ′;χ′;σi+1; out ` ti+2 : τi+2;σi+2 · · · Ψ′; ∆′; Γ′;χ′;σn−1; out ` tn : τn;σn

` 〈t1, . . . , ti,C, ti+2, . . . , tn〉 : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` 〈τ1, . . . , τn〉;σn)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` 〈τ1, . . . , τn〉;σ1)

` πi(C) : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τi;σ1)

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; end{τT ;σ1} ` τT ;σ1)

` τFT C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; out ` τ ;σ1)

Ψ′ ` H : Ψ
ret-type(q′,χ′,σ0) = τ ;σ1 ` CI : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) ((Ψ′,Ψ); ∆′; Γ′;χ′;σ0; q′)

` (CI,H) : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; q′ ` τ ;σ1)

` CH : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′ ` Ψ)
ret-type(q′,χ′,σ0) = τ ;σ1 (Ψ′,Ψ); ∆′; Γ′;χ′;σ0; q′ ` I

` (I,CH) : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; q′ ` τ ;σ1)

Ψ ⊆ Ψ′ ∆ ⊆∆′ Γ ⊆ Γ′ ∆ ` χ′ ≤ χ ret-type(q,χ,σ) = τ ;σ′

` [·] : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ; q)

Ψ′; ∆′; Γ′;χ′;σ0; q′ ` ι⇒∆′′;χ′′;σ1; q′′ ` CI : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′′; Γ′;χ′′;σ1; q′′)

` ι; CI : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; q′)

σ0 = τ0 :: . . . :: τj :: σ′′

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; (∆′, ζ); Γ′;χ′; τ0 :: . . . :: τj :: ζ; out ` τ ; τ ′0 :: . . . :: τ ′k :: ζ)

q′ = i > j or q′ = end{τ̂ ; σ̂} Ψ′; ∆′; Γ′; (rd : τT ); τ ′0 :: . . . :: τ ′k :: σ′′; inc(q′,k−j) ` I

` (import rd,
σ′′T Fτ C); I : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; q′)

H = `1 7→ h1, . . . , `n 7→ hn H′ = `′1 7→ h′1, . . . , `
′
m 7→ h′n

Ψ1 = {`1 :ψ1, . . . , `n :ψn, ` : ∀[∆′].{χ′;σ0}q
′
, `′1 :ψ′1, . . . , `

′
m :ψ′m} · ` ψ1 · · · · ` ψn

Ψ0,Ψ1 ` h1 :ψ1 · · · Ψ0,Ψ1 ` hn :ψn ` CI : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) ((Ψ0,Ψ1); ∆′; ·;χ′;σ0; q′)

· ` ψ′1 · · · · ` ψ
′
m Ψ,Ψ1 ` h′1 :ψ

′
1 · · · Ψ,Ψ1 ` h′m :ψ

′
m

` H, ` 7→ code[∆′]{χ′;σ0}q
′
.CI,H

′ : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ0 ` Ψ1)
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3.2.3 Contextual Equivalence

Ψ; ∆; Γ;χ;σ; q ` e1 ≈ctx e2 : τ ; σ̂
def
=

Ψ; ∆; Γ;χ;σ; q ` e1 : τ ; σ̂ ∧ Ψ; ∆; Γ;χ;σ; q ` e2 : τ ; σ̂ ∧
∀C,M,Ψ′,χ′,σ′,q′, τ ′, σ̂′.

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ; σ̂) (Ψ′; ·; ·;χ′;σ′; q′ ` τ ′; σ̂′) ∧ `M : (Ψ′,χ′,σ′)

=⇒ (〈M | C[e1]〉 ↓ ⇐⇒ 〈M | C[e2]〉 ↓)

3.2.4 CIU Equivalence

Ψ; ∆; Γ;χ;σ; q ` e1 ≈ciu e2 : τ ; σ̂
def
=

Ψ; ∆; Γ;χ;σ; q ` e1 : τ ; σ̂ ∧ Ψ; ∆; Γ;χ;σ; q ` e2 : τ ; σ̂ ∧
∀δ,γ, E,M,Ψ′,q′, τ ′, σ̂′.

· ` δ : ∆ ∧ Ψ′; ·; ·; ·;•; out ` γ : Γ;• ∧
` E : (Ψ; ·; ·;χ;σ; q ` τ ; σ̂) (Ψ′; ·; ·;χ;σ; q′ ` τ ′; σ̂′) ∧ `M : (Ψ′,χ,σ)

=⇒ (〈M | E[δ(γ(e1))]〉 ↓ ⇐⇒ 〈M | E[δ(γ(e2))]〉 ↓)
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3.3 Logical Relation

NOTE: We used curr-S(W ) b X as shorthand for currentMR(W (istk)) bW X and curr-R(W ) b X as
shorthand for currentMR(W (ireg)) bW X in the accompanying paper. This shorthand does not appear in
this technical report.

Worlds and Auxiliary Definitions Worlds consist of a sequence of islands that describe the current
state of the memories (and how they are related) of the two computations we wish to relate. The essential
idea here is that the islands θ in the sequence Θ will specify constraints on disjoint parts of memory. We
obtain constraints on the entire memory via a disjoint union of the memories specified by the islands.

Therefore, we begin with some simple definitions for memory objects that we will make use of in islands.
We need to be able to lift various pieces of memory to a full program memory M = (H,R, S). In many
cases, we may not want to impose a constraint on the register file and stack, so we allow ⊥ to appear in
those positions. Since disjoint heap fragments can be merged, the heap can be left unconstrained just by
using an empty heap.

Regs⊥ = {R} ∪ {⊥}
Stack⊥ = {S} ∪ {⊥}

{·} def
= ({·},⊥,⊥)

H�
def
= (H,⊥,⊥)

R�
def
= ({·},R,⊥)

S�
def
= ({·},⊥, S)

A world W consists of a step index k, a pair of heap types Ψ1 and Ψ2, and a sequence Θ of islands θ.
Each island expresses invariants on certain parts of memory by encoding a state transition system and a
memory relation MR that establishes which pairs of memories are acceptable in each state. (See Dreyer et
al. [2] for details.)

The first three islands in Θ are distinguished: they track the register file, the stack, and the immutable
contents of the heap, respectively. We assign these islands the indices ireg, istk, and ibox, respectively. Further
islands can be added to a world to encode invariants about mutable data.

Worldn
def
= {W = (k,Ψ1,Ψ2,Θ) | k < n ∧ ∃m ≥ 3. Θ ∈ Islandmk ∧

(∃sreg. Θ(ireg) = islandreg(sreg, k) ∧ Ψ1 ` sreg.R1 : sreg.χ1 ∧ Ψ2 ` sreg.R2 : sreg.χ2) ∧
(∃sstk. Θ(istk) = islandstk(sstk, k) ∧ Ψ1 ` sstk.S1 : sstk.σ1 ∧ Ψ2 ` sstk.S2 : sstk.σ2) ∧
(∃sbox. Θ(ibox) = islandbox(sbox, k) ∧Ψref

1 ` sbox.H1 : Ψbox
1 ∧ Ψref

2 ` sbox.H2 : Ψbox
2 )}

Islandn
def
= { θ = (s, S, δ, π,MR,bij) | s ∈ S ∧ S ∈ Set ∧ δ ⊆ S × S ∧ π ⊆ δ ∧

δ, π reflexive ∧ δ, π transitive ∧MR ∈ S → MemReln ∧ bij ∈ S → P(Val×Val) }

MemAtomn
def
= { (W,M1,M2) | W ∈Worldn ∧ M1,M2 ∈ Heap× Regs⊥ × Stack⊥ }

MemReln
def
= {ϕM ⊆ MemAtomn | ∀(W,M1,M2) ∈ ϕM . ∀W ′ wW. (W ′,M1,M2) ∈ ϕM }

The transition systems for θreg and θstk encode the current contents of each side’s register file and stack,
respectively. They may transition freely between states, since the register file and stack are fairly free in how
they can change during program execution. The states of θbox encode the contents of the immutable part of
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the heap on each side. This island is allowed to transition only by adding more immutable data to the heap.

ireg = 1

Sreg = { (R1,χ1,R2,χ2) }
islandreg(s, k) = (s, Sreg, Sreg × Sreg, Sreg × Sreg, λs.{(W, s.R1� , s.R2� ) |W ∈Worldk}, λs.∅)

istk = 2

Sstk = { (S1,σ1,S2,σ2) }
islandstk(s, k) = (s, Sstk, Sstk × Sstk, Sstk × Sstk, λs.{(W, s.S1� , s.S2� ) |W ∈Worldk}, λs.∅)

ibox = 3

Sbox = { (H1,H2) }
δbox = {((H1,H2), (H′1,H

′
2)) | H1 ⊆ H′1 ∧H2 ⊆ H′2}

islandbox(s, k) = (s, Sbox, δbox, δbox, λs.{(W, (s.H1)� , (s.H2)� ) |W ∈Worldk}, λs.∅)

Two memory objects that describe disjoint parts of memory can be merged into one compound memory
object via the ⊗ operator.

M1 ⊗M2 where M1,M2 ∈ ({H} × Regs⊥ × Stack⊥)

(H1,R1,S1)⊗ (H2,R2,S2) =


(H1 ]H2,R,S) where R = R1 if R2 = ⊥; R = R2 if R1 = ⊥

S = S1 if S2 = ⊥; S = S2 if S1 = ⊥
undefined otherwise

ϕM ⊗ ϕ′M = { (W,M1 ⊗M′1,M2 ⊗M′2) | (W,M1,M2) ∈ ϕM ∧ (W,M′1,M
′
2) ∈ ϕ′M }

These are standard operations for dealing with step indexing: we can approximate a world or relation to
a given number of steps with b·ck, and we can expend a step using the B operator (read “later”).

b(θ1, . . . , θm)ck
def
= (bθ1ck, . . . , bθmck)

b(s, S, δ, π,MR,bij)ck
def
= (s, S, δ, π, bMRck,bij)

bMRck
def
= λs. bMR(s)ck

bϕMck
def
= { (W,M1,M2) ∈ ϕM | W.k < k }

B(k + 1,Ψ1,Ψ2,Θ)
def
= (k,Ψ1,Ψ2, bΘck)

Bϕe
def
= { (W, e1, e2) |W.k > 0 =⇒ (BW, e1, e2) ∈ ϕe }

Bϕv
def
= { (W, v1, v2) |W.k > 0 =⇒ (BW, v1, v2) ∈ ϕv }

Bϕw
def
= { (W,w1, w2) |W.k > 0 =⇒ (BW,w1, w2) ∈ ϕw }

Future worlds W ′ of a given world W , written W ′ wW , may differ from W in any or all of the following
ways: they may have expended steps, allocated additional memory, added new islands, or taken transitions
in existing islands. Public future worlds W ′ wpub W are similar, but must have taken public transitions
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from the island states in W .

(k′,Ψ′1,Ψ
′
2,Θ

′) w (k,Ψ1,Ψ2,Θ)
def
= k′ ≤ k ∧ Ψ′1 ⊇ Ψ1 ∧ Ψ′2 ⊇ Ψ2 ∧ Θ′ w bΘck′
∧ (k,Ψ1,Ψ2,Θ) ∈World ∧ (k′,Ψ′1,Ψ

′
2,Θ

′) ∈World

(θ′1, . . . , θ
′
m′) w (θ1, . . . , θm)

def
= m′ ≥ m ∧ ∀j ∈ {1, . . . ,m}. θ′j w θj

(s′, S′, δ′, π′,MR′,bij′) w (s, S, δ, π,MR,bij)
def
= (S′, δ′, π′,MR′,bij′) = (S, δ, π,MR,bij) ∧ (s, s′) ∈ δ

W ′ AW
def
= W ′.k < W.k ∧ W ′ wW

(k′,Ψ′1,Ψ
′
2,Θ

′) wpub (k,Ψ1,Ψ2,Θ)
def
= k′ ≤ k ∧ Ψ′1 ⊇ Ψ1 ∧ Ψ′2 ⊇ Ψ2 ∧ Θ′ wpub bΘck′
∧ (k,Ψ1,Ψ2,Θ) ∈World ∧ (k′,Ψ′1,Ψ

′
2,Θ

′) ∈World

(θ′1, . . . , θ
′
m′) wpub (θ1, . . . , θm)

def
= m′ ≥ m ∧ ∀j ∈ {1, . . . ,m}. θ′j wpub θj

(s′, S′, δ′, π′,MR′,bij′) wpub (s, S, δ, π,MR,bij)
def
= (S′, δ′, π′,MR′,bij′) = (S, δ, π,MR,bij) ∧ (s, s′) ∈ π

Given a world W , we often need to talk about future worlds of W where the only change is that new
immutable memory has been allocated. We use this notation to capture this:

W � (H1,H2)
def
= (W.k,W.Ψ1 ]Ψ1,W.Ψ2 ]Ψ2,W.Θ[ibox 7→ islandbox(W (ibox).s ] (H1,H2), W.k)])

if W.Ψ1 ` H1 : Ψ1 ∧ W.Ψ2 ` H2 : Ψ2 ∧ boxheap(Ψ1) ∧ boxheap(Ψ2).

The following are convenient shorthands for frequently-used pieces of a world:

currentMR(θ)
def
= θ.MR(θ.s) W (i)

def
= W.Θ(i)

W.R1
def
= W.Θ(ireg).s.R1 W.S1

def
= W.Θ(istk).s.S1 W.χ1

def
= W.Θ(ireg).s.χ1 W.σ1

def
= W.Θ(istk).s.σ1

W.R2
def
= W.Θ(ireg).s.R2 W.S2

def
= W.Θ(istk).s.S2 W.χ2

def
= W.Θ(ireg).s.χ2 W.σ2

def
= W.Θ(istk).s.σ2

W.Φ1
def
= (W.Ψ1,W.χ1,W.σ1) W.Φ2

def
= (W.Ψ2,W.χ2,W.σ2)

Atoms are well-formed worlds together with a pair of components or values that are well-typed at the
indicated type under the appropriate memory type of the world.

TermAtomn[(q1 ` τ1;σ1), (q2 ` τ2;σ2)]
def
=

{ (W, e1, e2) |W ∈Worldn ∧ W.Ψ1; ·; ·;W.χ1;W.σ1; q1 ` e1 : τ1;σ1 ∧
W.Ψ2; ·; ·;W.χ2;W.σ2; q2 ` e2 : τ2;σ2 }

ValAtomn[τ1, τ2]
def
= { (W, v1, v2) ∈ TermAtomn[(out ` τ1;W.σ1), (out ` τ2;W.σ2)] }

WvalAtomn[τ1, τ2]
def
= { (W,w1,w2) | W ∈Worldn ∧ W.Ψ1; ·; · ` w1 : τ1 ∧ W.Ψ2; ·; · ` w2 : τ2 }

StackAtomn[σ1,σ2]
def
= { (W,S1� ,S2� ) | W ∈Worldn ∧ W.Ψ1 ` S1 :σ1 ∧ W.Ψ2 ` S2 :σ2 }

HvalAtomn[ψ1,ψ2]
def
= { (W,h1,h2) | W ∈Worldn ∧ W.Ψ1 ` h1 : νψ1 ∧ W.Ψ2 ` h2 : νψ2 }

ContAtom[(q1 ` τ1;σ1), (q2 ` τ2;σ2)] [(q′1 ` τ ′1;σ′1), (q′2 ` τ ′2;σ′2)]
def
=

{(W,E1, E2) |W ∈World ∧
` E1 : (W.Ψ1; ·; ·;W.χ1;W.σ1; q1 ` τ1;σ1) (W.Ψ1; ·; ·;W.χ1;W.σ1; q′1 ` τ ′1;σ′1) ∧
` E2 : (W.Ψ2; ·; ·;W.χ2;W.σ2; q2 ` τ2;σ2) (W.Ψ2; ·; ·;W.χ2;W.σ2; q′2 ` τ ′2;σ′2)}

ContAtom[(q1 ` τ1;σ1), (q2 ` τ2;σ2)]
def
=

{(W,E1, E2) | ∃q′1,q′2, τ ′1, τ ′2,σ′1,σ′2.
(W,E1, E2) ∈ ContAtom[(q1 ` τ1;σ1), (q2 ` τ2;σ2)] [(q′1 ` τ ′1;σ′1), (q′2 ` τ ′2;σ′2)]}
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WvalRel[τ1, τ2]
def
= {ϕw ⊆WvalAtom[τ1, τ2] | ∀(W,w1,w2) ∈ ϕw. ∀W ′ wW. (W ′,w1,w2) ∈ ϕw}

TValRel
def
= {VR = (τ1, τ2, ϕw) | ϕw ∈WvalRel[τ1, τ2] }

StackRel[σ1,σ2]
def
= {ϕS ⊆ StackAtom[σ1,σ2] }

TStackRel
def
= {SR = (σ1,σ2, ϕS) | ϕS ∈ StackRel[σ1,σ2] }

The set DJ∆K ensures that an environment ρ mapping type variables to value relations is well-formed.

DJ·K def
= { ∅ }

DJ∆,αK def
= { ρ[α 7→ VR] | ρ ∈ DJ∆K ∧ VR ∈ TValRel }

DJ∆, ζK def
= { ρ[ζ 7→ SR] | ρ ∈ DJ∆K ∧ SR ∈ TStackRel }

DJ∆, εK def
= { ρ[ε 7→ (q1,q2)] | ρ ∈ DJ∆K ∧ ftv(q1) = ∅ ∧ ftv(q2) = ∅ }

We use ρ1 and ρ2 to denote the substitutions formed by mapping variables in dom ρ to the first and
second components, respectively, of the tuples they map to.

We also use some shorthands for referring to atoms of a particular type in terms of an environment ρ:

TermAtom[q ` τ ;σ]ρ
def
= TermAtom[(ρ1(q) ` ρ1(τ); ρ1(σ)), (ρ2(q) ` ρ2(τ); ρ2(σ))]

ValAtom[τ ]ρ
def
= ValAtom[ρ1(τ ), ρ2(τ )]

WvalAtom[τ ]ρ
def
= WvalAtom[ρ1(τ ), ρ2(τ )]

HvalAtom[ψ]ρ
def
= HvalAtom[ρ1(ψ), ρ2(ψ)]

ContAtom[q ` τ ;σ]ρ [q′ ` τ ′;σ′]ρ′ def= ContAtom[(ρ1(q) ` ρ1(τ); ρ1(σ)), (ρ2(q) ` ρ2(τ); ρ2(σ))]

 [(ρ′1(q′) ` ρ′1(τ ′); ρ′1(σ′)), (ρ′2(q′) ` ρ′2(τ ′); ρ′2(σ′))]

The following relation says that a memory relation ϕM satisfies the constraints imposed by a memory
relation ϕ′M in all worlds accessible from W .

ϕM bW ϕ′M
def
= ∀(W̃ ,M1,M2) ∈ ϕM . W̃ wW =⇒ (W̃ ,M1,M2) ∈ ϕ′M

VJunitKρ = { (W, (), ()) ∈ ValAtom[unit]ρ }
VJintKρ = { (W,n,n) ∈ ValAtom[int]ρ }
VJµα.τ Kρ = { (W, foldµα.τ v1, foldµα.τ v2) ∈ ValAtom[µα.τ ]ρ |

(W, v1, v2) ∈ BVJτ [µα.τ/α]Kρ }
VJ〈τ1, . . . , τn〉Kρ = { (W, 〈v11, . . . , v1n〉, 〈v21, . . . , v2n〉) ∈ ValAtom[〈τ1, . . . , τn〉]ρ |

∀j ∈ {1, . . .,n}. (W, v1j, v2j) ∈ VJτjKρ }
VJ(τ )→ τ ′Kρ = { (W, v1, v2) ∈ ValAtom[(τ )→ τ ′]ρ |

∀W ′ wW. ∀SR ∈ TStackRel. ∀v′1, v′2.
let ρ′ = ρ[ζ 7→ SR] in

currentMR(W ′(istk)) bW ′ SJζKρ′ ∧ (W ′, v′1, v
′
2) ∈ VJτ Kρ′

=⇒ (W ′, v1 v′1, v2 v′2) ∈ EJout ` τ ′; ζKρ′ }

VJ(τ )
φi;φo−→ τ ′Kρ = { (W, v1, v2) ∈ ValAtom[(τ )

φi;φo−→ τ ′]ρ |
∀W ′ wW. ∀SR ∈ TStackRel. ∀v′1, v′2.

let ρ′ = ρ[ζ 7→ SR] in

currentMR(W ′(istk)) bW ′ SJφi :: ζKρ′ ∧ (W ′, v′1, v
′
2) ∈ VJτ Kρ′

=⇒ (W ′, v1 v′1, v2 v′2) ∈ EJout ` τ ′;φo :: ζKρ′ }
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WJαKρ = ρ(α).ϕw

WJunitKρ = { (W, (), ()) ∈WvalAtom[unit]ρ }
WJintKρ = { (W,n,n) ∈WvalAtom[int]ρ }
WJ∃α.τ Kρ = { (W,pack〈τ1,w1〉 as ρ1(∃α.τ ),pack〈τ2,w2〉 as ρ2(∃α.τ )) ∈WvalAtom[∃α.τ ]ρ |

∃ϕw ∈WvalRel[τ1, τ2]. (W,w1,w2) ∈ WJτ Kρ[α 7→ (τ1, τ2, ϕw)] }
WJµα.τ Kρ = { (W, foldρ1(µα.τ ) w1, foldρ2(µα.τ ) w2) ∈WvalAtom[µα.τ ]ρ |

(W,w1,w2) ∈ BWJτ [µα.τ/α]Kρ }
WJref ψKρ = { (W, `1, `2) ∈WvalAtom[ref ψ]ρ | ∃i. ∀W ′ wW.

(`1, `2) ∈W ′(i).bij(W ′(i).s) ∧
∃ϕM . currentMR(W ′(i)) = ϕM ⊗

{ (W̃ ,{`1 7→ h1}� ,{`2 7→ h2}� ) ∈ MemAtom | (W̃ ,h1,h2) ∈ HVJψK)ρ } }
WJbox 〈τ1, . . . , τn〉Kρ = { (W, `1, `2) ∈WvalAtom[box 〈τ1, . . . , τn〉]ρ |

∀(W̃ ,M1,M2) ∈ currentMR(W (ibox)). W̃ AW

=⇒ (W̃ ,M1(`1),M2(`2)) ∈ HVJ〈τ1, . . . , τn〉Kρ }
WJbox ∀[∆].{χ;σ}qKρ = {(W, `1[ω1], `2[ω2]) ∈WvalAtom[box ∀[∆].{χ;σ}q]ρ |

∀(W̃ ,M1,M2) ∈ currentMR(W (ibox)). W̃ AW

=⇒ (M1(`1) = code[β1,∆]{χ1;σ1}q1 .I1 ∧
ρ1(χ) = χ1[ω1/β1] ∧ ρ1(σ) = σ1[ω1/β1] ∧ ρ1(q) = q1[ω1/β1] ∧
M2(`2) = code[β2,∆]{χ2;σ2}q2 .I2 ∧
ρ2(χ) = χ2[ω2/β2] ∧ ρ2(σ) = σ2[ω2/β2] ∧ ρ2(q) = q2[ω2/β2] ∧
(W̃ , (code[∆]{χ1;σ1}q1 .I1)[ω1/β1],

(code[∆]{χ2;σ2}q2 .I2)[ω2/β2]) ∈ HVJ∀[∆].{χ;σ}qKρ ) }

HVJ∀[∆].{χ;σ}qKρ =

{(W, code[∆]{ρ1(χ); ρ1(σ)}ρ1(q).I1, code[∆]{ρ2(χ); ρ2(σ)}ρ2(q).I2) ∈ HvalAtom[∀[∆].{χ;σ}q]ρ |
∀W ′ wW. ∀ρ∗ ∈ DJ∆K. ∀τ ,σ′. let ρ′ = ρ ∪ ρ∗ in τ ;σ′ =ρ′ ret-type(q,χ,σ) ∧

currentMR(W ′(ireg)) bW ′ RJχKρ′ ∧ currentMR(W ′(istk)) bW ′ SJσKρ′

=⇒ (W ′, (ρ∗1(I1), ·), (ρ∗2(I2), ·)) ∈ EJq ` τ ;σ′Kρ′ }

τ ;σ′ =ρ ret-type(q,χ,σ)
def
= ρ1(τ ); ρ1(σ′) = ret-type(ρ1(q), ρ1(χ), ρ1(σ)) ∧

ρ2(τ ); ρ2(σ′) = ret-type(ρ2(q), ρ2(χ), ρ2(σ))

HVJ〈τ1, . . . , τn〉Kρ = { (W, 〈w11, . . . ,w1n〉, 〈w21, . . . ,w2n〉) ∈ HvalAtom[〈τ1, . . . , τn〉]ρ |
∀j ∈ {1, . . .,n}. (W,w1j,w2j) ∈ WJτjKρ }
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(M1,M2) : W
def
= `M1 :W.Φ1 ∧ `M2 :W.Φ2 ∧

(W.k > 0 =⇒ (BW,M1,M2) ∈
⊗
{ currentMR(θ) | θ ∈W.Θ })

running(k, 〈M | e〉) def
= ∃M′, e′. 〈M | e〉 7−→k 〈M′ | e′〉

O = { (W, e1, e2) | ∀(M1,M2) : W. (〈M1 | e1〉 ↓ ∧ 〈M2 | e2〉 ↓) ∨
(running(W.k, 〈M1 | e1〉) ∧ running(W.k, 〈M2 | e2〉) }
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NOTE: Our continuations are untyped. See the operational semantics (3.1.7) for more detail.

KJout ` τ ;σKρ = { (W,E1, E2) | ∀W ′, v1, v2.

W ′ wpub W ∧ (W ′, v1, v2) ∈ VJτ Kρ ∧ currentMR(W ′(istk)) bW ′ SJσKρ
=⇒ (W ′, E1[v1], E2[v1]) ∈ O }

KJq ` τ ;σKρ = { (W,E1, E2) | ∀W ′,q′, r1, r2.
W ′ wpub W ∧ (q =ρ q′ =ρ end{τ ;σ} ∨
(∃r.q′ = r ∧ ret-addr1(W,ρ1(q)) = W ′.R1(r) ∧ ret-addr2(W,ρ2(q)) = W ′.R2(r) ∧

ret-reg1(W ′, r) = r1 ∧ ret-reg2(W ′, r) = r2)) ∧
(BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτ Kρ ∧ currentMR(W ′(istk)) bW ′ SJσKρ
=⇒ (W ′, E1[(ret ρ1(q′) {r1}, ·)], E2[(ret ρ2(q′) {r2}, ·)]) ∈ O }

q =ρ q′
def
= ρ1(q) = ρ1(q′) ∧ ρ2(q) = ρ2(q′)

ret-addr1(W, r) = W.R1(r) ret-addr1(W, i) = W.S1(i)

ret-addr2(W, r) = W.R2(r) ret-addr2(W, i) = W.S2(i)

ret-reg1(W, r) = r′ if W.χ1(r) = box ∀[].{r′ : τ ;σ′}q

ret-reg2(W, r) = r′ if W.χ2(r) = box ∀[].{r′ : τ ;σ′}q

EJq ` τ ;σKρ = { (W, e1, e2) ∈ TermAtom[q ` τ ;σ]ρ |
∀E1, E2. (W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W,E1[e1], E2[e2]) ∈ O }

GJ·Kρ def
= { (W, ∅) |W ∈World }

GJΓ, x : τ Kρ def
= { (W,γ[x 7→ (v1, v2)] | (W,γ) ∈ GJΓKρ ∧ (W, v1, v2) ∈ VJτKρ }

HJ{·}K = World

HJΨ, ` : refψK = HJΨK ∩ {W ∈World | (W, `, `) ∈ WJref ψK∅ }
HJΨ, ` : boxψK = HJΨK ∩ {W ∈World | (W, `, `) ∈ WJboxψK∅ }

RJχKρ = { (W,R1� ,R2� ) | ∀(r : τ ) ∈ χ. (W,R1(r),R2(r)) ∈ WJτ Kρ }

SJζKρ = ρ(ζ).ϕS

SJ•Kρ = { (W,nil� ,nil� ) | W ∈World }
SJτ :: σKρ = { (W, (w1 :: S1)� , (w2 :: S2)� ) | (W,w1,w2) ∈ WJτKρ ∧ (W,S1� ,S2� ) ∈ SJσKρ }
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Ψ; ∆; Γ;χ;σ; q ` e1 ≈ e2 : τ ;σ′
def
= Ψ; ∆; Γ;χ;σ; q ` e1 : τ ;σ′ ∧ Ψ; ∆; Γ;χ;σ; q ` e2 : τ ;σ′ ∧
∀W,γ, ρ. W ∈ HJΨK ∧ ρ ∈ DJ∆K ∧ (W,γ) ∈ GJΓKρ ∧

currentMR(W (ireg)) bW RJχKρ ∧
currentMR(W (istk)) bW SJσKρ
=⇒ (W,ρ1(γ1(e1)), ρ2(γ2((e2))) ∈ EJq ` τ ;σ′Kρ

3.3.1 Other Logical Equivalences

To simplify the structure of the Lemmas in subsequent chapters, we define the following notions of logical
equivalence for heaps, values, and instruction sequences:

Definition 3.1 (Logical Equivalence for Heaps)

Ψ ` H1 ≈H H2 : Ψ′
def
= Ψ ` H1 : Ψ′ ∧ Ψ ` H2 : Ψ′ ∧ ∀(` :ν ψ) ∈ Ψ′. Ψ,Ψ′ ` H1(`) ≈hv H2(`) :νψ

Ψ ` h1 ≈hv h2 :νψ
def
= Ψ ` h1 :νψ ∧ Ψ ` h2 :νψ ∧ ∀W ∈ HJΨK. (W,h1,h2) ∈ HVJψK∅

Definition 3.2 (Logical Equivalence for Small Values)

Ψ; ∆ ` w1 ≈w w2 : τ
def
= Ψ; ∆ ` w1 : τ ∧ Ψ; ∆ ` w2 : τ ∧
∀W ∈ HJΨK. ∀ρ ∈ DJ∆K. (W,ρ1(w1), ρ2(w2)) ∈ WJτ Kρ

Ψ; ∆;χ ` u1 ≈u u2 : τ
def
= Ψ; ∆;χ ` u1 : τ ∧ Ψ; ∆;χ ` u1 : τ ∧
∀W ∈ HJΨK. ∀ρ ∈ DJ∆K. currentMR(W (ireg)) bW RJχKρ

=⇒ (W,W.R̂1(ρ1(u1)),W.R̂2(ρ2(u2))) ∈ WJτ Kρ

Definition 3.3 (Logical Equivalence for Instruction Sequences)

Ψ; ∆; Γ;χ;σ; q ` I1 ≈I I2
def
= Ψ; ∆;Γ;χ;σ; q ` I1 ∧ Ψ; ∆;Γ;χ;σ; q ` I2 ∧
∀W ∈ HJΨK. ∀ρ ∈ DJ∆K. ∀γ ∈ GJΓKρ.

currentMR(W (ireg)) bW RJχKρ ∧ currentMR(W (istk)) bW SJσKρ
=⇒ (W,ρ1(γ1((I1, ·))), ρ2(γ2((I2, ·)))) ∈ EJq ` ret-type(q,χ,σ)Kρ
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3.4 Basic Properties

3.4.1 Operations on Worlds

Lemma 3.4 (World Extension is Reflexive and Transitive)
For any W,W ′,W ′′ ∈World, we have

1. W wW

2. W wpub W

3. if W ′′ wW ′ and W ′ wW , then W ′′ wW

4. if W ′′ wpub W
′ and W ′ wpub W , then W ′′ wpub W .

Proof

1. By definition of w for worlds and islands, and by the reflexivity of transition relations δ in the
definition of World.

2. By definition of wpub for worlds and islands, and by the reflexivity of public transition relations
π in the definition of World.

3. By definition of w for worlds and islands, and by the transitivity of transition relations δ in the
definition of World.

4. By definition of wpub for worlds and islands, and by the transitivity of public transition relations
π in the definition of World.

Lemma 3.5 (Properties of �)

1. If (M1,M2) : W and M ′1 = (H1,⊥,⊥), M ′2 = (H2,⊥,⊥), then

(M1 ]M ′1,M2 ]M ′2) : W � (H1,H2).

2. (W � (H1, H2))� (H ′1, H
′
2) = W � (H1 ]H ′1, H2 ]H ′2).

3. If W ∈World and (W � (H1, H2)) is defined, then (W � (H1, H2)) wW and (W � (H1, H2)) wpub W .

Proof

1. By definition of W (ibox).

2. By definition of W (ibox).

3. By definition of w, wpub, and islandbox.

Lemma 3.6 (Properties of B and A)
For any W ∈World, we have

1. BW wW

2. BW wpub W

3. If (M1,M2) : W , then (M1,M2) : BW .

4. If W ′ AW , then W ′ wW .

5. If W ′ AW , then W ′ w BW .

Proof

1. By definition of B and w, it suffices to show that bθcW.k−1 w bθcW.k−1 for each island θ ∈ W.Θ.
But this relation is reflexive, so we are done.
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2. Similar.

3. Note that if W.k = 0, there is nothing to show. Otherwise, the claim follows from the definitions
of MemRel and bϕMck.

4. Immediate from the definition of A.

5. From the definition of A we have W ′.k < W.k and W ′ wW . The latter implies that W ′ ∈World,
which gives us 0 ≤W ′.k. Hence, 0 < W.k.

Let W = (k + 1,Ψ1,Ψ2,Θ). We have that:

(W ′.k,W ′.Ψ1,W
′.Ψ2,W

′.Θ) A (k + 1,Ψ1,Ψ2,Θ)

We must show that:

(W ′.k,W ′.Ψ1,W
′.Ψ2,W

′.Θ) w (k,Ψ1,Ψ2, bΘck)

It suffices to show the following:

• W ′.k ≤ (BW ).k: this follows from W ′.k < W.k and (BW ).k = W.k − 1.

• W ′.Ψi ⊇ Ψi: by (4) we have W ′ wW , from which this fact is immediate.

• W ′.Θ w bbΘckcW ′.k: From above we have that W ′.Θ′ w bΘck′ . Furthermore, since W ′.k ≤
(BW ).k = W.k − 1 = k, we have that bbΘckcW ′.k = bΘcW ′.k so we are done.

3.4.2 Properties of the Observation Relation

Lemma 3.7 (O Closed under Anti-Reduction)
Given W ′ wW , if W.k ≤W ′.k + k1, W.k ≤W ′.k + k2, and

∀(M1,M2) : W. ∃(M ′1,M ′2) : W ′. 〈M1 | e1〉 7−→k1 〈M ′1 | e′1〉 ∧ 〈M2 | e2〉 7−→k2 〈M ′2 | e′2〉,

then
(W ′, e′1, e

′
2) ∈ O =⇒ (W, e1, e2) ∈ O.

Proof

Let (M1,M2) : W . Then, by our assumption, 〈M1 | e1〉 7−→k1 〈M ′1 | e′1〉 and 〈M2 | e2〉 7−→k2 〈M ′2 | e′2〉
for some (M ′1,M

′
2) : W ′. Since (W ′, e′1, e

′
2) ∈ O, we have either that 〈M ′1 | e′1〉 ↓ and 〈M ′2 | e′2〉 ↓ or

that running(W ′.k, 〈M ′1 | e′1〉) and running(W ′.k, 〈M ′2 | e′2〉).
In the former case, we have 〈M1 | e1〉 ↓ and 〈M2 | e2〉 ↓ by assumption. In the latter case, we have
running(W ′.k+k1, 〈M1 | e1〉) and running(W ′.k+k2, 〈M2 | e2〉). Since we have assumptions that both
of these are more steps than needed, we have the result.

3.4.3 Monotonicity and Reduction

Lemma 3.8 (Monotonicity)
Let ρ ∈ DJ∆K, where ∆ ` τ , ∆ ` ψ, and ∆ ` τ . If W ′ wW , then

1. (W,w1,w2) ∈ WJτ Kρ =⇒ (W ′,w1,w2) ∈ WJτ Kρ

2. (W,h1,h2) ∈ HVJψKρ =⇒ (W ′,h1,h2) ∈ HVJτ Kρ.

3. (W, v1, v2) ∈ VJτ Kρ =⇒ (W ′, v1, v2) ∈ VJτ Kρ.

Proof

1. Proved by induction on W ′.k and on the structure of τ , simultaneously with Claim 2.

In each case, we will need to show (W ′,w1,w2) ∈WvalAtom[τ ]ρ. This amounts to showing that
W ′.Ψi; · ` wi : τ for i ∈ {1, 2}. We have by assumption that W.Ψi; · ` wi : τ . By definition of
world extension, W ′.Ψi ⊇W.Ψi, so this property holds.

To complete the proof, consider the possible cases of τ :
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Case α Follows from ρ(α).ϕTv ∈WvalRel[ρ(α).τ1, ρ(α).τ2], which holds by ρ(α) ∈ TValRel.

Case unit Immediate.

Case int Immediate.

Case ∃α.τ ′ Follows from the induction hypothesis for the type.

Case µα.τ ′ Follows from the induction hypothesis for the step index.

Case ref ψ We need to show that (W ′, `1, `2) ∈ WJref ψKρ. Let W ′′ w W ′. By transitivity
of world extension, W ′′ w W . Thus everything we need holds by our assumption that
(W, `1, `2) ∈ WJref ψKρ.

Case box 〈τ1, . . . , τn〉 We need to show that (W ′, `1, `2) ∈ WJbox 〈τ1, . . . , τn〉Kρ.

Let (W̃ ,M ′1,M
′
2) ∈ currentMR(W ′(ibox)) such that W̃ A W ′. By definition of islandbox,

M ′1 = (W ′(ibox).s.H1)� and M ′2 = (W ′(ibox).s.H2)� . By our assumption, to show

(W̃ ,M ′1(`1),M ′2(`2)) ∈ HVJ〈τ1, . . . , τn〉Kρ

it suffices to find some M1 and M2 such that (W̃ ,M1,M2) ∈ currentMR(W (ibox)), M1(`1) =

M ′1(`1), and M2(`2) = M ′2(`2), noting that W̃ AW follows from W̃ AW ′ wW .
We claim that M1 = (W (ibox).s.H1)� and M2 = (W (ibox).s.H2)� are suitable. The first
condition holds immediately by definition of islandbox. Since W ′ w W , we know that
W ′(ibox) w bW (ibox)cW ′.k. Thus ((H1, H2), (H ′1, H

′
2)) ∈ δbox, that is, H1 ⊆ H ′1 and H2 ⊆ H ′2.

Since `1 and `2 must be in the domain of H1 and H2, we have the desired property that
M1(`1) = M ′1(`1) and M2(`2) = M ′2(`2).

Case box∀[∆].{χ;σ}q Let (W̃ ,M ′1,M
′
2) ∈ currentMR(W ′(ibox)) such that W̃ AW ′. It suffices

to find some M1 and M2 such that (W̃ ,M1,M2) ∈ currentMR(W (ibox)), M1(`1) = M ′1(`1),

and M2(`2) = M ′2(`2), noting that W̃ A W . This can be done exactly as in the previous
case.

2. Proved simultaneously with Claim 1.

In both cases, we need to show that (W ′,h1,h2) ∈ HvalAtom[ψ]ρ. This amounts to showing that
W ′.Ψi ` hi :

νψ for i ∈ {1, 2}. We have by assumption that W.Ψi ` hi :
νψ. By definition of world

extension, W ′.Ψi ⊇W.Ψi, so this property holds.

Consider the possible cases of ψ:

Case ∀[∆].{χ;σ}q We need to show that (W ′,h1,h2) ∈ HVJ∀[∆].{χ;σ}qKρ. Let W ′′ w
W ′. By transitivity of world extension, W ′′ w W . Thus everything we need holds by our
assumption that (W,h1,h2) ∈ HVJ∀[∆].{χ;σ}qKρ.

Case 〈τ1, . . . , τn〉 Follows from Claim 1 using the induction hypothesis for the type.

3. Proved by induction on W ′.k and on the structure of τ .

In each case, we will need to show (W ′, v1, v2) ∈ ValAtom[τ ]ρ. This amounts to showing
that W ′.Ψi; ·; ·;W ′.χi;W

′.σi; out ` vi : τ ;W ′.σi for i ∈ {1, 2}. We have by assumption that
W.Ψi; ·; ·;W.χi;W.σi; out ` vi : τ ;W.σi. By definition of world extension, W ′.Ψi ⊇ W.Ψi. How-
ever, note that W ′.χi and W ′.σi may be arbitrarily different from W.χi and W.σi. But note that
the only place where there are non-trivial dependencies of the typing on either of those are past
the τFT ·boundaries. Note first that at the boundary, what is inside is restricted to type under
the empty register file typing, so any changes to the typing outside the boundary is irrelevant.
Note secondly that since we are dealing with values, the only place an τFT · boundary can occur
is within a lambda. The typing rule for lambdas requires that the body types under a fresh ζ
variable for the stack typing, both in and out, which means that any changes that are made to
the stack typing outside of the lambda are irrelevant.

To complete the proof, consider the possible cases of τ :

Case unit No proof obligations beyond what was shown above.

Case int No proof obligations beyond what was shown above.

Case µα.τ This follows from the induction hypothesis.

102



Case 〈τ 〉 This follows from the induction hypothesis.

Case (τ )→ τ ′ The obligations in this case follow trivially from the transitivity of world exten-
sion, since with any future world W ∗ wW ′ we can instantiate what we are given.

Case (τ )
φi;φo−→ τ ′ This case is the same as the other arrow case.

Lemma 3.9 (Monotonicity for Heaps)
If W ′ wW and W ∈ HJΨK, then W ′ ∈ HJΨK.

Proof

We use induction on the structure of Ψ. If Ψ = {·} then there is nothing to show.

If Ψ = Ψ′, ` : refψ, then by the induction hypothesis, W ′ ∈ HJΨ′K, and it remains to show that
(W ′, `, `) ∈ WJref ψK∅. But this follows from W ∈ HJΨ′, ` : refψK and Lemma 3.8.

If Ψ = Ψ′, ` : boxψ, then by the induction hypothesis, W ′ ∈ HJΨ′K, and it remains to show that
(W ′, `, `) ∈ WJboxψK∅. But this follows from W ∈ HJΨ′, ` : boxψK and Lemma 3.8.

Lemma 3.10 (Monotonicity for F Evaluation Contexts)
If W ′ wpub W , then

(W,E1, E2) ∈ KJout ` τ ;σKρ =⇒ (W ′, E1, E2) ∈ KJout ` τ ;σKρ.

Proof

Follows from the transitivity of wpub.

Lemma 3.11 (Monotonicity for T Evaluation Contexts)
If W ′ wpub W and if either q =ρ q′ =ρ end{τ ;σ} or ret-addr1(W,ρ1(q)) = ret-addr1(W ′, ρ1(q′)) and
ret-addr2(W,ρ2(q)) = ret-addr2(W ′, ρ2(q′)), then

(W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W ′, E1, E2) ∈ KJq′ ` τ ;σKρ.

Proof

Follows from the transitivity of wpub and our hypotheses about the relationship between q and q′.

Lemma 3.12 (EJq ` τ ;σKρ Closed under Type-Preserving Anti-Reduction)
Let (W, e1, e2) ∈ TermAtom[q ` τ ;σ]ρ. Given W ′ wpub W , W.k ≤ W ′.k + k1, W.k ≤ W ′.k + k2, and
if q =ρ q′ =ρ end{τ ;σ} or q =ρ q′ =ρ out or if ret-addr1(W,ρ1(q)) = ret-addr1(W ′, ρ1(q′)) and
ret-addr2(W,ρ2(q)) = ret-addr2(W ′, ρ2(q′)), and if

∀(M1,M2) : W. ∃(M ′1,M ′2) : W ′. 〈M1 | e1〉 7−→k1 〈M ′1 | e′1〉 ∧ 〈M2 | e2〉 7−→k2 〈M ′2 | e′2〉,

then
(W ′, e′1, e

′
2) ∈ EJq′ ` τ ;σKρ =⇒ (W, e1, e1) ∈ EJq ` τ ;σKρ.

Proof

Now let (W,E1, E2) ∈ KJq ` τ ;σKρ. We need to show that (W,E1[e1], E2[e2]) ∈ O.

We can use Lemma 3.11 and Lemma 3.10 to conclude that (W ′, E1, E2) ∈ KJq′ ` τ ;σKρ. Instantiating
the latter with (W ′, e′1, e

′
2) ∈ EJq′ ` τ ;σKρ gives us (W ′, E1[e′1], E2[e′2]) ∈ O.

By inspection of the operational semantics and by assumption, for any (M1,M2) : W , there is an
(M ′1,M

′
2) : W ′ such that

〈M1 | E1[e1]〉 7−→k1 〈M ′1 | E1[e′1]〉 and 〈M2 | E2[e2]〉 7−→k2 〈M ′2 | E2[e′2]〉.

The rest of this case follows by Lemma 3.7.
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Lemma 3.13 (EJq ` τ ;σKρ Closed under Memory-Preserving Anti-Reduction)
Let (W, e1, e2) ∈ TermAtom[q ` τ ;σ]ρ.

If
∀(M1,M2) : W. 〈M1 | e1〉 7−→∗ 〈M1 | e′1〉 ∧ 〈M2 | e2〉 7−→∗ 〈M2 | e′2〉,

then
(W, e′1, e

′
2) ∈ EJq ` τ ;σKρ =⇒ (W, e1, e1) ∈ EJq ` τ ;σKρ.

Proof

This follows from Lemma .

3.4.4 Substitution

The next lemma is a simple property, but its proof shows the induction structure by which properties of the
mutually-dependent parts of the logical relation can be proved.

Definition 3.14

ξ ::= α | ζ | ε
AR ::= VR | SR | QR

Lemma 3.15
[Weakening] If ρ[ξ 7→ AR] ∈ DJ∆, ξK and ξ 6∈ ftv(τ ), ξ 6∈ ftv(τ ) ξ 6∈ ftv(σ), ξ 6∈ ftv(χ), ξ 6∈ ftv(ψ), then

1. SJσKρ = SJσKρ[ξ 7→ AR]

2. RJχKρ = RJχKρ[ξ 7→ AR]

3. WJτ Kρ =WJτ Kρ[ξ 7→ AR]

4. HVJψKρ = HVJψKρ[ξ 7→ AR]

5. EJq ` τ ;σKρ = EJq ` τ ;σKρ[ξ 7→ AR]

6. KJq ` τ ;σKρ = KJq ` τ ;σKρ[ξ 7→ AR].

7. VJτ Kρ = VJτ Kρ[ξ 7→ AR]

8. EJq ` τ ;σKρ = EJq ` τ ;σKρ[ξ 7→ AR]

9. KJq ` τ ;σKρ = KJq ` τ ;σKρ[ξ 7→ AR].

Proof

Assume ξ 6∈ ftv(τ ) and ξ 6∈ ftv(σ). We will need to prove the following:

1. (a) (W,S1,S2) ∈ SJσKρ =⇒ (W,S1,S2) ∈ SJσKρ[ξ 7→ AR]

(b) (W,S1,S2) ∈ SJσKρ[ξ 7→ AR] =⇒ (W,S1,S2) ∈ SJσKρ

2. (a) (W,R1,R2) ∈ RJχKρ =⇒ (W,R1,R2) ∈ RJχKρ[ξ 7→ AR]

(b) (W,R1,R2) ∈ RJχKρ[ξ 7→ AR] =⇒ (W,R1,R2) ∈ RJχKρ

3. (a) (W,w1,w2) ∈ WJτ Kρ =⇒ (W,w1,w2) ∈ WJτ Kρ[ξ 7→ AR]

(b) (W,w1,w2) ∈ WJτ Kρ[ξ 7→ AR] =⇒ (W,w1,w2) ∈ WJτ Kρ

4. (a) (W,h1,h2) ∈ HVJψKρ =⇒ (W,h1,h2) ∈ HVJψKρ[ξ 7→ AR]

(b) (W,h1,h2) ∈ HVJψKρ[ξ 7→ AR] =⇒ (W,h1,h2) ∈ HVJψKρ

5. (a) (W, e1, e2) ∈ EJq ` τ ;σKρ =⇒ (W, e1, e2) ∈ EJq ` τ ;σKρ[ξ 7→ AR]

(b) (W, e1, e2) ∈ EJq ` τ ;σKρ[ξ 7→ AR] =⇒ (W, e1, e2) ∈ EJq ` τ ;σKρ

6. (a) (W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W,E1, E2) ∈ KJq ` τ ;σKρ[ξ 7→ AR]
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(b) (W,E1, E2) ∈ KJq ` τ ;σKρ[ξ 7→ AR] =⇒ (W,E1, E2) ∈ KJq ` τ ;σKρ.

7. (a) (W, v1, v2) ∈ VJτ Kρ =⇒ (W, v1, v2) ∈ VJτ Kρ[ξ 7→ AR]

(b) (W, v1, v2) ∈ VJτ Kρ[ξ 7→ AR] =⇒ (W, v1, v2) ∈ VJτ Kρ

8. (a) (W, e1, e2) ∈ EJq ` τ ;σKρ =⇒ (W, e1, e2) ∈ EJq ` τ ;σKρ[ξ 7→ AR]

(b) (W, e1, e2) ∈ EJq ` τ ;σKρ[ξ 7→ AR] =⇒ (W, e1, e2) ∈ EJq ` τ ;σKρ

9. (a) (W,E1, E2) ∈ KJq ` τ ;σKρ =⇒ (W,E1, E2) ∈ KJq ` τ ;σKρ[ξ 7→ AR]

(b) (W,E1, E2) ∈ KJq ` τ ;σKρ[ξ 7→ AR] =⇒ (W,E1, E2) ∈ KJq ` τ ;σKρ.

We will prove all these claims simultaneously, by induction on W.k and τ .

1. We use an additional induction and case analysis on the structure of σ.

Case ζ Immediate, since ξ 6= ζ.

Case • Immediate.

Case τ :: σ For part (a), we have S1 = w1 :: S′1, S2 = w2 :: S′2, (W,w1,w2) ∈ WJτ Kρ, and
(W,S′1,S

′
2) ∈ SJσKρ. We need to show that (W,w1,w2) ∈ WJτ Kρ[ξ 7→ AR] and (W,S′1,S

′
2) ∈

SJσKρ[ξ 7→ AR]. The latter holds by the induction hypothesis for σ and the former holds by
claim 3.
Part (b) is similar.

2. Follows from claim 3.

3. Consider the possible cases of τ :

Case α Immediate, since α 6= ξ.

Case unit Immediate.

Case int Immediate.

Case ∃α.τ By the induction hypothesis for τ .

Case µα.τ By the induction hypothesis for W.k.

Case ref 〈τ1, . . . , τn〉 Follows from claim 4.

Case box 〈τ1, . . . , τn〉 Follows from claim 4.

Case box∀[∆].{χ;σ′}q′ Follows from claim 4.

4. Consider the two possible cases of ψ:

Case ∀[∆].{χ;σ′}q′ Follows from claims 1 and 2 (using the induction hypothesis for τ ) and
from claim 5 (using the induction hypothesis for W.k).

Case 〈τ1, . . . , τn〉 Follows from claim 3 (using the induction hypothesis for τ ).

5. Follows from claim 6.

6. Follows from claims 1 and 3.

7. Consider the possible cases of τ that are defined in VJ·Kρ:

Case () Immediate.

Case int Immediate.

Case µα.τ By the induction hypothesis for W.k.

Case 〈τ 〉 By the induction hypothesis for τ .

Case (τ )→ τ Follows from claim 1 (using induction hypothesis for τ ), and from claim 8 (using
induction hypothesis for W.k.

Case (τ )
φi;φo−→ τ Same as other arrow case.

8. Follows from claim 9.

9. Follows from claims 1 and 7.
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Lemma 3.16 (Substitution)
Let ρ ∈ DJ∆K, α 6∈∆, ∆ ` τ ′, and ∆, α ` τ , ∆, α ` σ, ∆, α ` χ, ∆, α ` ψ. Then

1. SJσKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = SJσ[τ ′/α]Kρ

2. RJχKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = RJχ[τ ′/α]Kρ

3. WJτ Kρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] =WJτ [τ ′/α]Kρ

4. HVJψKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = HVJψ[τ ′/α]Kρ

5. EJq ` τ ;σKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = EJq[τ ′/α] ` τ [τ ′/α];σ[τ ′/α]Kρ

6. KJq ` τ ;σKρ[α 7→ (ρ1(τ ′), ρ2(τ ′),WJτ ′Kρ)] = KJq[τ ′/α] ` τ [τ ′/α];σ[τ ′/α]Kρ.

Proof

Follows the structure of the proof of Lemma 3.15, aside from the cases about source types, since they
cannot have free type variables. The only case that depends on ρ is in claim 3, in the case where
τ = β. But the needed equality is immediate in this case, whether α = β or not.

Lemma 3.17 (Substitution for Stack Types)
Let ρ ∈ DJ∆K, ζ 6∈∆, ∆ ` σ′, and ∆, ζ ` τ , ∆, ζ ` σ, ∆, ζ ` χ, ∆, ζ ` ψ. Then

1. SJσKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = SJσ[σ′/ζ]Kρ

2. RJχKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = RJχ[σ′/ζ]Kρ

3. WJτ Kρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] =WJτ [σ′/ζ]Kρ

4. HVJψKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = HVJψ[σ′/ζ]Kρ

5. EJq ` τ ;σKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = EJq[σ′/ζ] ` τ [σ′/ζ];σ[σ′/ζ]Kρ

6. KJq ` τ ;σKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)] = KJq[σ′/ζ] ` τ [σ′/ζ];σ[σ′/ζ]Kρ.

7. EJq ` τ ;σKρ = EJq ` τ ;σKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)]

8. KJq ` τ ;σKρ = KJq ` τ ;σKρ[ζ 7→ (ρ1(σ′), ρ2(σ′),SJσ′Kρ)].

Proof

Follows the structure of the proof of Lemma 3.15. The only case that depends on ρ(ζ) is in claim 1,
in the case where σ = ζ′. But the needed equality is immediate, whether ζ = ζ′ or not.

Lemma 3.18 (Substitution for Return Markers)
Let ρ ∈ DJ∆K, ∆ ` q′, and ∆, ε ` τ , ∆, ε ` σ, ∆, ε ` χ, ∆, ε ` ψ. Then

1. SJσKρ[ε 7→ (ρ1(q′), ρ2(q′))] = SJσ[q′/ε]Kρ

2. RJχKρ[ε 7→ (ρ1(q′), ρ2(q′))] = RJχ[q′/ε]Kρ

3. WJτ Kρ[ε 7→ (ρ1(q′), ρ2(q′))] =WJτ [q′/ε]Kρ

4. HVJψKρ[ε 7→ (ρ1(q′), ρ2(q′))] = HVJψ[q′/ε]Kρ

5. EJq ` τ ;σKρ[ε 7→ (ρ1(q′), ρ2(q′))] = EJq[q′/ε] ` τ [q′/ε];σ[q′/ε]Kρ

6. KJq ` τ ;σKρ[ε 7→ (ρ1(q′), ρ2(q′))] = KJq[q′/ε] ` τ [q′/ε];σ[q′/ε]Kρ.

7. EJq ` τ ;σKρ[ε 7→ (ρ1(q′), ρ2(q′))] = EJq[q′/ε] ` τ ;σ[q′/ε]Kρ

8. KJq ` τ ;σKρ[ε 7→ (ρ1(q′), ρ2(q′))] = KJq[q′/ε] ` τ ;σ[q′/ε]Kρ.

Proof

Followed the structure of the proof of Lemma 3.15. There are no interesting cases.
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3.4.5 Properties of Semantic Interpretations

Lemma 3.19
If ρ ∈ DJ∆K and ∆ ` τ , then WJτ Kρ ∈WvalRel[ρ1(τ ), ρ2(τ )].

Proof

Follows from monotonicity.

Lemma 3.20
If ρ ∈ DJ∆K and ∆ ` σ, then SJσKρ ∈ StackRel[ρ1(σ), ρ2(σ)].

Proof

Proceed by induction on the structure of σ.

Case ζ From ∆ ` σ we have that ζ ∈ ∆. Since ρ ∈ DJ∆K, it follows that SJζKρ = ρ(ζ).ϕS ∈
StackRel[ρ1(ζ), ρ2(ζ)].

Case • In this case, SJ•Kρ = { (W,nil� ,nil� ) | W ∈World } ∈ StackRel[•,•] is immediate from the
definition of StackRel.

Case τ :: σ For any (W,w1 :: S1 � ,w2 :: S2 � ) ∈ SJτ :: σKρ, we need thatW.Ψi ` wi :: Si : ρi(τ :: σ).
From the definition of SJτ :: σKρ we have (W,w1,w2) ∈ WJτ Kρ and (W,S1� ,S2� ) ∈ SJσKρ, from
which we have that W.Ψi; · ` wi : ρi(τ ) and W.Ψi ` Si : ρi(σ), which gives us what we need.

Lemma 3.21 (Register File Subtyping Implies Inclusion)
Let ρ ∈ DJ∆K and ∆ ` χ ≤ χ′. Then RJχKρ ⊆ RJχ′Kρ.

Proof

Consider arbitrary (W,M1,M2) ∈ RJχKρ. Note that M1 = R1� and M2 = R2� . We must show that
(W,M1,M2) = (W,R1� ,R2� ) ∈ RJχ′Kρ.

Consider (r : τ ) ∈ χ′. We must show (W,R1(r),R2(r)) ∈ WJτ Kρ. From the hypothesis ∆ ` χ ≤ χ′,
it follows that r : τ ∈ χ. We use the latter to instantiate (W,R1� ,R2� ) ∈ RJχKρ, which gives us
what we needed to show.

Lemma 3.22 (World Updates that Respect Register-File Relation)
Let currentMR(W (ireg)) bW RJχKρ and W ′ wW .

1. If W ′(ireg) = W (ireg), then currentMR(W ′(ireg)) bW ′ RJχKρ.

2. Let W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[ireg 7→ islandreg(s,W.k)]), where
s = (W.R1[rd 7→ w1],W.χ1[rd : ρ1(τ )],W.R2[rd 7→ w2],W.χ2[rd : ρ2(τ )]). If (W ′,w1,w2) ∈ WJτ Kρ,
then currentMR(W ′(ireg)) bW ′ RJχ[rd : τ ]Kρ.

Proof

1. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(ireg)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ RJχKρ.

Instantiate the first premise with (W̃ ,M1,M2), noting that the latter is in currentMR(W (ireg))

since W ′(ireg) = W (ireg), and noting that W̃ w W by transitivity of w. Hence, (W̃ ,M1,M2) ∈
RJχKρ as we needed to show.

2. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(ireg)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ RJχKρ. Note that Mi must be of the form Ri� and Ri = W ′.Ri.

Consider arbitrary (r : τ ′) ∈ χ[rd : τ ]. We must show that (W̃ ,R1(r),R2(r)) ∈ WJτ ′Kρ.
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Case r = rd: Then τ ′ = τ and Ri(r) = wi, which means that it suffices to show (W̃ ,w1,w2) ∈
WJτ Kρ. This latter is immediate from the premise (W ′,w1,w2) ∈ WJτ Kρ using monotonicity
(Lemma 3.8).

Case r 6= rd: Then Ri(r) = W ′.Ri(r) = W.Ri(r), which means that it suffices to show

(W̃ ,W.R1(r),W.R2(r)) ∈ WJτ ′Kρ. Instantiate the first premise with (W̃ ,W.R1� ,W.R2� )
noting that the latter is in currentMR(W (ireg)) by the definition of islandreg. Also note

that W̃ w W by transitivity of w. Hence, we have that (W̃ ,W.R1 � ,W.R2 � ) ∈ RJχKρ.

Instantiating the latter with (r : τ ′) ∈ χ gives us (W̃ ,W.R1(r),W.R2(r)) ∈ WJτ ′Kρ as we
needed to show.

Lemma 3.23 (World Updates that Respect Stack Relation)
Let currentMR(W (istk)) bW SJσKρ and W ′ wW .

1. If W ′(istk) = W (istk), then currentMR(W ′(istk)) bW ′ SJσKρ.

2. Let W.S1 = w11 :: · · · :: w1n :: S′1, W.S2 = w21 :: · · · :: w2n :: S′2, σ = τ1 :: · · · :: τn :: σ′ and
W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandreg(s,W.k)]), where
s = (S′1, σ

′, S′2, σ
′). currentMR(W ′(istk)) bW ′ SJσ′Kρ.

3. Let W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandreg(s,W.k)]), where
s = (w11 :: · · · :: w1n :: S1, τ1 :: · · · :: τn :: σ,w21 :: · · · :: w2n :: S2, τ1 :: · · · :: τn :: σ). If
(W ′,w1i,w2i) ∈ WJτ iKρ, then currentMR(W ′(istk)) bW ′ SJτ1 :: · · · :: τn :: σKρ.

4. Let W.S1 = w11 :: · · · :: w1n :: S′1, W.S2 = w21 :: · · · :: w2n :: S′2, σ = τ1 :: · · · :: τn :: σ′ and
W ′ = (W.k,W.Ψ1,W.Ψ2,W.Θ[istk 7→ islandreg(s,W.k)]), where
s = (w11 :: · · · :: w1n−1 :: w′1 :: S′1, τ1 :: · · · :: τn−1 :: τ ′ :: σ′, w21 :: · · · :: w2n−1 :: w′2 :: S′2, τ1 :: · · · ::
τn−1 :: τ ′ :: σ′). If (W ′,w′1,w

′
2) ∈ WJτ ′Kρ, then currentMR(W ′(istk)) bW ′ SJτ1 :: · · · :: τn−1 :: τ ′ :: σKρ.

Proof

1. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(istk)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ SJσKρ.

Instantiate the first premise with (W̃ ,M1,M2), noting that the latter is in currentMR(W (istk))

since W ′(istk) = W (istk), and noting that W̃ w W by transitivity of w. Hence, (W̃ ,M1,M2) ∈
SJσKρ as we needed to show.

2. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(istk)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ SJσ′Kρ. Note that Mi must be of the form S′i� and S′i = W ′.Si. The desired result
follows directly from monotonicity (Lemma 3.8) after unfolding currentMR(W (istk)) bW SJσKρ.

3. Consider arbitrary (W̃ ,M1,M2) ∈ currentMR(W ′(istk)) such that W̃ w W ′. We must show that

(W̃ ,M1,M2) ∈ SJτ1 :: · · · :: τn :: σKρ. Note that Mi must be of the form wj1 :: · · · :: wjn :: Sj�
and wj1 :: · · · :: wjn :: Sj = W ′.Sj. The desired result follows directly from monotonicity (Lemma 3.8)
after unfolding currentMR(W (istk)) bW SJτ1 :: · · · :: τn :: σKρ and premise (W ′,w1i,w2i) ∈
WJτ iKρ.

4. Let σ′ = τ1 :: · · · :: τn :: σ. Consider arbitrary 1 ≤ k ≤ |σ′| such that such that (σ′(k) = τk.

We must show that (W̃ ,W′.S1(k),W′.S2(k)) ∈ WJτ Kρ.

Case k = n: Then τ ′ = τk and W′.Sj(k) = w′j, which means that it suffices to show

(W̃ ,w′1,w
′
2) ∈ WJτ ′Kρ. This latter is immediate from the premise (W ′,w1,w2) ∈ WJτ Kρ

using monotonicity (Lemma 3.8).

Case k 6= n: Then W′.Sj(k) = W.Sj(k), which means that it suffices to show (W̃ ,W.S1(k),W.S2(k)) ∈
WJτkKρ. Instantiate the first premise with (W̃ ,W.S1� ,W.S2� ) noting that the latter is in

currentMR(W (ireg)) by the definition of islandreg. Also note that W̃ w W by transitivity

of w. Hence, we have that (W̃ ,W.S1 � ,W.S2 � ) ∈ RJσKρ. Instantiating the latter with

(τk) = σ(k) gives us (W̃ ,W.S1(k),W.S2(k)) ∈ WJτkKρ as we needed to show.
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Lemma 3.24 (Heap Interpretation Extension with Boxheap)
If W ∈ HJΨK, Ψ ` H1 ≈H H2 : Ψ′, and boxheap(Ψ′), then W � (H1,H2) ∈ HJΨ,Ψ′K.

Proof

By induction on W.k.

To show W � (H1,H2) ∈ HJΨ,Ψ′K, it suffices to show

∀(` :ν ψ) ∈ (Ψ,Ψ′). (W � (H1,H2), `, `) ∈ WJν ψK∅

where ν is box or ref .

Consider arbitrary (` :ν ψ) ∈ (Ψ,Ψ′). If ` ∈ dom(Ψ), for any value of W.k, it follows from the
first premise that (W, `, `) ∈ WJν ψK∅. By Lemma 3.5 we have that W � (H1,H2) w W , so by
monotonicity we have (W � (H1,H2), `, `) ∈ WJν ψK∅.
Therefore, it remains for us to show that if ` ∈ dom(Ψ′) then (W � (H1,H2), `, `) ∈ WJboxψK∅.

Case W.k = 0: Consider arbitrary (W̃ ,M1,M2) ∈ currentMR((W � (H1,H2))(ibox)) such that

W̃ A (W � (H1,H2)). But the latter implies W̃ .k < W.k = 0 which leads to a contradiction since

W̃ ∈World which requires that W̃ .k ≥ 0. So we are done.

Case W.k = n+ 1 for n ≥ 0: By the induction hypothesis we know that the lemma we wish to prove
holds for any W such that W.k = n. We must prove it for any W such that W.k = n+ 1.

We have that ` ∈ dom(Ψ′) and must show that (W � (H1,H2), `, `) ∈ WJboxψK∅.
Consider arbitrary (W̃ ,M1,M2) ∈ currentMR((W � (H1,H2))(ibox)) such that W̃ A (W �
(H1,H2)). Note that it must be the case thatM1 = (W (ibox).s.H1]H1)� andM2 = (W (ibox).s.H2]
H2) � . Also, since ` ∈ dom(Ψ′), from the second premise it follows that ` ∈ dom(H1) and
` ∈ dom(H2). Regardless of whether ψ is a code type or tuple type, it suffices to show:

(W̃ ,M1(`),M2(`)) ∈ HVJψK∅
≡ (W̃ ,H1(`),H2(`)) ∈ HVJψK∅

From the second premise, since (` :box ψ) ∈ Ψ′, it follows that:

Ψ,Ψ′ ` H1(`) ≈hv H2(`) : boxψ. (20)

Since BW ∈ HJΨK by heap monototonicity (Lemma 3.9) and since (BW ).k = n, by the induction
hypothesis we have that (BW � (H1,H2)) ∈ HJΨ,Ψ′K. Thus, we can instantiate (20) with
BW � (H1,H2), which allows us to conclude that

(BW � (H1,H2),H1(`),H2(`)) ∈ HVJψK∅

Now, since W̃ A (W � (H1,H2)), we can use by Lemma 3.6 to conclude W̃ w B(W � (H1,H2)).

Hence, by monotonicity, we have (W̃ ,H1(`),H2(`)) ∈ HVJψK∅ as we needed to show.
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3.5 Bridge Lemmas

Lemma 3.25 (F Values are F Expressions)
If (W, v1, v2) ∈ VJτ Kρ and currentMR(W (istk)) bW SJσKρ then (W, v1, v2) ∈ EJout ` τ ;σK.

Proof

Consider arbitrary E1, E2 such that (W,E1, E2) ∈ KJout ` τ ;σKρ.

We need to show that (W,E1[v1], E2[v2]) ∈ O. But we can instantiate the KJ·K relation with our
hypotheses, noting W wpub W by reflexivity, to get the result.

Lemma 3.26 (Monadic Bind F To F)
If (W, e1, e2) ∈ EJout ` τ ;σKρ, (W,E1, E2) ∈ ContAtom[out ` τ ;σ]ρ  [out ` τ∗;σ∗], and ∀W ′ wpub

W.∀v1, v2.(W
′, v1, v2) ∈ VJτ Kρ ∧ currentMR(W ′(istk)) bW ′ SJσKρ

=⇒ (W ′, E1[v1], E2[v2]) ∈ EJout ` τ∗;σ∗Kρ∗, then
(W,E1[e1], E2[e2]) ∈ EJout ` τ∗;σ∗Kρ∗

Proof

Consider arbitrary E′1, E
′
2 such that (W,E′1, E

′
2) ∈ KJout ` τ∗;σ∗Kρ∗.

It suffices to show that (W,E′1[E1], E′2[E2]) ∈ KJout ` τ ;σKρ.

In order to do that, consider arbitrary W ′, v1, v2 where W ′ wpub W , (W ′, v1, v2) ∈ VJτ Kρ and
currentMR(W ′(istk)) bW ′ SJσKρ. We need to show that (W ′, E′1[E1[v1]], E′2[E2[v2]]) ∈ O.

From the hypothesis, we know that (W ′, E1[v1], E2[v2]) ∈ EJout ` τ∗;σ∗K. We can then instantiate
that with (W ′, E′1, E

′
2), which, appealing to Lemma 3.10, we know are in KJout ` τ∗;σ∗Kρ∗, which

yields the result that we need.

Lemma 3.27 (Monadic Bind T to F)
If (W, e1, e2) ∈ EJend{τT ;σ} ` τT ;σKρ, (W,E1, E2) ∈ ContAtom[end{τT ;σ} ` τT ;σ]ρ  [out `
τ ;σ1],

and
∀W ′ wpub W.∀r1, r2.(BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτT Kρ ∧ currentMR(W ′(istk)) bW ′ SJσKρ

=⇒ (W ′, E1[ret end{ρ1(τT );σ} {r1}], E2[ret end{ρ2(τT );σ} {r2}]) ∈ EJout ` τ ;σ1Kρ, then
(W,E1[e1], E2[e2]) ∈ EJout ` τ ;σ1Kρ

Proof

Consider arbitrary E′1, E
′
2 such that (W,E′1, E

′
2) ∈ KJout ` τ ;σ1Kρ.

It suffices to show that (W,E′1[E1], E′2[E2]) ∈ KJend{τT ;σ} ` τT ;σKρ.

In order to do that, consider arbitrary W ′, q′, r1, r2 such that the following hold, noting that based on
the form of the return marker, q′ =ρ end{τT ;σ}, rather than possibly being a register.

• W ′ wpub W

• (W ′, E′1[E1], E′2[E2]) ∈ ContAtom[q′ ` τT ;σ]ρ [q∗ ` τ∗;σ∗]ρ∗

• q′ =ρ end{τT ;σ}
• (BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτT Kρ
• currentMR(W (istk)) bW ′ SJσKρ

Given the above, we must show that (W ′, (E′1[E1[ret ρ1(q′) {r1}]], ·), (E′2[E2[ret ρ2(q′) {r2}]], ·)) ∈
O.

From the hypothesis, we know that

(W ′, E1[ret ρ1(end{τT ;σ}) {r1}], E2[ret ρ2(end{τT ;σ}) {r2}])
= (W ′, E1[ret ρ1(q′) {r1}], E2[ret ρ2(q′) {r2}])
∈ EJout ` τ ;σ1K
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We can then instantiate that with (W ′, E′1, E
′
2), which, appealing to Lemma 3.10, we know are in

KJout ` τ ;σ1Kρ, which yields the result that we need.

Lemma 3.28 (Bridge Lemma)
Let ρ ∈ DJ∆K and ∆ ` τ .

1. (a) If (W, e1, e2) ∈ EJend{τT ;σ} ` τT ;σKρ then (W, ρ1(τ )FT e1,
ρ2(τ )FT e2) ∈ EJout ` τ ;σ1Kρ.

(b) If the following hold

• ∀SR ∈ TStackRel.(W, e1, e2) ∈ EJout ` τ ; τ ′0 :: · · · :: τ ′k :: ζKρ[ζ 7→ SR]

• ∆ ` σ
• σ′ = τ ′0 :: · · · :: τ ′k :: σ0

• q = i > j or q = end{τ̂ ; σ̂}
• W ∈ HJΨK
• currentMR(W (istk)) bW SJσ′Kρ
• Ψ; ∆; Γ;χ[rd : τT ];σ′; inc(q,k− j) ` I1 ≈I I2

• ret-type(q,χ,σ) = τ̂ ; σ̂

then (W, import rd,
ρ1(σ0)T Fρ1(τ) e1; ρ1(I1), import rd,

ρ2(σ0)T Fρ2(τ) e2; ρ2(I2)) ∈ EJq ` τ̂ ; σ̂Kρ.

2. (a) If the following hold

• (W,w1,w2) ∈ WJτT Kρ
• (M1,M2) : W

• ρ1(τ )FT((w1,M1)) = (v1,M1 ]M ′1)

• ρ2(τ )FT((w2,M2)) = (v2,M2 ]M ′2)

then (W � (M ′1,M
′
2), v1, v2) ∈ VJτ Kρ

(b) If the following hold

• (W, v1, v2) ∈ VJτ Kρ
• (M1,M2) : W

• TFρ1(τ )((v1,M1)) = (w1,M1 ]M ′1)

• TFρ2(τ )((v2,M2)) = (w2,M2 ]M ′2)

then (W � (M ′1,M
′
2),w1,w2) ∈ WJτT Kρ

Proof

1. (a) Appeal to Lemma 3.27, letting Ei = ρi(τ )FT [·].
From 3.27 we are given registers r1, r2, and world W ′ wpub W such that

• (BW ′,W ′.R1(r1),W ′.R2(r2)) ∈ WJτT Kρ
• currentMR(W ′(istk)) bW ′ SJσKρ

and need to show that

(W ′, ρ1(τ )FT ret end{ρ1(τT );σ} {r1}, ρ2(τ )FT ret end{ρ2(τT );σ} {r2}) ∈ EJout ` τ ;σ1Kρ

In order to do that, consider arbitrary E1, E2 such that (W,E1, E2) ∈ KJout ` τ ;σ1K. We
need to show that

(W,E1[ρ1(τ )FT ret end{ρ1(τT );σ} {r1}], E2[ρ2(τ )FT ret end{ρ2(τT );σ} {r2}]) ∈ O

Consider arbitrary (M1,M2) : W . We take one step
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〈Mi | E1[ρ1(τ )FT ret end{ρ1(τT );σ} {r1}]〉 7−→ 〈Mi ]M′i | Ei[vi]〉

where τFT(Mi.R(ri),Mi) = (vi,Mi ]M′i)
From part 2(a) we have that (BW ′�(M′1,M

′
2), v1, v2) ∈ VJτ Kρ, noting from Lemmas 3.4,3.5,3.6,

that

(M1,M2) : BW ′ and BW ′ � (M′1,M
′
2) wpub W

′

This means we can instantiate E1, E2 to get that

(BW ′ � (M′1,M
′
2), E1[v1], E2[v2]) ∈ O

which is sufficient to prove that

(W ′, E1[ρ1(τ )FT ret end{ρ1(τT );σ} {r1}], E2[ρ2(τ )FT ret end{ρ2(τT );σ} {r2}]) ∈ O

since each took exactly one reduction step.

(b) We must show that

(W, import rd,
ρ1(σ0)T Fρ1(τ) e1; ρ1(I1), import rd,

ρ2(σ0)T Fρ2(τ) e2; ρ2(I2)) ∈ EJq ` τ̂ ; σ̂Kρ

In order to do that, consider arbitrary E1, E2, such that (W,E1, E2) ∈ KJq ` τ̂ ;σKρ.
We are required to show that

(W,E1[import rd,
ρ1(σ0)T Fρ1(τ) e1; ρ1(I1)], E2[import rd,

ρ2(σ0)T Fρ2(τ) e2; ρ2(I2)]) ∈ O

Consider arbitrary (M1,M2) : W . From the premise, we know that there exist S1 and S2

such that (W,S1� ,S2� ) ∈ SJσ′Kρ
Since σ′ = τ0 :: · · · :: τj :: σ0, there exist S10 and S20 such that (W,S10,S20 ∈ SJσ0K.
We can instantiate the first premise with SR = (ρ1(σ0), ρ2(σ0), ϕS) where ϕS = {(W̃ ,S10,S20)| W̃ w
W}.
Let ρ∗ = ρ[ζ 7→ SR]. Hence, (W, e1, e2) ∈ EJout ` τ ;σ′Kρ∗.
We can instantiate this with evaluation contexts

• E′1 = E1[import rd,
ρ∗1(σ0)T Fτ [·]; I1]

• E′2 = E2[import rd,
ρ∗2(σ0)T Fτ [·]; I2]

It now suffices to show that

(W,E′1, E
′
2) ∈) ∈ KJout ` τ ;σ′Kρ∗

Consider arbitrary W ′, v1, v2 such that (W ′, v1, v2) ∈ VJτ Kρ∗, currentMR(W ′(istk)) bW ′
SJσ′Kρ∗.
We need to show that

(W ′, E′1[v1], E′2[v2]) = (W ′, E1[import rd,
ρ∗1(σ0)T Fτ v1; I1], E2[import rd,

ρ∗2(σ0)T Fτ v2; I2]) ∈ O

Consider arbitrary (M1,M2) : W ′. We first take one step

〈Mi | Ei[import rd,
ρ∗i (σ0)T Fτ vi; Ii]〉 7−→ 〈Mi ]M′i | Ei[mv rd,wi; Ii]〉

where TFτ (vi,Mi) = (wi,Mi ]M′i) Noting from part 2(b), we have that (W ′�(M′1,M
′
2),w1,w2) ∈

WJτT Kρ∗, and from Lemma 3.5, W ′ � (M′1,M
′
2) wpub W

′.
Then we take another step

〈Mi ]M′i | Ei[mv rd,wi; Ii]〉 7−→ 〈Mi ]M′i[rd 7→ (w1,w2)] | Ei[Ii]〉
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We now apply our hypothesis about Ii, noting that the results above and choice of ρ∗ fulfill
the requirements for the stack and heap.
We can now instantiate the resulting EJ·K with E1, E2, which gives us that

(W ′ �Mi ]M′i[rd 7→ (w1,w2)], E1[I1], E2[I2]) ∈ O

from which the result follows, since in

(W ′, E1[import rd,
ρ∗1(σ0)T Fτ v1; I1], E2[import rd,

ρ∗2(σ0)T Fτ v2; I2]) ∈ O

each took exactly two steps to reach the above.

2. (a) Proceed by induction first on the step index W.k and then on the structure of τ .

Case unit Follows trivially from the value translation and WJunitKρ and VJunitKρ.

Case int Follows trivially from the value translation and WJintKρ and VJintKρ.

Case µα.τ We’re given that

(W, foldµα.τT w1, foldµα.τT w2) ∈ WJµα.τT Kρ

which is translated to (foldµα.τ vi,Mi ]M′i).
From this, we know that

(W,w1,w2) ∈ BWJτT [µα.τT /α]Kρ

Since we are inducting on the step index W.k, we can use this, along with the value
translations that we have from the hypothesis to get that

(W � (M′1,M
′
2), v1, v2) ∈ BVJτT [µα.τT /α]Kρ

which, when combined with the typing rules, yields the required result.

Case 〈τ1, . . . , τn〉 From the definition of WJbox 〈τ1, . . . , τn〉Kρ we know that

(W,M1(w1),M2(w2)) ∈ HVJ〈τ1
T , . . . , τn

T 〉Kρ

where Mi(wi) = 〈wi1, . . . ,win〉.
From the definition of HVJ·K we know that

(W,w1j,w2j) ∈ WJτ j
T Kρ

By the value translation, ρi(τ j)FT((wij,Mij)) = (vij,Mij ]M′ij), where

• Mi0 = M

• Mij = Mi(j−1) ]M′i(j−1)

• M′i = ∪jM
′
ij

We know that (M1n,M2n) : W since (M10,M20) : W and the only changes to the
memory are additions.
We can use the inductive hypothesis to conclude that

(W � (M′1,M
′
2), v1j, v2j) ∈ VJτj

T Kρ

which combined with the typing rules, yields what we need.

Case (τ )→ τ ′ Given some W ′ wW � (`1end 7→ hend, `2end 7→ hend), where

• hend = code[ζ]{r1 : τ ′T ; ζ}end{τ ′T ; ζ}.ret end{τ ′T ; ζ} {r1}
• SR ∈ TStackRel
• ρ′ = ρ[ζ 7→ SR]

• currentMR(W ′(istk)) bW ′ SJζKρ′

• (W ′, v1j , v2j) ∈ VJτjKρ′ for j ∈ {1..n}
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we need to show that

(W ′, v1v10 . . . v1n, v2v20 . . . v2n) ∈ EJout ` τ ′; ζKρ

where

vi = λ(xn : τn).
τ ′FT (protect ·, ζ; import r1, ζT Fτ1 x1; salloc 1; sst 0, r1; . . . ;

import r1, ζT Fτn xn; salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmpw[ζ][end{τ ′T ; ζ}], ·)

We proceed by appealing to Lemma 3.4.3.

Consider arbitrary (M1,M2) : W ′. We first take one step

〈Mi | vivi0 . . . vin〉 7−→ 〈Mi | τ
′
FT (protect ·, ζ; import r1, ζT Fτ1 vi1;

salloc 1; sst 0, r1; . . . ;

import r1, ζT Fτn vin; salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmpw[ζ][end{τ ′T ; ζ}]), ·)

〉

To show that this is in EJout ` τ ′; ζK, it suffices to show that what is within the boundary
is in EJend{τ ′T ; ζ} ` τ ′T ; ζK, as part 1(a) will then yield the result.

We now appeal to Lemma 3.4.3 again, noting we can take 3n+ 1 steps:

〈Mi | (protect ·, ζ; import r1, ζT Fτ1 vi1;

salloc 1; sst 0, r1; . . . ;

import r1, ζT Fτn vin; salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmpwi[ζ][end{τ ′T ; ζ}], ·)

〉 7−→ 3n〈M∗i | (mv ra, `end[ζ];

jmpwi[ζ][end{τ ′T ; ζ}], ·)
〉

Where

• Mi0a = Mi

• TFτj(vij,Mija) = (wij,Mijb)

• Mijc = Mijb[r1 7→ wij]

• Mijd = Mijc[() ::]

• Mije = Mijc[wij ::]

• Mi(j+1)a = Mije

• M∗i = Min

We take one more step, resulting in:

〈M∗i [ra 7→ `end[ζ]] | (jmpwi[ζ][end{τ ′T ; ζ}], ·)〉

We know

(W,w1,w2) ∈ WJbox ∀[ζ, ε].{ra : ∀[].{r1 : τ ′T ; ζ}ε;σ′}raKρ

where σ′ = σ′ = τn
T :: · · · :: τ1

T :: ζ.
This means that

(W,w1[ζ][end{τ ′T ; ζ}],w1[ζ][end{τ ′T ; ζ}])
∈ WJbox∀[].{ra : ∀[].{r1 : τ ′T ; ζ}end{τ ′T ; ζ};σ′}raKρ
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And thus wi is a location that points to code[ζ, ε]{ra : ∀[].{r1 : τ ′T ; ζ}ε;σ′}ra.Ii.
This means that the next reduction step results in:

〈M∗i [ra 7→ `end[ζ]] | (Ii, ·)〉

From WJbox∀[].{ra : ∀[].{r1 : τ ′T ; ζ}end{τ ′T ; ζ};σ′}raKρ we know that

(W, code[]{ra : ∀[].{r1 : τ ′T ; ζ}end{τ ′T ; ζ};σ′}ra.I1,
code[]{ra : ∀[].{r1 : τ ′T ; ζ}end{τ ′T ; ζ};σ′}ra.I2)

∈ HVJ∀[].{ra : ∀[].{r1 : τ ′T ; ζ}end{τ ′T ; ζ};σ′}raKρ
This means that for any W ′ w W , fulfilling the stack and register requirements, in
particular, W ∗ = W ′ � (M∗1\M1,M

∗
2\M2), we have that (W ∗, (I1, ·), (I2, ·)) ∈ EJra `

τ ′T ;σ′Kρ.
Recall that what we need is that the reduced expression is in EJend{τ ′T ; ζ} ` τ ′T ; ζKρ.
In order to show that, consider arbitrary E1, E2 such that (W ′, E1, E2) ∈ KJend{τ ′T ; ζ} `
τ ′T ; ζKρ. We need to show that (W ′, E1[e1], E2[e2]) ∈ O where ei are the reduced ex-
pressions. Note that this is equivalent to showing that (W ∗, E1[e1], E2[e2]) ∈ O, since
W ∗ wW ′.
Since we know that (W ∗, e1, e2) ∈ EJra ` τ ′T ;σ′Kρ, we know that for any continuations
E′1 and E′2 in KJra ` τ ′T ;σ′Kρ, (W ∗, E′1[e1], E′2[e2]) ∈ O.
We argue that E1 and E2 are suitable choices for E′1 and E′2. By the definition of
the KJ·K relation, we need that (W ∗, E1[(ret ra {r1}, ·)], E2[(ret ra {r1}, ·)]) ∈ O.

Since currentMR(W ∗(ireg)) bW∗ {ra : ∀[].{r1 : τ ′T ; ζ}end{τ ′T ; ζ}}, this reduces, by
the operational semantics, to (W ∗, E1[(I∗1, ·)], E2[(I∗2, ·)]), where (W ∗, (I∗1, ·), (I∗2, ·)) ∈
EJend{τ ′T ; ζ} ` τ ′T ; ζKρ
But this exactly means that (W ∗, E1[(I∗1, ·)], E2[(I∗2, ·)]) ∈ O, as (W ∗, E1, E2) ∈ KJend{τ ′T ; ζ} `
τ ′T ; ζKρ, so we are done.

Case (τ )
φi;φo−→ τ ′

Given some W ′ wW � (`1end 7→ hend, `2end 7→ hend), where

hend = code[ζ]{r1 : τ ′T ; ζ}end{τ ′T ; ζ}.ret end{τ ′T ; ζ} {r1}
SR ∈ TStackRel
ρ′ = ρ[ζ 7→ SR]

currentMR(W ′(istk)) bW ′ SJφi :: ζKρ′

(W ′, v1j , v2j) ∈ VJτjKρ′ for j ∈ {1..n}
we need to show that
(W ′, v1v10 . . . v1n, v2v20 . . . v2n) ∈ EJout ` τ ′;φo :: ζKρ
where

vi = λ
φi

φo
(xn : τn).

τ ′FT (protect φi, ζ; import r1, ζT Fτ1 x1; salloc 1; sst 0, r1; . . . ;

import r1, ζT Fτn xn; salloc 1; sst 0, r1;

mv ra, `end[φo :: ζ]; jmpw[ζ][end{τ ′T ;φo :: ζ}], ·)

We proceed by appealing to Lemma 3.4.3.
Consider arbitrary (M1,M2) : W ′. We first take one step

〈Mi | vivi0 . . . vin〉 7−→ 〈Mi | τ
′
FT (protect φi, ζ; import r1, ζT Fτ1 vi1; salloc 1; sst 0, r1; . . . ;

import r1, ζT Fτn vin; salloc 1; sst 0, r1;

mv ra, `end[φo :: ζ]; jmpw[ζ][end{τ ′T ;φo :: ζ}], ·)

〉
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To show that this is in EJout ` τ ′;φo :: ζK, it suffices to show that what is within the
boundary is in

EJend{τ ′T ;φo :: ζ} ` τ ′T ;φo :: ζK

as part 1(a) will then yield the result.
We now appeal to Lemma 3.4.3 again, noting we can take 3n+ 1 steps:

〈Mi | (protect φi, ζ; import r1, ζT Fτ1 vi1; salloc 1; sst 0, r1; . . . ;

import r1, ζT Fτn vin; salloc 1; sst 0, r1;

mv ra, `end[φo :: ζ]; jmpwi[ζ][end{τ ′T ;φo :: ζ}], ·)

〉

7−→ 3n〈M∗i | (mv ra, `end[φo :: ζ];

jmpwi[ζ][end{τ ′T ;φo :: ζ}], ·)
〉

Where Mi0a = Mi

TFτj(vij,Mija) = (wij ,Mijb)

Mijc = Mijb[r1 7→ wij]

Mijd = Mijc[() ::]

Mije = Mijc[wij ::]

Mi(j+1)a = Mije

M∗i = Min

We take one more step, resulting in:

〈M∗i [ra 7→ `end[φo :: ζ]] | (jmpwi[ζ][end{τ ′T ;φo :: ζ}], ·)〉

We know

(W,w1,w2) ∈ WJbox ∀[ζ, ε].{ra : ∀[].{r1 : τ ′T ;φo :: ζ}ε;σ′}raKρ

where σ′ = σ′ = τn
T :: · · · :: τ1

T :: φi :: ζ.
This means that

(W,w1[ζ][end{τ ′T ;φo :: ζ}],
w1[ζ][end{τ ′T ;φo :: ζ}])
∈ WJbox ∀[].{ra : ∀[].{r1 : τ ′T ;φo :: ζ}end{τ ′T ;φo :: ζ};σ′}raKρ

And thus wi is a location that points to code[ζ, ε]{ra : ∀[].{r1 : τ ′T ;φo :: ζ}ε;σ′}ra.Ii.
This means that the next reduction step results in:

〈M∗i [ra 7→ `end[φo :: ζ]] | (Ii, ·)〉

From WJbox∀[].{ra : ∀[].{r1 : τ ′T ;φo :: ζ}end{τ ′T ;φo :: ζ};σ′}raKρ we know that

(W, code[]{ra : ∀[].{r1 : τ ′T ;φo :: ζ}end{τ ′T ;φo :: ζ};σ′}ra.I1,
code[]{ra : ∀[].{r1 : τ ′T ;φo :: ζ}end{τ ′T ;φo :: ζ};σ′}ra.I2)

∈ HVJ∀[].{ra : ∀[].{r1 : τ ′T ;φo :: ζ}end{τ ′T ;φo :: ζ};σ′}raKρ

This means that for any W ′ w W , fulfilling the stack and register requirements, in
particular, W ∗ = W ′ � (M∗1\M1,M

∗
2\M2), we have that

(W ∗, (I1, ·), (I2, ·)) ∈ EJra ` τ ′T ;σ′Kρ

Recall that what we need is that the reduced expression is in
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EJend{τ ′T ;φo :: ζ} ` τ ′T ;φo :: ζKρ

In order to show that, consider arbitrary E1, E2 such that

(W ′, E1, E2) ∈ KJend{τ ′T ;φo :: ζ} ` τ ′T ;φo :: ζKρ

We need to show that (W ′, E1[e1], E2[e2]) ∈ O where ei are the reduced expressions.
Note that this is equivalent to showing that (W ∗, E1[e1], E2[e2]) ∈ O, since W ∗ wW ′.
Since we know that (W ∗, e1, e2) ∈ EJra ` τ ′T ;σ′Kρ, we know that for any continuations
E′1 and E′2 in KJra ` τ ′T ;σ′Kρ, (W ∗, E′1[e1], E′2[e2]) ∈ O.
We argue that E1 and E2 are suitable choices for E′1 and E′2. By the definition of the
KJ·K relation, we need that

(W ∗, E1[(ret ra {r1}, ·)], E2[(ret ra {r1}, ·)]) ∈ O

Since

currentMR(W ∗(ireg)) bW∗ {ra : ∀[].{r1 : τ ′T ;φo :: ζ}end{τ ′T ;φo :: ζ}}

this reduces, by the operational semantics, to (W ∗, E1[(I∗1, ·)], E2[(I∗2, ·)]), where

(W ∗, (I∗1, ·), (I∗2, ·)) ∈ EJend{τ ′T ;φo :: ζ} ` τ ′T ;φo :: ζKρ

But this exactly means that

(W ∗, E1[(I∗1, ·)], E2[(I∗2, ·)]) ∈ O

as

(W ∗, E1, E2) ∈ KJend{τ ′T ;φo :: ζ} ` τ ′T ;φo :: ζKρ

so we are done.

(b) Proceed by induction first on the step index W.k and then on the structure of τ .

Case unit Follows trivially from the value translation and the definitions of WJunitKρ and
VJunitKρ.

Case int Follows trivially from the value translation and the definitions of WJintKρ and
VJintKρ.

Case µα.τ
This case proceeds analogously to the µα.τ case in the other direction.

Case 〈τ1, . . . , τn〉 To show that that (W, `1, `2) is in

WJ〈τ1, . . . , τn〉T Kρ =WJbox 〈τ1
T , . . . , τn

T 〉Kρ

we need to show that

(W,M1(`1),M2(`2)) ∈ HVJ〈τ1
T , . . . , τn

T 〉Kρ

for any Mi satisfying the box memory relation.
This, in turn, requires that for each j, (W,w1j,w2j) ∈ WJτj

T Kρ.
We’re given that

(W, 〈v10, . . . , v1n〉, 〈v10, . . . , v1n〉) ∈ VJ〈τ1, . . . , τn〉Kρ

which means that (W, v1j, v2j) ∈ VJτjKρ.
From the value translation, we know that

• TFρi(τj)((vij,Mij)) = (wij

• Mij ]M′ij)

117



where

• Mi0 = Mi

• Mij = Mi(j−1) ]M′i(j−1)

• M′i = ∪jM
′
ij

This follows from the fact that

TFρi(〈τ0, . . . , τn〉)((vi,Mi)) = (wi,Mi ]M′i)

Since (M1j,M2j) : W , as they are extensions of M1 and M2, we can use the induction
hypotheses and conclude that (W � (M′1,M

′
2),w1j,w2j) ∈ WJτj

T Kρ. This, combined
with the value translation placing these values in a tuple on the heap, yields the required
result.

Case (τ )→ τ ′

To show that that (W, `1, `2) is in

WJ(τ )→ τ ′T Kρ =WJbox∀[ζ, ε].{ra : box∀[].{r1 : τ ′T ; ζ}ε;σ′}raKρ

where σ′ = τn
T :: · · · :: τ1

T :: ζ, we need to show that for any future world W̃ A W ,
and any memories M1,M2 such that (W̃ ,M1,M2) ∈ currentMR(W (ibox)), the following
conditions hold:

• Mi(`i) = code[ζ, ε]{ra : ∀[].{r1 : ρi(τ
′T ); ζ}ε; ρi(σ′)}ra.Ii

• (W̃ ,M1(`1),M2(`2)) ∈ HVJ∀[ζ, ε].{ra : box∀[].{r1 : τ ′T ; ζ}ε;σ′}raKρ
The latter requires that, in a further future world W ′ w W̃ , with ρ∗ ∈ DJζ, εK, letting
ρ′ = ρ ∪ ρ∗, such that the world fulfills the following restrictions:

• currentMR(W ′(ireg)) bW ′ RJra : box ∀[].{r1 : ρ1(τ ′T ); ζ}εKρ′

• currentMR(W ′(istk)) bW ′ SJσ′Kρ′

We must show that

(W ′, (ρ∗1(I1), ·), (ρ∗2(I2), ·)) ∈ EJra ` τ ′T ; ζKρ′

Where I1 and I2 are defined by the value translation.
In order to do that, consider arbitrary E1, E2 such that

(W ′, E1, E2) ∈ KJra ` τ ′T ; ζKρ′

The definition of EJ·K dictates we show that

(W ′, E1[(ρ∗1(I1), ·)], E2[(ρ∗2(I2), ·)]) ∈ O

Expanding Ii, we are considering:

Ei[(salloc 1; sst 0, ra; import r1,
ρ∗i (ζ)T Fρ∗i (τ ′) ei; sld ra, 0; sfreen+1; ret ra {r1}, ·)]

where
ei = vi

ρ∗i (τj)FT ((sld r1, n−j; ret end{ρ∗i (τj)
T ;σ} {r1}), ·)

and
σ = ρ∗i (∀[].{r1 : τ ′T ; ζ}ε :: τT :: ζ)

Consider arbitrary (M1,M2) : W ′. From the definition of O, we need to show that either
both terms terminate or are both running after W.k steps. From Lemma 3.7, we can take
two steps and consider M′i which is like Mi but has stack with type σ instead of σ′, and
W ∗ which has a corresponding stack island, noting that the values in the register ra are
related from the condition on W ′, which means that currentMR(W ∗(istk)) bW∗ SJσKρ′.
Summarizing, we must now show:
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(W ∗, E1[(import r1,
ρ∗1(ζ)T Fρ∗1(τ ′) e1; sld ra, 0; sfreen+1; ret ra {r1}, ·)],

E2[(import r1,
ρ∗2(ζ)T Fρ∗2(τ ′) e2; sld ra, 0; sfreen+1; ret ra {r1}, ·)]) ∈ O

Consider the sequence of evaluation contexts

Ei


(import r1,

ρ∗i (ζ)T Fρ∗i (τ ′) viv
′
i

τFT ([·], ·)
ρ∗i (τ)FT ((sld r1, n−j; ret end{ρ∗i (τ ′)T ; ρ}∗i (σ) {r1}), ·)

;

sld ra, 0; sfreen+1; ret ra {r1}, ·)


and target of reduction

sld r1, n−j; ret end{ρ∗i (τj)
T ; ρ}∗i (σ) {r1}

where v′i starts empty and accumulates argument values in subsequent contexts. In order
to step the target, we note that after one step the Mis have, in register r1, related values
wji which have type ρ∗i (τj)

T . This means that

ρ∗i (τj)FT ((ret end{ρ∗i (τj)
T ; ρ}∗i (σ) {r1}), ·)

reduces in another step to a v′i , defined and in VJτj
T Kρ′ by appealing to 2a on the

structurally smaller type τj.
After 2n steps, we are in a world similar to W ∗, denote W ∗∗ but with the register island
having type τn−1

T for register r1. We now must show that:

(W ∗∗, E1[(import r1,
ρ1(ζ)T Fρ1(τ ′) v1v′1; sld ra, 0; sfreen+1; ret ra {r1}, ·)],

E2[(import r1,
ρ2(ζ)T Fρ2(τ ′) v2v′2; sld ra, 0; sfreen+1; ret ra {r1}, ·)]) ∈ O

From vi in the VJ·K relation, we know that

viv′i ∈ EJout ` τ ′; ζKρ[ζ 7→ (σ,σ,SJ[Kσ]ρ)]

This means that for any chosen continuations E′1 and E′2 drawn from

KJout ` τ ′; ζKρ[ζ 7→ (σ,σ,SJ[Kσ]ρ)] = KJout ` τ ′;σKρ

we will have that
(W ∗∗, E′1[v1v′1], E′2[v2v′2]) ∈ O

In particular, we will argue that

E′i = Ei[(import r1,
ρ1(ζ)T Fρ1(τ ′) [·]; sld ra, 0; sfreen+1; ret ra {r1}, ·)]

are such continuations, which will complete the proof.
To show this, for any future world W f wW ∗∗ such that

currentMR(W f (istk)) bW f SJσKρ′

and any values (W f , v1, v2) ∈ VJτ ′Kρ′, we must show that
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(W f , E′1[v1], E′2[v2]) ∈ O

In order to do that, consider (M1,M2) : W f . The first step results in related values w1

and w2 being placed in register r1, appealing to the inductive case of 2b for structurally
smaller type τ ′.
The next instruction results in register ra having, based on the stack island, related values
with type ∀[].{r1 : τ ′T ; ζ}ε.
The next instruction results in the stack being composed of just ζ, which combined with
the register typing means that we can appeal to the definition of Ei and get the desired
result.

Case (τ )
φi;φo−→ τ ′

To show that that (W, `1, `2) is in

WJ(τ )
φi;φo−→ τ ′T Kρ =WJbox ∀[ζ, ε].{ra : box∀[].{r1 : τ ′T ;φo :: ζ}ε;σ′}raKρ

where σ′ = τn
T :: · · · :: τ1

T :: φi :: ζ
we need to show that for any future world W̃ AW , and any memories M1,M2 such that
(W̃ ,M1,M2) ∈ currentMR(W (ibox)), the following conditions hold:

• Mi(`i) = code[ζ, ε]{ra : ∀[].{r1 : ρi(τ
′T );φo :: ζ}ε; ρi(σ′)}ra.Ii

• (W̃ ,M1(`1),M2(`2)) ∈ HVJ∀[ζ, ε].{ra : box∀[].{r1 : τ ′T ;φo :: ζ}ε;σ′}raKρ
The latter requires that, in a further future world W ′ w W̃ , with ρ∗ ∈ DJζ, εK, letting
ρ′ = ρ ∪ ρ∗, such that the world fulfills the following restrictions:

• currentMR(W ′(ireg)) bW ′ RJra : box ∀[].{r1 : ρ1(τ ′T );φo :: ζ}εKρ′

• currentMR(W ′(istk)) bW ′ SJσ′Kρ′

We must show that

(W ′, (ρ∗1(I1), ·), (ρ∗2(I2), ·)) ∈ EJra ` τ ′T ;φo :: ζKρ′

Where I1 and I2 are defined by the value translation.
In order to do that, consider arbitrary E1, E2 such that

(W ′, E1, E2) ∈ KJra ` τ ′T ;φo :: ζKρ′

The definition of EJ·K dictates we show that

(W ′, E1[(ρ∗1(I1), ·)], E2[(ρ∗2(I2), ·)]) ∈ O

Expanding Ii, we are considering:

Ei[salloc 1+|φi|; sst |φi|, ra;
sld r1, |φi|+ n; sst 1, r1; ...; sld r1, |φi|+ n + |φi| − 1; sst |φi|, r1;
import r1,

ζT Fτ ′ e;

sld ra, |φo|;
sld r2, |φo|−1; sst |φo|+n+|φi| − 1, r2; ...; sld r2, 0; sst |φo|+n+|φi|−|prefo|, r2;
sfreen+|φo|+1; ret ra {r1}]

where
ei = vi

ρ∗i (τj)FT ((sld r1, |φi|+n−j; ret end{ρ∗i (τj)
T ;σ} {r1}), ·)

and
σ = ρ∗i (φi :: ∀[].{r1 : τ ′T ; ζ}ε :: τT :: ζ)
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Consider arbitrary (M1,M2) : W ′. From the definition of O, we need to show that
either both terms terminate or are both running after W.k steps. From Lemma 3.7, we
can take 2 + 2 ∗ |φi| steps and consider M′i which is like Mi but has stack with type σ
instead of σ′, and W ∗ which has a corresponding stack island, noting that the values
in the register ra are related from the condition on W ′, and the rest of the instructions
are moving related values from one point of the stack to another. This means that
currentMR(W ∗(istk)) bW∗ SJσKρ′. Summarizing, we must now show:

(W ∗, E1[(import r1,
ρ∗1(ζ)T Fρ∗1(τ ′) e1; ...; ret ra {r1}, ·)],

E2[(import r1,
ρ∗2(ζ)T Fρ∗2(τ ′) e2; ...; ret ra {r1}, ·)]) ∈ O

Consider the sequence of evaluation contexts

Ei[(import r1,
ρ∗i (ζ)T Fρ∗i (τ ′) viv′i

τFT ([·], ·)ρ∗i (τ)FT ((sld ., ..; ret end{ρ∗i (τ ′)T ; ρ∗i (σ)} {r1}), ·);

...; ret ra {r1}, ·)]

and target of reduction

sld r1, |φi|+n−j; ret end{ρ∗i (τj)
T ; ρ}∗i (σ) {r1}

where v′i starts empty and accumulates argument values in subsequent contexts. In order
to step the target, we note that after one step the Mis have, in register r1, related values
wji which have type ρ∗i (τj)

T . This means that

ρ∗i (τj)FT ((ret end{ρ∗i (τj)
T ; ρ}∗i (σ) {r1}), ·)

reduces in another step to a v′i , defined and in VJτj
T Kρ′ by appealing to 2a on the

structurally smaller type τj.
After 2n steps, we are in a world similar to W ∗, denote W ∗∗ but with the register island
having type τn

T for register r1. We now must show that:

(W ∗∗, E1[(import r1,
ρ1(ζ)T Fρ1(τ ′) v1v′1; ...; ret ra {r1}, ·)],

E2[(import r1,
ρ2(ζ)T Fρ2(τ ′) v2v′2; ...; ret ra {r1}, ·)]) ∈ O

From vi in the VJ·K relation, we know that

viv′i ∈ EJout ` τ ′;φo :: ζKρ[ζ 7→ SR]

for any SR, and in particular, for SR = (σ′′,σ′′,SJσ′′Kρ) where σ′′ = ∀[].{r1 : τ ′T ; ζ}ε :: τT :: ζ.
This means that for any chosen continuations E′1 and E′2 drawn from

KJout ` τ ′;φo :: ζKρ[ζ 7→ (σ′′,σ′′,SJσ′′Kρ)] = KJout ` τ ′;φo :: σ′′Kρ

we will have that

(W ∗∗, E′1[v1v′1], E′2[v2v′2]) ∈ O

In particular, we will argue that

E′i = Ei[(import r1,
ρ1(ζ)T Fρ1(τ ′) [·];

sld ra, |φo|;
sld r2, |φo|−1; sst |φo|+n+|φi| − 1, r2; ...; sld r2, 0; sst |φo|+n+|φi|−|prefo|, r2;
sfreen+|φo|+1; ret ra {r1}, ·)]
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are such continuations, which will complete the proof.
To show this, for any future world W f w W ∗∗ such that currentMR(W f (istk)) bW f

SJφo :: σ′′Kρ′, and any values (W f , v1, v2) ∈ VJτ ′Kρ′, we must show that

(W f , E′1[v1], E′2[v2]) ∈ O

In order to do that, consider (M1,M2) : W f . The first step results in related values w1

and w2 being placed in register r1, appealing to the inductive case of 2b for structurally
smaller type τ ′.
The next instruction results in register ra having, based on the stack island, related values
with type ∀[].{r1 : τ ′T ; ζ}ε.
The next 2 ∗ |φo|+ 1 instructions result in the stack being composed of φo :: ζ, based on
the related values on the stack specified by the constraint on the world, and the freeing
of part of the stack.
Combined with the register typing, this means that we can appeal to the definition of Ei
and get the desired result.
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3.6 Compatibility Lemmas

NOTE: The proofs for TAL terms in the multi-language F+T are elided below since they are essentially the
same as the proofs for the corresponding compatibility lemmas for T.

Lemma 3.29 (Component)
If Ψ ` H1 ≈H H2 : Ψ′, boxheap(Ψ′), ret-type(q,χ,σ) = τ ;σ′, and (Ψ,Ψ′); ∆; Γ;χ;σ; q ` I1 ≈I I2, then
Ψ; ∆; Γ;χ;σ; q ` (I1,H1) ≈ (I2,H2) : τ ;σ′.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.30 (Heap Fragment)
Let · ` ψ1, . . . , · · · ` ψn and Ψ′ = `1 : ν1ψ1, . . . , `n : νnψn such that dom(Ψ) ∩ dom(Ψ′) = ∅. If for each
i, we have Ψ,Ψ′ ` h1i ≈hv h2i :

νiψi, then Ψ ` `1 7→ h11, . . . `n 7→ h1n ≈H `1 7→ h21, . . . `n 7→ h2n : Ψ′.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.31 (Code Block)
If · ` ∀[∆].{χ;σ}q and Ψ; ∆; ·;χ;σ; q ` I1 ≈I I2, then

Ψ ` code[∆]{χ;σ}q.I1 ≈hv code[∆]{χ;σ}q.I2 : box∀[∆].{χ;σ}q.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.32 (Tuple)
If for each i, we have Ψ; · ` w1i ≈w w2i : τi, then Ψ ` 〈w10, . . . ,win〉 ≈hv 〈w20, . . . ,w2n〉 :ν〈τ0, . . . , τn〉.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.33 (Unit)
Ψ; ∆ ` () ≈w () : unit.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.34 (Integer)
Ψ; ∆ ` n ≈w n : int.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.35 (Mutable Location)
If ` : refψ ∈ Ψ, then Ψ; ∆ ` ` ≈w ` : ref ψ.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.36 (Immutable Location)
If ` : boxψ ∈ Ψ, then Ψ; ∆ ` ` ≈w ` : boxψ.

Proof

Analogous to proof of corresponding compatibility lemma for T.
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Lemma 3.37 (Pack)
If Ψ; ∆ ` w1 ≈w w2 : τ [τ ′/α], then Ψ; ∆ ` pack〈τ ′,w1〉 as ∃α.τ ≈w pack〈τ ′,w2〉 as ∃α.τ :∃α.τ .

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.38 (Fold)
If Ψ; ∆ ` w1 ≈w w2 : τ [µα.τ/α], then Ψ; ∆ ` foldµα.τ w1 ≈w foldµα.τ w2 :µα.τ .

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.39 (Word Type Application)
If Ψ; ∆ ` w1 ≈w w2 : box ∀[α,∆′].{χ;σ}q and ∆ ` τ , then

Ψ; ∆ ` w1[τ ] ≈w w2[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α].

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.40 (Stack Type Application)
If Ψ; ∆ ` w1 ≈w w2 : box ∀[ζ,∆′].{χ;σ}q and ∆ ` σ′, then

Ψ; ∆ ` w1[σ′] ≈w w2[σ′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ].

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.41 (Return Marker Type Application)
If Ψ; ∆ ` w1 ≈w w2 : box ∀[ε,∆′].{χ;σ}q, ftv(q′) ⊆∆, and ∆ ` ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε], then

Ψ; ∆ ` w1[q′] ≈w w2[q′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε].

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.42 (Word Value)
If Ψ; ∆ ` w1 ≈w w2 : τ , then Ψ; ∆;χ ` w1 ≈u w2 : τ .

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.43 (Register)
If r : τ ∈ χ, then Ψ; ∆;χ ` r ≈u r : τ .

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.44 (Pack)
If Ψ; ∆;χ ` u1 ≈u u2 : τ [τ ′/α], then Ψ; ∆;χ ` pack〈τ ′,u1〉 as ∃α.τ ≈u pack〈τ ′,u2〉 as ∃α.τ :∃α.τ .

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.45 (Fold)
If Ψ; ∆;χ ` u1 ≈u u2 : τ [µα.τ/α], then Ψ; ∆;χ ` foldµα.τ u1 ≈u foldµα.τ u2 :µα.τ .
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Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.46 (Word Type Application)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[α,∆′].{χ;σ}q and ∆ ` τ , then

Ψ; ∆;χ ` u1[τ ] ≈u u2[τ ] : box ∀[∆′].{χ[τ/α];σ[τ/α]}q[τ/α].

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.47 (Stack Type Application)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ζ,∆′].{χ;σ}q and ∆ ` σ′, then

Ψ; ∆;χ ` u1[σ′] ≈u u2[σ′] : box ∀[∆′].{χ[σ′/ζ];σ[σ′/ζ]}q[σ′/ζ].

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.48 (Return Marker Type Application)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ε,∆′].{χ;σ}q, ftv(q′) ⊆∆, and ∆ ` ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε], then

Ψ; ∆;χ ` u1[q′] ≈u u2[q′] : box ∀[∆′].{χ[q′/ε];σ[q′/ε]}q[q′/ε].

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.49 (Arithmetic Operation)
If Ψ; ∆;χ ` rs1 ≈u rs2 : int, Ψ; ∆;χ ` u1 ≈u u2 : int, q 6= rd, and Ψ; ∆; Γ;χ[rd : int];σ; q ` I1 ≈I I2,
then Ψ; ∆; Γ;χ;σ; q ` aop rd, rs1, u1; I1 ≈I aop rd, rs2, u2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.50 (Branch)
If Ψ; ∆;χ ` r1 ≈u r2 : int, Ψ; ∆;χ ` u1 ≈u u2 : box ∀[].{χ′;σ}q, ∆ ` χ ≤ χ′, and Ψ; ∆; Γ;χ;σ; q `
I1 ≈I I2, then Ψ; ∆; Γ;χ;σ; q ` bnz r1, u1; I1 ≈I bnz r2, u2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.51 (Load from Mutable Tuple)
If Ψ; ∆;χ ` rs1 ≈u rs2 : ref 〈τ0, . . . , τn〉, 0 ≤ i ≤ n, q 6= rd, and Ψ; ∆; Γ;χ[rd : τi];σ; q ` I1 ≈I I2, then
Ψ; ∆; Γ;χ;σ; q ` ld rd, rs1[i]; I1 ≈I ld rd, rs2[i]; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.52 (Load from Immutable Tuple)
If Ψ; ∆;χ ` rs1 ≈u rs2 : box 〈τ0, . . . , τn〉, 0 ≤ i ≤ n, q 6= rd, and Ψ; ∆; Γ;χ[rd : τi];σ; q ` I1 ≈I I2, then
Ψ; ∆; Γ;χ;σ; q ` ld rd, rs1[i]; I1 ≈I ld rd, rs2[i]; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.
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Lemma 3.53 (Store to Mutable Tuple)
If Ψ; ∆;χ ` rd1 ≈u rd2 : ref 〈τ0, . . . , τn〉, 0 ≤ i ≤ n, Ψ; ∆;χ ` rs1 ≈u rs2 : τi, and Ψ; ∆; Γ;χ;σ; q `
I1 ≈I I2, then Ψ; ∆; Γ;χ;σ; q ` st rd1[i], rs1; I1 ≈I st rd2[i], rs2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.54 (Allocate Mutable Tuple)
If len(τ ) = n, q 6= rd, and Ψ; ∆; Γ;χ[rd : ref 〈τ 〉];σ; dec(q,n) ` I1 ≈I I2,
then Ψ; ∆; Γ;χ; τ :: σ; q ` ralloc rd, n; I1 ≈I ralloc rd, n; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.55 (Allocate Immutable Tuple)
If len(τ ) = n, q 6= rd, and Ψ; ∆; Γ;χ[rd : box 〈τ 〉];σ; dec(q,n) ` I1 ≈I I2,
then Ψ; ∆; Γ;χ; τ :: σ; q ` balloc rd, n; I1 ≈I balloc rd, n; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.56 (Move)
If Ψ; ∆;χ ` u1 ≈u u2 : τ , q 6= rd, and Ψ; ∆; Γ;χ[rd : τ ];σ; q ` I1 ≈I I2,
then Ψ; ∆; Γ;χ;σ; q ` mv rd, u1; I1 ≈I mv rd, u2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.57 (Move Return Address)
If χ(rs) = τ and Ψ; ∆; Γ;χ[rd : τ ];σ; rd ` I1 ≈I I2, then Ψ; ∆; Γ;χ;σ; rs ` mv rd, rs; I1 ≈I mv rd, rs; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.58 (Unpack)
If Ψ; ∆;χ ` u1 ≈u u2 :∃α.τ , q 6= rd, and Ψ; ∆, α; Γ;χ[rd : τ ];σ; q ` I1 ≈I I2,
then Ψ; ∆; Γ;χ;σ; q ` unpack 〈α, rd〉 u1; I1 ≈I unpack 〈α, rd〉 u2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.59 (Unfold)
If Ψ; ∆;χ ` u1 ≈u u2 :µα.τ , q 6= rd, and Ψ; ∆; Γ;χ[rd : τ [µα.τ/α]];σ; q ` I1 ≈I I2,
then Ψ; ∆; Γ;χ;σ; q ` unfold rd, u1; I1 ≈I unfold rd, u2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.60 (Allocate Stack Space)
If Ψ; ∆; Γ;χ; unit :: · · ·n :: unit :: σ; inc(q,n) ` I1 ≈I I2, then Ψ; ∆; Γ;χ;σ; q ` salloc n; I1 ≈I salloc n; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.61 (Free Stack Space)
If Ψ; ∆; Γ;χ;σ; dec(q,n) ` I1 ≈I I2, then Ψ; ∆; Γ;χ; τ0 :: · · · :: τn−1 :: σ; q ` sfreen; I1 ≈I sfreen; I2.
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Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.62 (Load from Stack)
If σ(i) = τ , q 6= rd, and Ψ; ∆; Γ;χ[rd : τi];σ; q ` I1 ≈I I2, then Ψ; ∆; Γ;χ;σ; q ` sld rd, i; I1 ≈I sld rd, i; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.63 (Load Return Address from Stack)
If σ(i) = τ i and Ψ; ∆; Γ;χ[rd : τi];σ; rd ` I1 ≈I I2, then Ψ; ∆; Γ;χ;σ; i ` sld rd, i; I1 ≈I sld rd, i; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.64 (Store to Stack)
If Ψ; ∆;χ ` rs1 ≈u rs2 : τ ′, q 6= i, and Ψ; ∆; Γ;χ; τ0 :: · · · :: τi−1 :: τ ′ :: σ; q ` I1 ≈I I2,
then Ψ; ∆; Γ;χ; τ0 :: · · · :: τi :: σ; q ` sst i, rs1; I1 ≈I sst i, rs2; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.65 (Store Return Address to Stack)
If χ(rs) = τ ′ and Ψ; ∆; Γ;χ; τ0 :: · · · :: τi−1 :: τ ′ :: σ; i ` I1 ≈I I2,
then Ψ; ∆; Γ;χ; τ0 :: · · · :: τi :: σ; rs ` sst i, rs; I1 ≈I sst i, rs; I2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.66 (Return from Call)
If χ(r) = box ∀[].{r′ : τ ;σ}q′ and χ(r′) = τ , then Ψ; ∆; Γ;χ;σ; r ` ret r {r′} ≈I ret r {r′}.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.67 (Return at End)
If χ(r) = τ , then Ψ; ∆; Γ;χ;σ; end{τ ;σ} ` ret end{τ ;σ} {r} ≈I ret end{τ ;σ} {r}.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.68 (Jump)
If Ψ; ∆;χ ` u1 ≈u u2 : box ∀[].{χ′;σ}q, ∆ ` χ ≤ χ′, and ·[∆];χ;σ ` q,
then Ψ; ∆; Γ;χ;σ; q ` jmpu1 ≈I jmp u2.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.69 (Call)
Given the following:

• Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ζ, ε].{χ̂; σ̂}q̂,

• ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε,

• ∆ ` σ0,
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• ∆ ` ∀[].{χ̂[σ0/ζ][(i + k− j)/ε]; σ̂[σ0/ζ][(i + k− j)/ε]}q̂,

• ∆ ` χ ≤ χ̂[σ0/ζ][(i + k− j)/ε],

• σ = τ0 :: · · · :: τj :: σ0,

• σ̂ = τ0 :: · · · :: τj :: ζ,

• j < i, and

• σ̂′ = τ ′0 :: · · · :: τ ′k :: ζ,

we have that Ψ; ∆; Γ;χ;σ; i ` call u1 {σ0, i + k− j} ≈I callu2 {σ0, i + k− j}.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.70 (Call from Top Level)
Given the following:

• Ψ; ∆;χ ` u1 ≈u u2 : box ∀[ζ, ε].{χ̂; σ̂}q̂,

• ret-addr-type(q̂, χ̂, σ̂) = ∀[].{r : τ ; σ̂′}ε,

• ∆ ` σ0,

• ∆ ` ∀[].{χ̂[σ0/ζ][end{τ∗;σ∗}/ε]; σ̂[σ0/ζ][end{τ∗;σ∗}/ε]}q̂,

• ∆ ` χ ≤ χ̂[σ0/ζ][end{τ∗;σ∗}/ε],

• σ = τ :: σ0,

• σ̂ = τ :: ζ, and

• σ̂′ = τ ′ :: ζ,

we have that Ψ; ∆; Γ;χ;σ; end{τ∗;σ∗} ` callu1 {σ0, end{τ∗;σ∗}} ≈I callu2 {σ0, end{τ∗;σ∗}}.

Proof

Analogous to proof of corresponding compatibility lemma for T.

Lemma 3.71 (Import)
Given the following:

• Ψ; ∆; Γ;χ; τ0 :: · · · :: τj :: ζ; out ` e1 ≈ e2 : τ ; τ ′0 :: · · · :: τ ′k :: ζ,

• σ = τ0 :: · · · :: τj :: σ0,

• σ′ = τ ′0 :: · · · :: τ ′k :: σ0,

• q = i > j or q = end{τ̂ ; σ̂},

• Ψ; ∆;χ[rd : τ τ ];σ′; inc(q,k−j) ` I1 ≈I I2,

we have that Ψ; ∆; Γ;χ;σ; q ` import rd,
σ0T Fτ e1; I1 ≈I import rd,

σ0T Fτ e2; I2.

Proof
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Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ.

We need to show

(W,ρ1(γ1((import rd,
σ0T Fτ e1; I1, ·))), ρ2(γ2((import rd,

σ0T Fτ e2; I2, ·))))

= (W, (import rd,
ρ1(σ0)T Fρ1(τ ) ρ1(γ1(e1)); ρ1(γ1(I1)), ·), (import rd,

ρ2(σ0)T Fρ2(τ ) ρ2(γ2(e2)); ρ2(γ2(I2)), ·))

∈ EJq ` ret-type(q,χ,σ)Kρ.

The result follows from Lemma 3.28, 1(b), using what is given in the hypotheses.

Lemma 3.72 (Protect)
Given the following:

• σ = φ :: σ′

• Ψ; ∆, ζ;χ;φ :: ζ; q ` I1 ≈I I2,

we have that Ψ; ∆; Γ;χ;σ; q ` protect φ, ζ; I1 ≈I protect φ, ζ; I2.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ.

We need to show

(W,ρ1(γ1((protect φ, ζ; I1, ·))), ρ2(γ2((protect φ, ζ; I2, ·))))

= (W, (protect ρ1(φ), ρ1(ζ); ρ1(γ1(I1)), ·), (protect ρ2(φ), ρ2(ζ); ρ2(γ2(I2)), ·))

∈ EJq ` ret-type(q,χ,σ)Kρ.

Let ρ′ = ρ[ζ 7→ SJσ′K], noting the latter exists due to last given. We can then instantiate the second
hypothesis, since ρ′ ∈ DJ∆, ζK, and SJσKρ = SJφ :: σ′Kρ = SJφ :: ζKρ′ due to substitution. This gives
us that:

(W,ρ1(γ1((I1, ·))), ρ1(γ1((I1, ·)))) ∈ EJq ` ret-addr-type(q,χ,φ :: ζ)Kρ′

With which the result can follow from Lemma 3.4.3, since the protect φ, ζ instruction reduces without
any operational consequences.

Lemma 3.73 (F Variable)
If x : τ ∈ Γ, then Ψ; ∆; Γ;χ;σ; out ` x ≈ x : τ ;σ.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ.

We must show that (W,ρ1(γ1(x)), ρ2(γ2(x))) ∈ EJout ` int;σ2K

This follows immediately from the definition of GJΓK and Lemma 3.25.

Lemma 3.74 (F Unit)
Ψ; ∆; Γ;χ;σ; out ` () ≈ () : unit;σ.

Proof

Immediate from Lemma 3.25.
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Lemma 3.75 (F Integer)
Ψ; ∆; Γ;χ;σ; out ` n ≈ n : int;σ.

Proof

Immediate from Lemma 3.25.

Lemma 3.76 (F Arith Op)
If Ψ; ∆; Γ;χ;σ0; out ` t1 ≈ t2 : int;σ1, and Ψ; ∆; Γ;χ;σ1; out ` t′1 ≈ t′2 : int;σ2,
then Ψ; ∆; Γ;χ;σ0; out ` t1 p t′1 ≈ t2 p t′2 : int;σ2.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We must show that

(W,ρ1(γ1(t1 p t′1)), ρ2(γ2(t2 p t′2))) = (W,ρ1(γ1(t1)) p ρ1(γ1(t′1)), ρ2(γ2(t2)) p ρ2(γ2(t′2))) ∈ EJout `
int;σ2K

We proceed by applying Lemma 3.26 twice, first with evaluation contexts Ei = [·] p ρi(γi(t′i ))

and then with with Ei = vi p [·].
We then must show that (W, v1 p v′1, v2 p v′2) ∈ EJout ` int;σ2K.

The result then follows from Lemma 3.13 and Lemma 3.25.

Lemma 3.77 (F If0)
If Ψ; ∆; Γ;χ;σ0; out ` t1 ≈ t′1 : int;σ1, Ψ; ∆; Γ;χ;σ1; out ` t2 ≈ t′2 : τ ;σ2,
and Ψ; ∆; Γ;χ;σ1; out ` t3 ≈ t′3 : τ ;σ2,
then Ψ; ∆; Γ;χ;σ0; out ` if0 t1 t2 t3 ≈ if0 t′1 t′2 t′3 : τ ;σ2.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We must show that

(W,ρ1(γ1(if0 t1 t2 t3)), ρ2(γ2(if0 t′1 t′2 t′3))) ∈ EJout ` τ ;σ2K.

After pushing in the substitutions, we apply Lemma 3.26 three times, which requires us to then show
that:

(W, if0 v1 v2 v3, if0 v′1 v′2 v′3) ∈ EJout ` τ ;σ2K

Where (W, v1, v′1) ∈ VJintKρ,(W, v2, v′2) ∈ VJτ Kρ, and (W, v3, v′3) ∈ VJτ Kρ.

Inspecting the VJintKρ, we can see that v1 and v′1 are integer values which are either 0 or not.

In either case, we proceed by combination of Lemma 3.13 and Lemma 3.25.

Lemma 3.78 (F Pure Function)
If Ψ; ∆, ζ; Γ, x : τ ;χ; ζ; out ` t1 ≈ t2 : τ ′; ζ,
then Ψ; ∆; Γ;χ;σ; out ` λ(x : τ ).t1 ≈ λ(x : τ ).t1 : (τ )→ τ ′;σ

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ.

We need to show that
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(W,ρ1(γ1(λ(x : τ ).t1)), ρ2(γ2(λ(x : τ ).t2)))

= (W,λ(x : ρ1(γ1(τ ))).ρ1(γ1(t1)),λ(x : ρ2(γ2(τ ))).ρ2(γ2(t2))) ∈ EJout ` (τ )→ τ ′σKρ

Using Lemma 3.25, it suffices to show that (W,λ(x : ρ1(γ1(τ ))).ρ1(γ1(t1)),λ(x : ρ1(γ1(τ ))).ρ2(γ2(t2))) ∈
VJ(τ )→ τ ′Kρ.

This means we must consider arbitraryW ′ wpub W , SR ∈ TStackRel, v′1, v
′
2 such that currentMR(W ′(istk)) bW ′

SJζKρ′ where ρ′ = ρ[ζ 7→ SR] and (W ′, v′1, v
′
2) ∈ VJτ Kρ′.

Our obligation is to show that (W ′,λ(x : ρ1(γ1(τ ))).ρ1(γ1(t1))v′1,λ(x : ρ2(γ2(τ ))).ρ2(γ2(t2))v′2) ∈
EJout ` τ ′; ζKρ′.
We appeal to Lemma 3.13, which means we must show that

(W ′, ρ1(γ1(t1))[v′1/x], ρ2(γ2(t2))[v′2/x]) ∈ EJout ` τ ′; ζKρ′.

Let γ′ = γ[x 7→ (v′1, v
′
2)]. Note that γ′ ∈ GJΓ, x : τ Kρ, and that, appealing to substitution, the above is

equivalent to (W ′, ρ′1(γ′1(t1)), ρ′2(γ′2(t2))) ∈ EJout ` τ ′; ζKρ′.
Which follows from our first hypothesis.

Lemma 3.79 (F Stack Modifying Function)
If Ψ; ∆, ζ; Γ, x : τ ;χ;φi :: ζ; out ` t1 ≈ t2 : τ ′;φo :: ζ,

then Ψ; ∆; Γ;χ;σ; out ` λφi

φo
(x : τ ).t1 ≈ λ

φi

φo
(x : τ ).t1 : (τ )

φi;φo−→ τ ′;σ

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ.

We need to show that

(W,ρ1(γ1(λ
φi

φo
(x : τ ).t1)), ρ2(γ2(λ

φi

φo
(x : τ ).t2)))

= (W,λ
ρ1(φi)
ρ1(φo)

(x : ρ1(γ1(τ ))).ρ1(γ1(t1)),λ
ρ2(φi)
ρ2(φo)

(x : ρ2(γ2(τ ))).ρ2(γ2(t2))) ∈ EJout ` (τ )→ τ ′σKρ

Using Lemma 3.25, it suffices to show that (W,λ
ρ1(φi)
ρ1(φo)

(x : ρ1(γ1(τ ))).ρ1(γ1(t1)),λ
ρ2(φi)
ρ2(φo)

(x : ρ2(γ2(τ ))).ρ2(γ2(t2))) ∈

VJ(τ )
φi;φo−→ τ ′Kρ.

This means we must consider arbitraryW ′ wpub W , SR ∈ TStackRel, v′1, v
′
2 such that currentMR(W ′(istk)) bW ′

SJφi :: ζKρ′ where ρ′ = ρ[ζ 7→ SR] and (W ′, v′1, v
′
2) ∈ VJτ Kρ′.

Our obligation is to show that (W ′,λ
ρ1(φi)
ρ1(φo)

(x : ρ1(γ1(τ ))).ρ1(γ1(t1))v′1,λ
ρ2(φi)
ρ2(φo)

(x : ρ2(γ2(τ ))).ρ2(γ2(t2))v′2) ∈
EJout ` τ ′;φo :: ζKρ′.

We appeal to Lemma 3.13, which means we must show that

(W ′, ρ1(γ1(t1))[v′1/x], ρ2(γ2(t2))[v′2/x]) ∈ EJout ` τ ′;φo :: ζKρ′.

Let γ′ = γ[x 7→ (v′1, v
′
2)]. Note that γ′ ∈ GJΓ, x : τ Kρ, and that, appealing to substitution, the above is

equivalent to (W ′, ρ′1(γ′1(t1)), ρ′2(γ′2(t2))) ∈ EJout ` τ ′;φo :: ζKρ′.

Which follows from our first hypothesis.
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Lemma 3.80 (F Pure Application)
If Ψ; ∆; Γ;χ;σ0; out ` t ≈ t′ : (τ1 · · · τn)→ τ ′;σ0,
and Ψ; ∆; Γ;χ;σi−1; out ` ti ≈ t′i : τi;σi for i ∈ {1, . . . , n},
then Ψ; ∆; Γ;χ;σ0; out ` t t1 · · · tn ≈ t′ t′1 · · · t′n : τ ′;σn.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We need to show that

(W,ρ1(γ1(t t1 · · · tn)), ρ2(γ2(t′ t′1 · · · t′n)))

= (W,ρ1(γ1(t)) ρ1(γ1(t1)) · · · ρ1(γ1(tn)), ρ2(γ2(t′)) ρ2(γ2(t′1)) · · · ρ2(γ2(t′n)))

∈ EJout ` τ ′;σnKρ

We proceed by applying Lemma 3.26 n+ 1 times, with the first evaluation contexts being

E0 = [·] ρ1(γ1(t1)) · · · ρ1(γ1(tn)) and

E′0 = [·] ρ2(γ2(t′1)) · · · ρ2(γ2(t′n))

And the ith being

Ei = v0 v1 · · · vi−1[·] · · · ρ1(γ1(tn)) and

E′i = v′0 ρ2(γ2(v′1)) · · · v′i−1[·] · · · ρ2(γ2(t′n))

Where (W, v0, v′0) ∈ VJ(τ1 · · · τn)→ τ ′Kρ and (W, vi, v′i ) ∈ VJτiKρ.

Once we show that

(W,En[vn], E′n[v′n]) = (W, v0 v1 · · · vn, v′0 v′1 · · · v′n) ∈ EJout ` τ ′;σnKρ

all prior applications of Lemma 3.26 follow.

We instantiate (W, v0, v′0) ∈ VJ(τ1 · · · τn)→ τ ′Kρ with W ′, SR = (ρ1(σn), ρ2(σn),SJσnKρ), v, v′ to
yield the desired result.

Lemma 3.81 (F Stack Modifying Application)

If Ψ; ∆; Γ;χ;σ0; out ` t ≈ t′ : (τ1 · · · τn)
φi;φo−→ τ ′;σ0,

and Ψ; ∆; Γ;χ;σi−1; out ` ti ≈ t′i : τi;σi for i ∈ {1, . . . , n},
where σn = φi :: σ̂ and σ′ = φo :: σ̂,
then Ψ; ∆; Γ;χ;σ0; out ` t t1 · · · tn ≈ t′ t′1 · · · t′n : τ ′;σ′.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We need to show that

(W,ρ1(γ1(t t1 · · · tn)), ρ2(γ2(t′ t′1 · · · t′n)))

= (W,ρ1(γ1(t)) ρ1(γ1(t1)) · · · ρ1(γ1(tn)), ρ2(γ2(t′)) ρ2(γ2(t′1)) · · · ρ2(γ2(t′n)))

∈ EJout ` τ ′;σ′Kρ

We proceed by applying Lemma 3.26 n+ 1 times, with the first evaluation contexts being
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E0 = [·] ρ1(γ1(t1)) · · · ρ1(γ1(tn)) and

E′0 = [·] ρ2(γ2(t′1)) · · · ρ2(γ2(t′n))

And the ith being

Ei = v0 v1 · · · vi−1[·] · · · ρ1(γ1(tn)) and

E′i = v′0 ρ2(γ2(v′1)) · · · v′i−1[·] · · · ρ2(γ2(t′n))

Where (W, v0, v′0) ∈ VJ(τ1 · · · τn)→ τ ′Kρ and (W, vi, v′i ) ∈ VJτiKρ.

Once we show that

(W,En[vn], E′n[v′n]) = (W, v0 v1 · · · vn, v′0 v′1 · · · v′n) ∈ EJout ` τ ′;σ′Kρ

all prior applications of Lemma 3.26 follow.

We instantiate (W, v0, v′0) ∈ VJ(τ1 · · · τn)
φi;φo−→ τ ′Kρ with W ′, SR = (ρ1(σn), ρ2(σn),SJσnKρ) (noting

that σn = φi :: ζ), v, and v′ to yield the desired result.

Lemma 3.82 (F Fold)
If Ψ; ∆; Γ;χ;σ0; out ` t1 ≈ t2 : τ [µα.τ/α];σ1,
then Ψ; ∆; Γ;χ;σ0; out ` foldµα.τ t1 ≈ foldµα.τ t2 :µα.τ ;σ1

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We proceed by applying Lemma 3.26, with evaluation contexts Ei = foldµα.τ [·].
Given (W, v1, v2) ∈ VJτ [µα.τ/α]Kρ, we must show (W, foldµα.τ v1, foldµα.τ v2) ∈ EJout ` µα.τ ;σ1K.

From Lemma 3.8, noting that BW w W , we have that (W, v1, v2) ∈ BVJτ [µα.τ/α]Kρ, which means
(W, foldµα.τ v1, foldµα.τ v2) ∈ VJµα.τ Kρ and the result follows from Lemma 3.25.

Lemma 3.83 (F Unfold)
If Ψ; ∆; Γ;χ;σ0; out ` t1 ≈ t2 :µα.τ ;σ1,
then Ψ; ∆; Γ;χ;σ0; out ` unfold t1 ≈ unfold t2 : τ [µα.τ/α];σ1

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We proceed by applying Lemma 3.26, with evaluation contexts Ei = unfold [·].
Given (W, v1, v2) ∈ VJµα.τ Kρ, we must show (W,unfold v1,unfold v2) ∈ EJout ` τ [µα.τ/α];σ1K.

From the definition of VJµα.τ Kρ, we know that the above is equivalent to (W,unfold foldµα.τ v′1,unfold foldµα.τ v′2) ∈
EJout ` τ [µα.τ/α];σ1K where (W, v′1, v

′
2) ∈ BVJτ [µα.τ/α]Kρ.

And we can then appeal to Lemma 3.4.3, noting that Lemma 3.25 provides us with the needed condition
once we take one reduction step.

Lemma 3.84 (F Tuple)
If Ψ; ∆; Γ;χ;σi−1; out ` ti ≈ t′i : τi;σi for i ∈ {1, . . . , n},
then Ψ; ∆; Γ;χ;σn−1; out ` 〈t1, . . . , tn〉 ≈ 〈t′1, . . . , t′n〉 : 〈τ1, . . . , τn〉;σn.

Proof

133



Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσn−1Kρ.

We must show that

(W,ρ1(γ1(〈t1, . . . , tn〉)), ρ2(γ2(〈t′1, . . . , t′n〉))) ∈ EJout ` int;σ2K

We proceed by pushing the substitutions in and applying Lemma 3.26 n times, with ith evaluation
contexts E1i = 〈v1, . . . , [·], . . . , ρ1(γ1(tn))〉 and E2i = 〈v′1, . . . , [·], . . . , ρ2(γ2(t′n))〉
Where (W, vi, v′i ) ∈ VJτiKρ.

We then must show that (W, 〈v1, . . . , vn〉, 〈v′1, . . . , v′n〉) ∈ EJout ` 〈τ1, . . . , τn〉;σnKρ.

But this follows from Lemma 3.25.

Lemma 3.85 (F Projection)
If Ψ; ∆; Γ;χ;σ0; out ` t1 ≈ t2 : 〈τ1, . . . , τn〉;σ1,
then Ψ; ∆; Γ;χ;σ0; out ` πi(t1) ≈ πi(t2) : τi;σ1

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσ0Kρ.

We must show that

(W,ρ1(γ1(πi(t1))), ρ2(γ2(πi(t2)))) = (W,πi(ρ1(γ1(t1))),πi(ρ2(γ2(t2)))) ∈ EJout ` τi;σ1Kρ

We appeal to Lemma 3.26, with Ei = πi([·]). We must show that

(W,πi(v1),πi(v2)) ∈ EJτiKρ given that (W, v1, v2) ∈ VJ〈τ1, . . . , τn〉Kρ
We appeal to Lemma 3.13, noting that the definition of VJ〈τ1, . . . , τn〉Kρ and Lemma 3.25 yields the
desired result.

Lemma 3.86 (FT Boundary)
If Ψ; ∆; Γ; ·;σ0; end{τT ;σ1} ` e1 ≈ e2 : τT ;σ1,
then Ψ; ∆; Γ;χ;σ0; out ` τFT e1 ≈ τFT e2 : τ ;σ1.

Proof

Consider arbitrary W , ρ, and γ such that W ∈ HJΨK, ρ ∈ DJ∆K, γ ∈ GJΓK, currentMR(W (ireg)) bW
RJχKρ, and currentMR(W (istk)) bW SJσKρ.

We need to show that

(W,ρ1(γ1(τFT e1)), ρ2(γ2(τFT e2))) = (W, ρ1(τ )FT ρ1(γ1(e1)), ρ2(τ )FT ρ2(γ2(e2))) ∈ EJout ` τ ;σ1K

From the hypothesis, we know that (W,ρ1(γ1(e1)), ρ2(γ2(e2))) ∈ EJend{τT ;σ1} ` τT ;σ1K.

The result is then immediate from Lemma 3.28, 1(a).
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3.7 Fundamental Property and Soundness

Lemma 3.87 (Fundamental Property) • If Ψ; ∆; Γ;χ;σ; q ` e : τ ;σ′ then Ψ; ∆; Γ;χ;σ; q ` e ≈
e : τ ;σ′

• If Ψ ` H : Ψ′ then Ψ ` H ≈H H : Ψ′

• If Ψ ` h :νψ then Ψ ` h ≈hv h :νψ
def
= .

• If Ψ; ∆ ` w : τ Ψ; ∆ ` w ≈w w : τ

• If Ψ; ∆;χ ` u : τ then Ψ; ∆;χ ` u ≈u u : τ

• If Ψ; ∆; Γ;χ;σ; q ` I then Ψ; ∆; Γ;χ;σ; q ` I ≈I I

Proof

We prove all the claims simultaneously, by induction on the typing derivations, using the compatibility
lemmas.

Lemma 3.88 (Weakening)
If Ψ; ∆; Γ;χ;σ; q ` e1 ≈ e2 : τ ;σ′ and Ψ ⊆ Ψ′, ∆ ⊆ ∆′, Γ ⊆ Γ′, χ ⊆ χ′, then Ψ′; ∆′; Γ′;χ′;σ; q ` e1 ≈
e2 : τ ;σ′.

Proof

Let W ∈ HJΨ′K, ρ′ ∈ DJ∆′K, (W,γ′) ∈ GJΓ′Kρ′ such that currentMR(W (ireg)) bW RJχ′Kρ′ and
currentMR(W (istk)) bW SJσKρ′.

Let ρ = ρ′|∆ and γ = γ′|Γ. Note that W ∈ HJΨK and ρ ∈ DJ∆K immediately.

We must further show:

• currentMR(W (ireg)) bW RJχKρ

• currentMR(W (istk)) bW SJσKρ

• (W,γ) ∈ GJΓKρ

Since the free type variables in χ are in ∆, RJχKρ′ = RJχKρ, after which the first follows from the
definition.

Similarly, the free type variables in σ are in ∆, after which the second follows.

Finally, we must show that (W,γ) ∈ GJΓKρ. But clearly (W,γ) ∈ GJΓKρ′ and since the free type
variables in Γ are in ∆, GJΓKρ′ = GJΓKρ, so we are done.

Lemma 3.89 (Congruence)
If Ψ; ∆; Γ;χ;σ; q ` e1 ≈ e2 : τ ;σ′ and ` C : (Ψ; ∆; Γ;χ;σ; q ` τ ;σ′) (Ψ′; ∆′; Γ′;χ′;σ0; q′ ` τ ′;σ1), then
Ψ′; ∆′; Γ′;χ′;σ0; q ` C[e1] ≈ C[e2] : τ ;σ1.

Proof

This follows by induction on the type derivation for C, using Lemma 3.88 for the cases when C is
empty, and the compatibility lemmas in the rest of the cases.

Lemma 3.90 (Canonical World)
If ` M = (H,R, S) : (Ψ,χ,σ), then for any k,∃W. W.k = k ∧ W ∈ HJψK ∧ currentMR(W (ireg)) bW
RJχK ∧ currentMR(W (istk)) bW SJσK ∧ (M,M) : W .

Proof
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Say that Ψ = Ψ′, `1 :ref ψ1, . . . , `n :ref ψn where boxheap(Ψ′). Let

θi = (•, {•}, {}, {}, λs.{(W ′,M1,M2) ∈ MemAtomk|(W ′,M1(`i),M2(`i)) ∈ HVJψiK∅, λs.{(`i, `i)})

for 1 ≤ i ≤ n. We construct

W = (k,Ψ,Ψ, (islandreg((R, χ,R, χ), k), islandstk((S, σ,S, σ), k), islandbox((H|Ψ′ ,H|Ψ′), k), θ1, . . . , θn)

We need to show the following:

• For each ` :box ψ ∈ Ψ′, (W, `, `) ∈ WJboxψK∅,
• For each i, (W, `i, `i) ∈ WJref ψK∅
• currentMR(W (ireg)) bW RJχK
• currentMR(W (istk)) bW SJσK
• (M,M) : W

All of these follow from the respective definitions and the Fundamental Property for word and heap
values.

Lemma 3.91 (Adequacy)
If Ψ; ·; ·;χ;σ; q ` e1 ≈ e2 : τ ;σ′, `M : (Ψ,χ,σ), then 〈M | e1〉 ↓ if and only if 〈M | e2〉 ↓.

Proof

We show that 〈M | e1〉 ↓ implies 〈M | e2〉 ↓, and the converse holds by an identical argument.

Suppose 〈M | e1〉 ↓k. By Lemma 3.90, there is some W ∈ HJψK with currentMR(W (ireg)) bW
RJχK ∧ currentMR(W (istk)) bW SJσK such that (M,M) : W and W.k ≥ k.

So by our assumption, (W, e1, e2) ∈ EJq ` τ ;σ′K∅. We claim that (W,E,E) ∈ KJq ` τ ;σ′K∅, where

E =

{
[·] τ = τ

([·], ·) τ = τ

If the claim holds, then (W,E[e1], E[e2]) = (W, e1, e2) ∈ O. Since running(W.k, 〈M | e1〉) contradicts
our assumption, we must have 〈M | e2〉 ↓, as desired.

To prove the claim, we must consider the two types of continuations, depending on whether τ = τ or
τ = τ .

In the first case, let W ′ wpub W and consider (W ′, v1, v2) ∈ VJτ K∅, such that currentMR(W ′(istk)) bW ′
SJσK∅. In that case

(W ′, E[v1], E[v2]) ∈ O

trivially.

In the second case, the result is essentially as trivial, since while value forms are more complex in T ,
they are similarly observationally equivalent.

Lemma 3.92 (Logical Equivalence Implies Contextual Equivalence)
If Ψ; ∆; Γ;χ;σ; q ` e1 ≈ e2 : τ ;σ′ then

Ψ; ∆; Γ;χ;σ; q ` e1 ≈ctx e2 : τ ;σ′.
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Proof

Let ` C : (Ψ; ∆; Γ;χ;σ; q ` τ ; σ̂) (Ψ′; ·; ·;χ′;σ′; q′ ` τ ′; σ̂′) and `M : (Ψ′,χ′,σ′).

By congruence (Lemma 3.89), Ψ′; ·; ·;χ;σ; q ` C[e1] ≈ C[e2] : τ ;σ′.

By adequacy (Lemma 3.91), 〈M | C[e1]〉 ↓ if and only if 〈M | C[e2]〉 ↓, as desired.

3.8 Completeness

Lemma 3.93 (Contextual Equivalence Implies CIU Equivalence)
If Ψ; ∆; Γ;χ;σ; q ` e1 ≈ctx e2 : τ ;σ′ then

Ψ; ∆; Γ;χ;σ; q ` e1 ≈ciu e2 : τ ;σ′.

Proof

We have that Ψ; ∆; Γ;χ;σ; q ` e1 : τ ;σ′, Ψ; ∆; Γ;χ;σ; q ` e2 : τ ;σ′, and

∀C,M,Ψ′,χ′,σ′,q′, τ ′, σ̂′. ` C : (Ψ; ∆; Γ;χ;σ; q ` τ ; σ̂) (Ψ′; ·; ·;χ′;σ′; q′ ` τ ′; σ̂′) ∧ `M : (Ψ′,χ′,σ′)

=⇒ (〈M | C[e1]〉 ↓ ⇐⇒ 〈M | C[e2]〉 ↓)

We need to show that

∀δ,γ, E,M,Ψ′E,q
′
E, τ

′
E , σ̂

′
E. · ` δ : ∆ ∧ Ψ′E; ·; ·; ·;•; out ` γ : Γ;• ∧
` E : (Ψ; ·; ·;χ;σ; q ` τ ; σ̂) (Ψ′E; ·; ·;χ;σ; q′E ` τ ′E ; σ̂′E) ∧ `M : (Ψ′E,χ,σ)

=⇒ (〈M | E[δ(γ(e1))]〉 ↓ ⇐⇒ 〈M | E[δ(γ(e2))]〉 ↓)

Assume all the premises in the implication. It suffices to find a C such that co-termination of 〈M | C[e1]〉
and 〈M | C[e2]〉 is equivalent to co-termination of 〈M | E[δ(γ(e1))]〉 and 〈M | E[δ(γ(e2))]〉.
We need a C such that:

` C : (Ψ; ∆; Γ;χ;σ; q ` τ ; σ̂) (Ψ′E; ·; ·;χ′E;σ′E; q′E ` τ
′
E ; σ̂′E)

This amounts to constructing a syntactically valid C that accomplishes what E[δ(γ([·]))] would do,
were it a valid context, which is essentially an eta-expansion with boundaries inserted appropriately.

Let

Cinner =

{
[·] if τ = τ
τFT [·] if τ = τT

Cgamma = (λ(dom(Γ)).Cinner) γ(dom(Γ))

Cdelta = (jmp `[δ(dom(δ))],

` 7→ code[∆]{;σ}q.import rd, σT Fτ Cgamma;
ret q {rd}

)

Couter =

{
Cdelta if τ = τ
τFT Cdelta if τ = τ

C = E[Couter]

By inspection of the operational semantics,
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〈M | C[ei]〉 7−→ ∗〈M | E[Couter[import rd,
σT Fτ (δ(γ(Cinner[ei]))); ret q {rd}]]〉

Since this is just a fixed sequence of boundary terms added to E[δ(γ(ei))], we can see that this co-
terminates as desired.

Lemma 3.94 (CIU Equivalence Implies Logical Equivalence)
If Ψ; ∆; Γ;χ;σ; q ` e1 ≈ciu e2 : τ ;σ′ then

Ψ; ∆; Γ;χ;σ; q ` e1 ≈ e2 : τ ;σ′.

Proof

We have that Ψ; ∆; Γ;χ;σ; q ` e1 : τ ;σ′, Ψ; ∆; Γ;χ;σ; q ` e2 : τ ;σ′, and

∀δ,γ, E,M,Ψ′E,q
′
E, τ

′
E , σ̂

′
E. · ` δ : ∆ ∧ Ψ′E; ·; ·; ·;•; out ` γ : Γ;• ∧
` E : (Ψ; ·; ·;χ;σ; q ` τ ; σ̂) (Ψ′E; ·; ·;χ;σ; q′E ` τ ′E ; σ̂′E) ∧ `M : (Ψ′E,χ,σ)

=⇒ (〈M | E[δ(γ(e1))]〉 ↓ ⇐⇒ 〈M | E[δ(γ(e2))]〉 ↓)

We need to show that

∀W,ρ. W ∈ HJΨK ∧ ρ ∈ DJ∆K ∧
currentMR(W (ireg)) bW RJχKρ ∧
currentMR(W (istk)) bW SJσKρ
=⇒ (W,ρ1(e1), ρ2(e2)) ∈ EJq ` τ ;σ′Kρ

Assume all the premises of this implication.

Let (W,E1, E2) ∈ KJq ` τ ;σ′Kρ. We need to show that (W,E1[ρ1(γ1(e1))], E2[ρ2(γ2(e2))]) ∈ O.

Let (M1,M2) : W . It suffices to show that

〈M1 | E1[ρ1(γ1(e1))]〉 ↓ ⇐⇒ 〈M2 | E2[ρ2(γ2(e2))]〉 ↓ .

By the Fundamental Property, Ψ; ∆;χ;σ; q ` e1 ≈ e1 : τ ;σ′. Therefore,

(W,ρ1(γ1(e1)), ρ2(γ2(e1))) ∈ EJq ` τ ;σ′Kρ

and thus

〈M1 | E1[ρ1(γ1(e1))]〉 ↓ ⇐⇒ 〈M2 | E2[ρ2(γ2(e1))]〉 ↓ .

It remains to show that

〈M1 | E1[ρ1(γ1(e1))]〉 ↓ ⇐⇒ 〈M2 | E2[ρ2(γ2(e2))]〉 ↓ .

But this follows from our hypothesis that Ψ; ∆; Γ;χ;σ; q ` e1 ≈ciu e2 : τ ;σ′.
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3.9 Examples

In some of the following examples, we will use the following syntactic shorthands to improve readability:

let x = e1 in e2 means (λ(x : t).e2)e1 where e1 : t

e1; e2 means (λ(ignored : t1, result : t2).result)e1e2 where e1 : t1 and e2 : t2

Noting that for any well-typed term we can mechanically synthesize its type, so elliding them in this
context introduces no ambiguity.

3.9.1 Calculations with Different Number of Basic T Blocks

f1 = λ(x : int).(int)→ intFT (mv r1, `; ret end{intT ; ·} {r1},H1) x

where

H1(`) = code[ζ, ε]{ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra.
sld r1, 0; + r1, r1, 1; + r1, r1, 1; sfree 1; ret ra {r1}

f2 = λ(x : int).(int)→ intFT (mv r1, `; ret end{intT ; ·} {r1},H2) x

where

H2(`) = code[ζ, ε]{ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra.
sld r1, 0; + r1, r1, 1; sst 0, r1; jmp `′[ζ][ε]

H2(`′) = code[ζ, ε]{ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra.
sld r1, 0; + r1, r1, 1; sfree 1; ret ra {r1}

Claim 3.95
The two functions are equivalent, ie, ·; ·; ·; ·; ·; out ` f1 ≈ f2 : (int)→ int; ·, which shows that we can reason
about assembly components that have similar externally visible behavior but different structure and control
flow.

Proof

Expanding the definition of ≈, we see we need to show first that the terms are well-typed. This follows
from the typing rules, noting in particular that:

(int)→ intFT (mv r1, `; ret end{intT ; ·} {r1},H)

Requires that the inner component have translation type

(int)→ intT = box∀[ζ, ε].{ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra

And the heap must be well-typed, at the type that we’ll denote Ψ:

· ` H : Ψ

For program f2, checking that the heap is well-typed involves checking the jmp `′[ζ][ε] instruction. At
that point, the register file typing is the following:

χ = {r1 : int, ra : ∀[].{r1 : int; ζ}ε}

The full typing rule that we must satisfy at this point is:

Ψ; ζ, ε;χ ` `′[ζ][ε] : box ∀[].{ra : ∀[].{r1 : int; ζ}ε; int :: ζ}ra
ζ, ε ` χ ≤ {ra : ∀[].{r1 : int; ζ}ε} ·[ζ, ε];χ; int :: ζ ` ra

Ψ; ζ, ε;χ; int :: ζ; ra ` jmp `′[ζ][ε]
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Which can easily be seen to be true.

We further must show that given a suitable world W ,

(W, f1, f2) ∈ EJout ` (int)→ int; ·K

For this, we must show:

(E1, E2) ∈ KJout ` (int)→ int; ·K =⇒ (W,E1[f1], E2[f2]) ∈ O

From the definition of related contexts, it suffices to show (W, f1, f2) ∈ VJ(int)→ intK.

In order to do this, given

• SR ∈ TStackRel
• ρ = [ζ 7→ SR]

• integer v (for which (W, v, v) ∈ VJintKρ trivially)

• World W ′ such that W ′ wW and currentMR(W ′(istk)) bW ′ SJζKρ

We must show:

(W ′, f1v, f2v) ∈ EJout ` int; ζKρ

As before, to do this we must show:

(W ′, E′1, E
′
2) ∈ KJout ` int; ζKρ =⇒ (W ′, E′1[f1v], E′2[f2v]) ∈ O

In order to do this, consider arbitrary memories (M1,M2) : W ′.

We will then show that

〈M1 | f1v〉 7−→ 〈M′1 | v1〉
〈M2 | f2v〉 7−→ 〈M′2 | v2〉

Where (M′1,M
′
2) : W ∗ for some W ∗ wW ′, which we can lift to contexts to show that:

〈M1 | E′1[f1v]〉 7−→ 〈M′1 | E′1[v1]〉
〈M2 | E′2[f2v]〉 7−→ 〈M′2 | E′2[v2]〉

We can then instantiate the contexts to show that (W ∗, E′1[v1], E′2[v2]) ∈ O, which we can then compose
together to show that (W ′, E′1[f1v], E′2[f2v]) ∈ O.

We argue the central reduction by appealing to the operational semantics, which will show that:

〈M1 | f1v〉 7−→ j1〈M′1 | v1〉
〈M2 | f2v〉 7−→ j2〈M′2 | v2〉

Consider the first program, letting M1 = (H,R,S). That is, we want to show that:

〈M1 | f1v〉 7−→ j1〈M′1 | v1〉

For some v1.

140



First we combine the heap fragment, reduce and then carry out the value translation for the T codeblock
to an F function.

〈(H,R,S) | f1v〉 7−→ ∗〈(H ]H1,R,S) | λ(x : int).intFT (protect ·, ζ;
import r1, ζT F int x;

salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmp `[ζ][end{intT ; ζ}], ·)

v〉

This further reduces:

〈(H ]H1,R,S) | λ(x : int).intFT (protect ·, ζ;
import r1, ζT F int x;

salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmp `[ζ][end{intT ; ζ}], ·)

v〉

7−→ ∗

〈(H ]H1,R[r1 7→ v, ra 7→ `end[ζ]], v :: S) | intFT (jmp `[ζ][end{intT ; ζ}], ·)〉

At which point the top of the stack contains the argument v, the register ra contains the address of
the return continuation created by the value translation, and we can jump to the code at `.

This reduces as:

〈(H ]H1,R[r1 7→ v, ra 7→ `end[ζ]], v :: S) | intFT (jmp `[ζ][end{intT ; ζ}], ·)〉
7−→ ∗

〈(H ]H1,R[r1 7→ v, ra 7→ `end[ζ]], v :: S) | intFT (sld r1, 0;

+ r1, r1, 1;

+ r1, r1, 1;

sfree 1;

ret ra {r1}, ·)

〉

Which we can then see will load the value v off the top of the stack, add two to it, and return:

〈(H ]H1,R[r1 7→ v, ra 7→ `end[ζ]], v :: S) | intFT (sld r1, 0;

+ r1, r1, 1;

+ r1, r1, 1;

sfree 1;

ret ra {r1}, ·)

〉

7−→ ∗

〈(H ]H1,R[r1 7→ v+2, ra 7→ `end[ζ]],S) | intFT (ret ra {r1}, ·)〉

At which point, we jump to the return continuation, which then steps to ret end{int; ζ} {r1}, which
allows the boundary to cancel:
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〈(H ]H1,R[r1 7→ v+2, ra 7→ `end[ζ]],S) | intFT (ret ra {r1}, ·)〉
7−→
〈(H ]H1,R[r1 7→ v+2, ra 7→ `end[ζ]],S) | intFT (ret end{intT ; ζ} {r1}, ·)〉
7−→
〈(H ]H1,R[r1 7→ v+2, ra 7→ `end[ζ]],S) | v+2〉

Which completes the reduction of the first program.

The proof for the reduction of f2v proceeds similarly at first, but the first block jumps to the second
with v+1 stored at the top of the stack (replacing v). The second block is analogous to the first
function, except it only adds 1 once, so the reduction proceeds as (here letting M2 = (H,R,S)):

〈(H,R,S) | f2v〉 7−→ 〈(H ]H2,R[r1 7→ v+2, ra 7→ `end[ζ]],S) | v+2〉.
v+2 and v+2 are trivially related, which means in the world W ∗ that the final memories fulfill (which
only varies in private merged heaps and registers from the original W ′),

(W ∗, E′1[v+2], E′2[v+2]) ∈ O

This can then be composed with the above reduction lifted to contexts (ie, E′i[f
′v] 7−→ E′i[v+2]) to

yield the result.

3.9.2 Factorial Two Ways

factF = λ(x : int).(F foldµα.(α)→int F) x

where

F = λ(f : µα.(α)→ int).λ(x : int).if0 x 1 ((unfold f f) (x− 1)) ∗ x

factT = λ(x : int).(int)→ intFT (`fact,H) x

where

H(`fact) = code[ζ, ε]{ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra.
sld rn, 0; mv rr, 1; bnz rn, `aux[ζ][ε]; sfree 1; ret ra {rr}

H(`aux) = code[ζ, ε]{rr : int, ri : int, rn : int, ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra.
∗ rr, rr, rn;− rn, rn, 1; bnz rn, `aux[ζ][ε]; sfree 1; ret ra {rr}

Claim 3.96
Here we again claim equivalence, this time showing how a high-level functional implementation can be
shown equivalent to a low-level implementation implemented with direct jumps and register mutation. This
is interesting because the the first program uses recursive types but the control flow mechanisms in T make
this not necessary in the second program.
·; ·; ·; ·; ·; out ` factF ≈ factT : (int)→ int; ·

Proof

To prove this equivalence, we use the same general approach as the (much simpler) programs with
different numbers of basic blocks shown equivalent in the previous section.

First we note that both terms are well-typed, which follows from the typing rules.

We must next show that given a suitable world W ,

(W, factF, factT) ∈ EJout ` (int)→ int; ·K
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For this, we must show:

(E1, E2) ∈ KJout ` (int)→ int; ·K =⇒ (W,E1[factF], E2[factT]) ∈ O

From the definition of related contexts, it suffices to show (W, factF, factT) ∈ VJ(int)→ intK.

In order to do this, given

• SR ∈ TStackRel
• ρ = [ζ 7→ SR]

• integer v (for which (W, v, v) ∈ VJintKρ trivially)

• World W ′ such that W ′ wW and currentMR(W ′(istk)) bW ′ SJζKρ

We must show:

(W ′, factFv, factTv) ∈ EJout ` int; ζKρ

As before, to do this we must show:

(W ′, E′1, E
′
2) ∈ KJout ` int; ζKρ =⇒ (W ′, E′1[factFv], E′2[factTv]) ∈ O

At this point, deviating from the previous example, we consider two cases. In the case that v ≥ 0, we
will prove this in a similar manner to the previous example, showing that:

〈M1 | factFv〉 7−→ 〈M′1 | v1〉
〈M2 | factTv〉 7−→ 〈M′2 | v2〉

Where v1 and v2 are related (in particular, are the same integer), at which point we will show that
(M′1,M

′
2) : W ∗ for some W ∗ wW ′, from which the rest follows as in the previous example.

If, on the other hand, v < 0, both programs will diverge, so for arbitrary W.k we will show that

running(k, 〈M1 | factFv〉) ∧ running(k, 〈M2 | factTv〉)

Which is equivalent to

running(k, 〈M1 | E′1[factFv]〉) ∧ running(k, 〈M2 | E′2[factTv]〉)

Which is sufficient to show membership in O.

We will prove the first case in a similar way to the previous example, by appealing to the operational
semantics.

〈M1 | factFv〉
7−→ ∗

〈M1 | (λ(f : µα.(α)→ int).λ(x : int).if0 x 1 (unfold f f) (x− 1) ∗ x )(foldµα.(α)→int F) v〉
7−→ ∗

〈M1 | if0 v 1 (unfold (foldµα.(α)→int F) (foldµα.(α)→int F) (v − 1)) ∗ v〉

If v is 0, we can see this will reduce to 1, and otherwise it will step further:
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〈M1 | if0 v 1 (unfold (foldµα.(α)→int F) (foldµα.(α)→int F) (v − 1)) ∗ v〉
7−→ ∗

〈M1 | if0 (v − 1) 1 (unfold (foldµα.(α)→int F) (foldµα.(α)→int F) (v − 2)) ∗ (v − 1) ∗ v〉

Since we know v ≥ 0, this will eventually reduce to:

〈M1 | if0 v 1 (unfold (foldµα.(α)→int F) (foldµα.(α)→int F) (v − 1)) ∗ v〉
7−→ ∗

〈M1 | 1 ∗ 2 ∗ ... ∗ (v − 2) ∗ (v − 1) ∗ v〉

We now consider the second program, again for the case when v ≥ 0.

Let (H2,R2,S2) = M2.

As in the previous example, first we combine the heap fragment, reduce and then carry out the value
translation for the T codeblock to an F function, stepping to the point of jumping into the first code
block.

〈(H2,R2,S2) | factT v〉
7−→ ∗

〈(H2 ]H,R2,S2) | λ(x : int).intFT (protect ·, ζ;
import r1, ζT F int x;

salloc 1; sst 0, r1;

mv ra, `end[ζ]; jmp `fact[ζ][end{intT ; ζ}], ·)

v〉

7−→ ∗

〈(H2 ]H,R2[r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (jmp `fact[ζ][end{intT ; ζ}], ·)〉

Once we jump, we load the argument off of the stack and then branch on it being zero.

〈(H2 ]H,R2[r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (jmp `fact[ζ][end{intT ; ζ}], ·)〉
7−→ ∗

〈(H2 ]H,R2[r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (sld rn, 0; mv rr, 1;

bnz rn, `aux[ζ][ε]; sfree 1; ret ra {rr})
〉

7−→ ∗

〈(H2 ]H,R2[rn 7→ v, rr 7→ 1, r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (bnz rn, `aux[ζ][ε]; sfree 1; ret ra {rr})〉

As in the high-level version, if v = 0 we can see that this reduces, via the same jump through the
return continuation shown in the previous example, to 1.

Otherwise, we jump to the `aux codeblock:

〈(H2 ]H,R2[rn 7→ v, rr 7→ 1, r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (bnz rn, `aux[ζ][ε]; sfree 1; ret ra {rr})〉
7−→ ∗

〈(H2 ]H,R2[rn 7→ v, rr 7→ 1, r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (∗ rr, rr, rn;− rn, rn, 1;

bnz rn, `aux[ζ][ε]; sfree 1; ret ra {rr})
〉

This then steps by updating the return value register (rr) by multiplying it by v and then decreasing
v by 1, before branching again on the updated value being 0.
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〈(H2 ]H,R2[rn 7→ v, rr 7→ 1, r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (∗ rr, rr, rn;− rn, rn, 1;

bnz rn, `aux[ζ][ε];

sfree 1;

ret ra {rr})

〉

7−→ ∗

〈(H2 ]H,R2[rn 7→ v−1, rr 7→ 1∗v, r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (bnz rn, `aux[ζ][ε];

sfree 1;

ret ra {rr})

〉

Since we know that v ≥ 0, this test will eventually succeed, at which point we will step to a return:

〈(H2 ]H,R2[rn 7→ 0, rr 7→ 1∗v∗(v − 1)∗...∗3∗2, r1 7→ v, ra 7→ `end[ζ]], v :: S2) | intFT (bnz rn, `aux[ζ][ε];

sfree 1;

ret ra {rr})

〉

7−→ ∗

〈(H2 ]H,R2[rn 7→ 0, rr 7→ 1∗v∗(v − 1)∗...∗3∗2, r1 7→ v, ra 7→ `end[ζ]],S2) | intFT (ret ra {rr})〉

This steps through the return continuation to evaluate to:

〈(H2 ]H,R2[rn 7→ 0, rr 7→ 1∗v∗(v − 1)∗...∗3∗2, r1 7→ v, ra 7→ `end[ζ]],S2) | intFT (ret ra {rr})〉
7−→ ∗

〈(H2 ]H,R2[rn 7→ 0, rr 7→ 1∗v∗(v − 1)∗...∗3∗2, r1 7→ v, ra 7→ `end[ζ]],S2) | 2∗...∗(v−1)∗v∗1〉

Which is the same as the value that the other program evaluated to.

Note that since the only changes to the memory were additions to the heap and register modifications,
there exists a world W ∗ wW ′, which was the last piece we needed in this case.

In the second case, when v < 0, we must show that for any k, we can show that both programs are
still running after k steps.

We do this by noting that, based on the operational semantics, after the first 3 steps (which get to
the if), the first program will call itself recursively with an argument 1 smaller every 4 steps. This
means that for any k, after ceil(k− 3)/4 + 1 iterations we will have taken more than k steps, which is
sufficient.

The second program will jump to `aux after a small constant number of steps and then again every 3
steps, with rn decreased by 1 every time. This means that for any k, after ceil(k/3) + 1 jumps to `aux
we will have taken more than k steps, which is sufficient to show the claim, and thus prove equivalence
between the two programs.

3.9.3 Implementing a Mutable Reference

We can use inline T code to implement a basic mutable reference for use it F code. While the basic multi-
language allows global mutable tuples, leading to trivial mutation of a statically defined value, in this case
we show how we can dynamically allocate a new reference and access it from the functional language. While
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multiple can be created, the stack-based nature means that only the most recently created can be accessed
until the continuation for it returns.

withref = λ(init : int,

k : (((int)
〈int〉;〈int〉
−→ (),

(())
〈int〉;〈int〉
−→ int)

)→ int

).

()FT (protect ·, ζ; salloc 1;

import r1, ζT F int init;

sst 0, r1; ralloc rc, 1;

salloc 1; sst 0, rc; mv r1, ();

ret end{unit; 〈int〉 :: ζ} {r1}, ·)

;

let r = k (λ
〈int〉
〈int〉(x : int).

()FT (protect 〈int〉, ζ;
sld r1, 0;

import r2, 〈int〉::ζT F int x;

st r1[0], r2; mv r1, ()

ret end{unit; 〈int〉 :: ζ} {r1}, ·)

λ
〈int〉
〈int〉().

intFT (protect 〈int〉, ζ;
sld r1, 0;

ld r2, r1[0];

ret end{int; 〈int〉 :: ζ} {r2}, ·)

)

in
()FT (protect 〈int〉, ζ; sfree 1;

mv r1, (); ret end{unit; ζ} {r1}, ·)
;

r

3.9.4 Higher Order

In this example we demonstrate how the multi-language supports higher order calls between languages.
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τ = ((int)→ int)→ int

g = λ(h : (int)→ int).h 1

e = (intFT (mv r1, `;

ret end{(τ )→ intT ; •} {r1},
·)

) g

H(`) =

code[ζ, ε]{ra : ∀[].{r1 : intT ; ζ}ε; τT :: ζ}ra.
sld r1, 0; salloc 1; sst 0, `h; sst 1, ra;

mv ra, `gret[ζ]; call r1 {∀[].{r1 : intT ; ζ}ε :: ζ, 0}
H(`h) =

code[ζ, ε]{ra : ∀[].{r1 : intT ; ζ}ε; intT :: ζ}ra.
sld r1, 0; sfree 1; mul r1, r1, 2; ret ra {r1}

H(`gret) =

code[ζ]{r1 : int;∀[].{r1 : intT ; ζ}end{int; ζ} :: ζ}0.
sld ra, 0; sfree 1; ret ra {r1}

3.9.5 Calls

This example shown the call/return structure of the call instruction.

f = (mv ra, `1ret; call `1 {•, end{int; •}},H)

H(`1) =

code[ζ, ε]{ra : ∀[].{r1 : int; ζ}ε; ζ}ra.
salloc 1; sst 0, ra; mv ra, `2ret;

call `2 {∀[].{r1 : int; ζ}ε :: ζ, 0}
H(`1ret) = code[]{r1 : int; •}end{int; •}.

ret end{int; •} {r1}
H(`2) = code[ζ, ε]{ra : ∀[].{r1 : int; ζ}ε; ζ}ra.

mv r1, 1; jmp `2aux

H(`2aux) = code[ζ, ε]{ra : ∀[].{r1 : int; ζ}ε; ζ}ra.
mult r1, r1, 2; ret ra {r1}

H(`2ret) =

code[]{r1 : int;∀[].{r1 : int; •}end{int; •} :: •}0.
sld ra, 0; sfree1; ret ra {r1}
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